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ABSTRACT

The response of a two-level atom to an optical pulse which has
a sech envelope and a tanh frequency sweep is calculated, This model
is an extension of the one considered by Allen and Eberly. The model
is shown to give respectable agreement, in the adiabatic and near-
adiabatic limits, with the Landau-Zener formula, that gives the tran
sition probability in the case where a constant- -intensity linearly Ch.Ll"
ped radiation is assumed. This indicates that, as far as significant
population.inversion is concerned, the transition probability is not
affected considerably by the shape of the(slowly varyingoptical puse.

Allen and Eberly in their. 1975 book/ 1/ (AE), have provided an
analytical solution of the optical Bloch equa.tions/Q’ 3/ in the case
where the detuning <13 and the field envelope € of a laser pulse have
the forms

$ = dtanh (at) , (1a)
;,081 (a2+(§ 2)1/2 sech( t) , (1b)
where p is the dipole transition matrix element in units of § and a

and 0 are arbitrary (constant) parameters.

They find for the resulting atomic inversion w

w = tanh (at), (lc)



i. e., complete inversion at t = +oo. o
On the other hand, for a constant-intensity linearly chirped pq}_
se, the response of a two-level atom initially in the ground state

A=0, B
= - 0) (ts

- )

(2)

Ed

(t
is described by the well-known Landau and Zener (LZ) formtila/"l'g/

Prg ® A0 =1 enp[-mie?/n)] ey

which gives the probability of transition to the excited state in the
long-time limit, Here £ =u€ (= constant) and A is the (co“nétani:) ‘time
rate of the chirped pulse.

Note that Eq. (3) predicts complete inversion in the adiabatic li-

mit 02/4 = o only.

The pUrposé of the present letter is to provide a natural ma‘.\th_r"e_rjk,' |
matical framework for a detailed comparison of the two models. As a
preliminary remark we observe that there is not a sig’nificanfdliffefeg
ce between the AE result expressed by Eq. (1c) and the "corresponding"
L.Z result. To see how this comes abcz»ut, one may consider q% as a
linear function with a slope given by the value assumed by (.pw just at
the resonance crossing, i.e. & = :]5(0) - da. Then one can put ’){»==575a
and (from Eq. (1b) .Qz = (u @(0))2 - a2+ 62 in Eq. (3), so that one

obtains
Pzt -eXp[-(n/25~(a-/6 + 6/(1):' >1-exp(-m) (£0,957) (3a)

for any & /6, and this corresponds to an almost complete inversion

‘too.

As an extension of the AE model, let the detuning be described



by Eq.(1la) and €, more generally, by
w€ = gsech (at) , (4)

where ¢ denotes an arbitrary (constant) parameter.
In the rotating wave approximation, the time-dependent Schrb-
dinger equation for the two-level atom interacting with the optical

field leads to the pair of equ.ations/4’ 6,7,10/

it

(pé‘/z)‘]B exp (id) , (5a)

a
1

(W&/2) A exp(-id) . (5b)

These coupled differential equations can readily be separated

by differentiation. Thus, we have the equation for A :

L »

A - (16 -a)tanh (@t) A + (¢/2)% sech®(at) A = 0 , (6)
It can be transformed into a hypérgeométrié differential equation/ll"/”
2(1 - z) A" +[c-(a+b+1)z]A' - abA = 0 (7)

by the transformation

z = (1/2)(1 + tanh (at)) (8)

(' = .d/dz), with the three constants

2a = i(6/a) ¥ [(s/a )2 . (a/a)z] vz (92)
2b = i(d/a) T [(e/a)z ; <a/a)2] /2 (9b)
2c =

i(dfay +1 . (9¢c)

As time goes from -o to +o0o, z spans the interval 0&> 1,

The general solution of Eq. (7) can be written in the form

A=CF (fa,‘b; c; z) +]D21"CF(3,- c+l,b-c+1;2-¢;2) , (10)



where C and D are integration constants and the F's are hypergeo-
metric functions (Egs. 15. 5. 3 and 15, 5. 4 of Ref. /11/).

In order that the boundary conditions expressed by Eqgs. (2) be
satisfied we must set C = 0. To determine D, it is necessary ta re
consider Eq. (5a) which, in terms of the new independent variable z,

transforms into the equation

20z(1 -2zyA' = - (i/2) esech(at)B exp (i) . (11)
This gives, in the limit t = -0,
. * A 2 q ¢
A'A™ = (g/(2a))7/z. (12)

Differentiating Eq. (10) (with C = 0), we have
A =D(l-—c)z_CF(a—c:+1,b-c+.1;l--c; z) (13)

(use of Eq. 15.2. 4 of Ref./11/ has been made); combining Eq. (12) and

(13) we obtain, in the limit t = ~o0 ,
* _ 2, T 2 , ‘
DD* = (e/a)"/ |1+ (d/a)” | . (14)
Now, in the limit t = +00, we find,

AA -DD’*'Tz ¢) T(c -a-b)/(T(1- a)T(l- )Il (15)
(t =+ )

where the T's are gamma functions.
In deriving this expression for the transitién’ probability we have
made use of Eq. 15. 1. 20 of Ref. /11/. | |
Finally, we develop the squéred modulus in Eq, (15) and use Eq.
(14). We get for the desired transition probability

P = AA* = 1-cos®([x® -y ]1/ ysech®y . for xa=y ,  (16a)
(t=+o0) ; ,

9.71/2. , § P
P = AA% = 1 _cosh? [y <) Jl/ “ysech®y  for xxy,  (16b)
(t =+ o) ‘ L _



where x = (t/2)(¢/a) and y = (7/2)(d/a).

To facilitate comparisonwiththe LZ formula, we express (3) in

terms of x and y as follows:
P._=1- exp(-xz/y)' ' (17)
Lz ‘ e

By 10’Oking' first at Eq. (16b), we obtain that it reduces precisely
to the LZ formula (17) at 4 > 00, @ -0, with ad finite.

Another remark which can be made about Eq. (16b) is that it be
comes close to unity for y>»1 and x=~y. But in this case one obtains
xz/y ~ v (3>1) and gets PLZ close to unity too,

Finally let us discuss Eq. (16a). Maxima and minima of P occur
at _ ’

:(2 = y2 + I_(k + 1/2)31][ 2 (maxima) , (18a)
and

2 9~ 2 2 . |
x Yy +(kmw (minima). , (18b)

(k =0;1;2;...) so that

P =1, - o (19a)
max

and
o 2 -
Pmin 1 - sech™ y. (19b)

The corresponding values for P], 7 become-

PLZ > 1 - exp L— (2k + 1) Jv] 20, 957 5 (20a)

and
» 1- exp(-2km) for kx#0, (20Db)

o .

Lz | . 1 - exp(-y) for k=0 (i.e., x=y). (20c).

By Egs. (20a) and (20b) one sees that Py » remains very close to unity

in any case,



On Eqgs. (19b) and (20c) we merely note that both predict almost

complete inversion for y>>1.

In conclusion, we have shown that both the AE and LZ modéls
predict almost complete inversion in the near-adiabatic limit (we are
mainly interested in). This suggests that the transition probability
does not depend upon the details of any other form one may devise for
‘the pulse envelope, provided that it is (:ies{cribe‘d by a well-behaving

function of time.
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