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ARSTRACT: - General features of extended'suiper"”gvravi'ty" with a gauge in-
ternal symmetry are discussed from a group-theoretical point of view.

Recently a wide class of extended supergravity - theories have been
1,2,3,4,5 ; . . . .
constructed( »2,3,4 ). In these theories the spm% Rarita - Schwinger

fields gauge a global supersymmetry algebra whose spinorial charges carry

an internal symmetry index.

3
A N-ple of Majorana spin - gauge fields belong to the vector represen-

tation of O(N) which is the real invariance group of extended supergravity

models.



These theories are particularly interesting because they combine in-
ternal symmetries with space-time symmetries in a non-trivial way and
in fact it has been suggested( 6) that they could be the po»smble candldates
for building theories unifying gravitation vvlth other fundamental mterac-
tions. On the other hand it has been rec:ognized()’ 7 that in presence of
one coupling constant only, the gravitational one, the internal symmetry
carried by the spinorial charges is not a local symmetry, This fact is me
rely due to the absence of a dimensionless coupling which would be requi-

red by the gauging of a non-abelian internal symmetry.

In view of future physical applications of local supersymmetry this
isnot very promising because of pos's':iblfa identifications ‘of these
internal symmetries with the gauge groupé of o:r;dilnary weak, electroma-
gnetic and strong interactions. Renormalizability properties of quantum su-
(8)

pergravity are ‘also in favour of such an identification

(4)

Recently Freedman and Das’ ', in several models, have shown that
the gauging of internal symmetries carried by the spinorial charges is in-
deed possible provided a cosmological term and an apparent mass term for
e 3 . . .
spin 5 -gauge field are introduced.

It is the aim of the presént note to clarify the algebraic aspects of ex-
tended supergravity models and in particular the origin of the gauging of the

internal symmetry O (N),

Let us first briefly summarize the algebraic properties of supergravity
theories without a cosmological term. In this case the background (flat) me-
tric is minkoskian and pure supergravity arises from the gauging of a global

“supérsyrrimetrywmch is a grading of the Poincaré Algebra,

The relevant commautation relations are

S dbegnt o



{au . Qgg} "y z! (2)
EQG , P‘u]‘ = 0 (3)

one also has
[B,. B]=0 [‘Zij : Qi] =0 [Zij . P} =0 ,C—QE?(QE)’E

and abvious commutation relations with the homogeneous Lorentz genera-

tors M;W" We use two-component Weyl spinors in van der Waerden nota -

(9)

tions

In egs. 1,2, 3, PH are four - dimensional displacements and ZlJ are

the central charges of the Graded Lie Algebra.

ii
As a consequence Z ‘]generate an abelian group which is essentially

I

isomorphicto U(1) )being p the dimension of the centre, As already dis-

cussed inrefs, 2and 7the spin 2, -3— and 1 gauge fields belonging to the gra-

vitational supermultiplet are preciselythe gaugefields related respectively
totranslations, spinorial charges and zentral charges. Inparticular the vector
fields gauge an abelian group (the cent:re) rather thanthe (generally non-abe-

(z)

lian) internal symmetry under whichthe spinorial chargestransform' ., This

is the group-theoretical reason of theabsence of a gauge coupling for the

___N(l\zT-ll vector fields belonging to the gravitational supermultiplet,

Let us now consider the pure supergravity theories investigated by
Freedman and Das, in which the vector fields really gauge the internal sym-
metry of the extended supersymmetry algebra. In this case, due to the pre-
sence of the cosmological term, the background (flat) metric cannot be

(11)

minkoskian and one must turn over d: Sitter space

(%) This result is natutally explained in the context of dual
string models where pure extended supergravity canbe
obtained by dimensional reductioi in the zero slope limit

(10)



12)

As pointed out by Deser and Zumino( the space-time symmetry group
of thesetheories is now the simple group O(3,2),the de Sitter group, rather
than the Poincaré groupIO(3,1). The spin- g—ffield\ ismasslessin de Sitter spa

ce andnobreaking of supersymmetry occurs, contrary to the claims of ref (4).

- We now study the modifications of the commutation rules given by
eqgs. (1,2 and 3) when the Lie Algebra part is O(3, 2) instead of 10(3, 1).
In order to obtain the grading of O(3, 2) we consider the grading of the
bigger grmip 0(4, 2) which is more familiar being the conformal group of

space-time,

(13

""A‘ccor-ding to Haag, Lopuszanski and Sohnius ) its related extended

supersymmetry algebra is

11 ~—-1 ij o Cs L
{Qal J} =0 7 20, PM i, j=1... N
21 =20 ij g ‘
{Q,Q,}—-d 204 K,
; {Qa , Q - {Qil sz} {Qa : &J
{Qa s Q } = - 20 Ji( 3 8aB D) - 2’ieaﬁ Tij
B I . 4
[z ] - oie &7
21 _ W w »&‘11 : . ,
[Qa ’ PJ T % © (807 81178597835" "8o0~1)

In (4) only the relevant commutators have been written. M

M 3 !L E) D M’})’
are the usual generators of the O(4, 2) algebra and T 1 are the generators
2
of U(N) (SU(4) for N=4), i. e. they are an N independent hermitean matri-
. - 1’ 2:' . . .
ces. The two Weyl spinors Qal, Qal just transform according to the vec-

tor representations of U(N),



In order to obtain the de Sitter supersymmetry algebra we consider

the subalgebra obtained according to the definitions which follow.

- Liet.us put -
i1 1, 2
QU = 5 (Qy +Qy7)
1 (5)
Ly = 9 (B -K)

In terms of Q and L u we get from the set of equations (4)

R O G ij :
| Lo @} =ofyr, o (6)
. i u : - i. w i. T .
: {.Qa.’ QJB}= ~19 JGSB. Myp ’;aB A" (7)
i ) i - Qi :
ok ) 7 - O 1 ‘

[‘Qa ,Lul =504 @ (8)
[MM'”’L;@J‘*: ey Ly ~8yg Lw) LLWL“.’]’: My )

In eq. (7) AY stand for E%Sil (real) antisymmetric independent

(N x N) matrices. They correspond to the decomposition of the N* her-
, i»‘z v e : Ny
mitean matrices in their real and imaginary part T J=SlJ“+ i'AlJ.

Eq. (7) shows that, going from O(4, 2) down to O(3, 2) the symmetry
group is reduced from U(N) to O(N‘)(+), The definitions given by egs. (5)
explain also why supersymmetry makes the choise of | O(3,2) ré‘c’hér than
O(4,1) as de Sitter space. The latter choise would correspond to the com

e 1 W 21 . A L
plex combination 3 (Qg+i Q!'al) which therefore would not respect the Majo~

(+) From the point of view of the classification of GLA's
(Graded Lie Algebra) the extended de Sitter supersym
metry corresponds to the grading of the Lie Algebra
Sp(4) ® O (N) rather than the SU (4) @ U {N) of extended
conformal supersym‘metry( 14),



rana constraint on the related 4-dimensional Dirac spinor, *

logical term and with 2 "gyay_ )

Pure extended supergravity with a cosm
ge internal symmetry correspond {o the gauging of the algebra whose com
mutation relations are 6, 7, 8 and 9. If we compare eqgs. (6, 9) with the cor-
responding eqs, (1, 3) in Minkoski space we S‘ee that the main change, apart
the substitution of the Poincaré group with the de Sitter group, is in the in-
ternal symmetry part. The gauged internal symmetry is now O(N) and not

the abelian group given by the centre,

This general result, which is valid for any extended supergravity theory,
is in complete agreement with the calculation of the commutator algebra in

(4)

the model field theories considered by Freedman and Das '. This also ex-

plains why the gauged internal symmetry is O(N) rather than U(N) in pure super-

gravity( ! 3).

The new dimensional constantA , related to the cosmological term or e-

quivalently to the curvature of the de Sitter space, is related in these models
: S “

to the O(N) gauge coupling by means of a formula of the typed =e k Z,b.enung

k the gravitational coupling(4
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