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ABSTRACT.

A new harmonic- oscillator basis fof trinucleon ground-state cal
culations is introduced, featuring different oscillator radii for the two in-
trinsic variables. This basis aliows; charge-dependent interactions to be
hzmdléd- and seems to yield a better convergence with respect to previou-
sly used oscillator bases. A test calculation with the Reid soft-core inte-
raction is presented. The resulting (extrapolated) triton binding energyis
7.3 £ 0.2 MeV, and the first minimum in the 3He charge farm factor oc-
curs at qz =13.1 fm-z. A discussion of trinucleon binding energies derived
from different realistic interactions is also included, with special regard
to the role of the low-energy N-N parameters and of the deuteron D-state

probability.
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1, - INTRODUCTION. -

In the framework of recent attempts to solve the trinuc].éon‘ground--»-

-state problem(l’ Z",

a very thorough investigation has been performed by
Strayer and Sauer(E;). These authors diagonalize the intrinsic hamiltonian
built starting from Reid soft-core interaction(4) in an harmonic oscillator
(h. o, ) basis featuring definite orbital particle permutation symmetry,.Atotal
of 4654 states containing up to 50 oscillator quanta was employed. In spite of
the impressive computational effort, some uncertainties are left, mainly due
to the poor convergence of the charge form-factor at high momentum tran-
sfers and of the mixed-symmetry S-state percentage (Pg1). vThe situation
would become even worse if the charge-dependence, which is present inrea
listic interactions fitting both n-p and p-p data, had to be taken into account,
as suggested among others by the present aut]hors(l) and by Afnanand Read(S)u
Isospin mixing induced by such interactions leads in fact to an inevitable in-
crease in the number of required basis states.

In aﬂ attempt to overcome this difficulty we introduce a new h. o.
basis characterized by the presence of a further non linear parameter in ad
dition to the oscillator radius used in ref, (3). More exactly the method here
employed ig based on the diagonalization of the intrinsic nuclear hamiltonian
in an L-S basis in two intrinsic variables. By choosing two different h, o. pa
rameters for the two different coordinates, we are able to reproduce a rea-
sonable value both for Pg: and for the ratio between the r. m. s. radii of 3y
and 3He already in the zero order state, This method can in principle im-

prove the convergence of the diagonalization procedure as a function of the

maximum number of oscillator quzinta characterizing the basis states (Qmax]"
The method is discussed in more detail in Sect. 2.

To test our method we apply it to Reid soft-core (RSC) interaction,
which although charge independent, is a realistic interaction for which many
trinucleon calculations, performed by different methods, seem to be conver
ging towards a common result,

Our results for the triton bindirig energy (BT) andthe chargeform

A Bl £



3.
factors of 3H and 3He (Fen (,qz)) are presented and discussed in Sect, 3, Inclu
ding up to 820 basis states (Q@max = 28) we obtain B =6.7 MeV. Extrapola-
ting our results up to Qmax =, we obtain B =(7.3 £0.2) MeV, in agree-
ment with other available calculations, The convergence of our procedureis
also discussed and found more satisfactory than that obtained by Strayer and
Sauer,

Our results are finally compared with those obtained by other rea
listic potentials in Sect, 4. It is stressed that, at least for the class of rea-
listic potentials which are local for any LSJT wave and for one-boson exchan
ge (OBE) potentials, the off-shell effects seem to be less important that the

present uncertainty in the knowledge of the D-state deuteron percentage

P (%H).

2. - THE CALCULATION METHOD. -
2.1, - General definitions, -

We choose the following internal coordinates:

| _ 1 L
(1) :z-ﬁ(;r:l - I, . b=m@ry-r -r).

We use these coordinates rather than the usual Jacobi ones @Jac =a;
léﬁac.z 715: b) in order to simplify some of the following formulas. Here
and in the following the indices 1 and 2 label the two like particles,
Neglecting three-body forces the hamiltonian of the internal mo
tion takes the form
3 o 9 3
(2) H= 2 (Pi/zm)—P /2M + 3, Vi

N S S, 3V
n 23 i"om Py T3P+ 3.V,
il 1<)

J i< J

where P =2‘i P, and M = 3m are, respectively, the total momentum and
“ ,

the total mass,

Let us now introduce two sets of oscillator wave functions
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(]na 1a m_ >, and |nb 1b m, > @b)’ where Cap) * ‘\/}?1./-—3[::‘(;;;(—;) are usual h, o,
parameters. In the following we introduce the additional parameter & =Qb/gai'
In the case & =1 we obtain the basis employed in our previous works(6),
while &= V3 gives the h. o, orbital components employed by Jackson and
coworkers(?) and by Strayer and Sauer(3). Criteria allowing to select the
best-values for 0, , @ (or &) will be given in Sect. 3.

We choose an: L-S coupling scheme and a basis of the kind

_ l1,n1 S, ;
(3) |{Z)K> l(na 20y b)L, (012 S3)S JM > 0a 01
Our basis states are not coupled to a definite isospin, The parity (w= +1) of
1 +1
the studied states fixes the parity of ( 1a.+ lb) so that (-1) & b =g7, Anti-

symmetry under the exchange of the space-spin coordinates of the two iden-

tical particles (1 and 2) enforces the further limitation (- 1) a+S 12 = 41,

2.2, - Matrix elements of the hamiltonian. -

The matrix elements of the kinetic energy can be immediately cal

culated. We obtain

Ln

2, 2
<¢KlPa/2m[gbK,>= K. K, <n 1(1!P;/2m“_ né 1a>@

[bb]

(4) <¢K|Pi/2ml¢K,>= KK <Py ]]P /Zm“n 1 >] =
o
[—nb“ﬁ] -2 2
Okt & <yl [P /2m|n 1b>@a’
where 6[ n']

K, K denotes a product of Kronecker symbols involving all pairs
(14, 14), (1, 1) .. of quantum numbers labelling states P and D1 ex
cept those explicitly indicated (n,n'),

The matrix elements ¢ Py | Vgl Pg1> can also be easily calcu-
lated, being r;o« a. After standard manipulations and a suitable change of-
the coupling scheme (la+1 =L, S  +S5,=8, L+S=J—L+8 _=I, I+S_=J)

b = =12 =3 = = = = "= =9 = =3 =
we obtain:



<Pl [P = 0 L5y

5128y On Yy B %, 1

b> b
! Lt I
(5] 2. (21+ 2 " 32+
) 7 @I+ 1/2 B S$ %1/2 J S'g 52+
1, 1, L 1, 1! ' v
b "a b “a S,
;:312‘ I j} S, I d <n (1, 12)J,V2'n a 512> 0,

where 6-j symbols have been introduced and 3 = (2j + 1)1/2‘

We have now to evaluate se:panratély the matrix elements of Vis.
 In principle this is not necessary if e= V3 s chosen, since in this case
a completely antisymmetric basis can be used, yielding <V s> =<V 12>
(3"7.)” For &% V3 this is however not possible, since the construction of
& completely antisymmetric basis from our h, o, states would require an
infinite expansion (this point can be easily proved using the transformation
brackets defined by two of us (8)) Since Vi3 is a function of both a and b,
to compute < Py IV13 | P> wes shall use the so called "Generalized Mo-
shinsky transformation (G, M. T. )", originally introduced by Smirnov (9) to
describe the motion of two particles of different masses in a common oscil

lator potential

1,m L LM, =-:Z_<(n1 n 1o hL|(m L0 1 )iL>, -
‘(na' Pty 7o alh neng ldg F R'R ‘
(8)
\(n 1.0l )i LM > o op
where
r=a-b=V2(y -r,),
(7) R = (9'2 e2)1(efa+e2p) -
B 2 27
1/2(1+s2) 1(2r [1-4 1z, -[1+6%] £
and
2 /2 5 1/2
r; . + ‘u = u +
(8) e (Qa eb) e (1 + &%) ,



1/2 5 -1/2

2 2"
= + ' = e (1 +-8 .
(8) (ea eb) e 0 =e, g(1+¢€") .

QR
The coefficients <(nr1r, anR); L’fl (nala, nblh))3"L >¢ are called ”G_@_
neralized Moshinsky brackets' and reduce to standard Moshinsky brackets
when &= 1. By the use of the G, M. T, the interparticle distance x_"13=('1»/\/f§)r
appears explicitly in the terms of our basis allowing a simple solution of our
problem.

We finally obtain the expression

L+ '..|..+l+; +E\| + AAAAVA a~
LAL/+5+S'"+519+8)9+1 (LI'SS'S. §' )

<D [ Vi4] P> = (1) 12°12

"n 1)Lt

Z Z Z <*(nala’ nblb); L l (nrl‘r’ anR)Q;L?& ((n; Loogly I

] 1
nrlr nr 11" anR

NN o (172 172 815 172 172 3’12§
‘(nala"nblb)’L % S13 253 1)‘31/2 S Syg) {1/2 8" Sy3

g 1/2 I |15 1/2 1
Y o@j+1EI+1) (1] S13 §) (1 Sy3
1.3 Sl 8T A § g

. 1 . 3 ! t PRGN ‘
<(nrlr)SIS’ JIVIB ‘ (nr 1r) 813’ L
where standard 9-j symbols have been introduced,

2.3, -Charge form factor. -

In the non relativistic Born approximation the charge form factor

for elastic electron scattering by 3H is given by
2, _ . 2 2, 20 2,
(10) Fopld) = 2F () G (@) +F,(a") Gp ()

where ¢ is the momentum transfer and G, and Gb are the neutron and pro-
ton electric form factors, for which we have used the parametrization given
by Janssens et al.(lo). The functions Fy (i=1, 3) are form factors of point

particles, given by the relation



(11) F (q ) -—-~—<gb ] Sdg lar |¢) >,

where »l\@r][Q:-.Z.'KCK-, Pk > 1is the triton ground state wave function and

. S ¢

L1758 o 7z e-gh.
(12)

r'= - R =_"_g'_b_

Neglecting Coulomb and other isospin-breaking effects the form fac

tor of 3He is obviously given by

(13) Faul@) =3 27 6)6, (6D +Fyeha (7).

If we write the radial h.o. wave functions in the form:

o

2

3 rys n 1+2a
=0 272 £ p (X
(14) (r e) = o e Y 5o Py (g R
where
+
(15) o . 1/al Gnisirni (-1)% 2 ’
n Ve n+l-2
2 al(n-a)!(21+2+1)11

we obtain the following expression for the matrix elements of the point form

factor for the unlike particle:

. ',
-2 . ’ ig-r, =
pe (¢K ”}dﬁ’q e 3 I¢Kt>

(16) :
np,npl —(e 18 “b ny, 31222
,5,1[-; " -‘2 % q/ ) L-y T Dzllblb nplh: I"(B+—)F(-ﬂl |e e, q/18)
where
1, +1
(17) B=r+o+ —b-é--—b- ;

F and " are the usual confluent hypergeometric and |* functions.



For the identical particles we have:

1 1 ig-r
—_—— L =
ir "K |Sd9q € 1 Dt

___321_‘??_(1 _5__2..)
- o 8 9 L
= 915,510 %50 %L1 76 © (-7 -
. €1 3\ '
| 1 i'hl . }:(2l+1) ALl _La..LaA ) ‘
a’b b L1 1{to0o0/\o 0o
a‘a
(18) 2 2\A '
n n
£e, 47 1 S N 4 & A3
. ( ; | 372 Z 7' 2 6' Dnala D1 MNa i-;;% -5)
2 / [ra+d]” T7 %
2 n '
9 q b
A . 3 ~ \ Y )
F (= -4Q 1"‘— D... D B
2 22
A 3 A ‘ 3, & &y
- +L2 4+ (& - + 2
Mg+ 5+ F G -Blarg 72
where
1, + 1,
(19) a= 9+ ¢ +—~——r)—-——-

and B is given by eq. (17). We note that all the hypergeometric functions ap-

pearing in the above formulae reduce to polynomials.

3. - NUMERICAL RESULTS, -
3.1, - Choice of non linear parameters, -

Let us start with a short discussion of the possibilities arising from
the presence of € as a free parameter, These can be clarified by analysing
the properties of the lowest oscillator state 1| (05),, (08),> which is always
present with a strong amplitude in our wave functions, In particular it is con

venient to analyse the dependence on & of the ratio n between the radii of the
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identical particles and of the different one (i, e, s M= proton radius/neutron
radius in 3He) and of the mixed symmetry S-state percentage Pg:, For the

(0S),, (0 S‘)b > state we have:

2 1/2
P ERA +€2)1/2
) S T2 ’
<r? > 1/2 46
3
(20)
k " :r‘ - 3 2
_ 2 16 ez /
Pormg 4t 2100 2o |
3 {1+ &°)(9 +&9)
We also introduce the mass-radius masg Py the definition:
2 2 +¢rl 1/2 2 1/2
o <r. > 1 2
(21) r = ( <r1 <r3‘>) / - o (3 + & /
‘ mass 3 a 6

When e&=1, we have 7=1, 58, PS‘ =19% and Crmass = @5-0. 815; when
8=\/§, we have =1, PS' =0 and “rass ™ @a- It is clear that our old basis
‘ (e = 1)(6) gives too high zero-order values hoth for n and PS' (we recall that
the experimental value for 7 is 1. 13, while the values of PS’ resulting from
most trinucleon calculations lie in the range 1-2%), giving rise to a rather
slow convergence, Onthe other hand, the basis employedin refs,(3) and (7)
(&= \/§) starts from more reasonable zero-order values for 7 and Pgrandfeatu
res a complete antisymmetrization of the basis states which results inan ap-
preciable shrinking of the size of the matricesinvolvedinthe calculation, The
convergence of Pg: is however rather slow(fg). This last observation leads to
'th.e suspicion that a choice of ¢ giving rise to a larger zero-order value of
Pgr might yield a better convergence of Bt as a function of the maximum
number Q. of oscillator quanta included in the basis,

To check this point we performed a series of small trial calcula-
tions with different values of ¢ . It should be noted that the possibility of lea
ving & arbitrary has been achieved at no cost in terms of code complexity
or running time; the difference between our old code and the new one consi

sting only in the introduction of generalized Moshinsky brackets, which are



10,

as convenient to compute as the standard ones used in our previous works,
Table I shows values of B obtained including up to twelve oscil-
lator quanta (Q=2ng4 +15 +2np+1p € Qmax © 12). The mass-radius was fixed
to the value r;,,.=0.85fm wused in ref. (3) and ¢2 was varied in the ran
ge 1.5 - 3,0; there appears to be a distinct advantage in choosing 82 # 3.
This calculation seems to indicate that the optimum value of 52" lies some-
where in the range 1,5 ¢ ezs 2.25, Similar results were obtained by varying
rmagss around 0, 85 fm. Our final choice is 82 = 2,25, corresponding to

n=1.12, in agreement with the value determined by the experimental charge

TABLE I

~-BT (MeV) versus 82 for small valuesg of the maximum

number of oscillator quanta Qmaxﬂ mass = 0, 85 fm.
Qmax
- 82 0 2 4 6 8 i0 12
1.5 1022.8 | 240, 1 36.0 | 25,3 3.6 4.9 -0, 1
2,0 943,8 | 219.9 36. 3 22,0 9.0 ] 4.1 -0, 2
2,25 916.9 | 213.9 | 37.2 | 21.4 | 9.4 | 4.2 | -0.1
2.5 897,17 210,4 | 38.2 21,2 9.9 | 4.5 0.2
3.0 872.8 | 207.5 40, 3 21,6 10,9 5,1 0.7

radii of 3He and 3H (corrected for the finite proton dimensions), This choi-
ce also corresponds to a value Pg, = 1. 53% lying in the range of the most
commonly accepted estimates. In this way only the ratio 0,/ 0y is fixed.
On the other hand also the absolute values of g4 and Qb'(or, eqguivalently,
of rinagg) strongly affect the convergence of By as a function of Qpgy. The
dependence of the convergence rate on rpmagg has been preliminarly stu-
died for 2.0 £ 82 £2.5 and Qmax. £12. The results obtained for sb?‘ =2,25
are shown in Table II. The optimum value for rp,,4¢ 18 seen to lie some
where around 0, 75 fm; as however hamiltonian matrix elements increase

with decreasing r,

maggs leading to larger numerical errors both in the con

struction of the matrix and in the diagonalization procedure, we chose
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rmags = 0. 85 fm, which also allows a meaningful comparison with the result
of ref, (3).

'TABLEII

-BT(M("V) Versus’ rmas.; (fm) for small values of the maximum

2 .
- number of oscillator quanta Qmax; €& = 2.25,

Q
0 2 4 6 8 10 12

r :

mass \\\

0. 55 31529 | 695.9 | 80.6 | 40.2 | 21.8 |12.4 | 7.1
0.65 | 1983.0 | 446.8 | 52.2 | 26.3 | 10.8 | 4.6 | 0.6
0.75 | 1318.4 | 304.0 | 42,2 | 22.5| 8.6 | 3.1 |-1.0
0. 85 916.9 | 213,9 | 37,2 | 21.4 | 9.4 | 42 | -0.1
0. 95 - 661.7 | 156,0 | 33.5 | 20.6 | 10.7 | 5.9 | 1.8
1.05 | 493.9 | 118,1 | 30.2 | 19.5 | 11.4 | 7.3 | 3.7
L15 | 377.3 | 91.8 | 27.2 | 18.1| 11.6 | 8.1 | 5.0

3.2, -Triton binding energy and charge radii, -

- Weincluded iqour-c:omputation all partial waves which are present

in the RSC interaqti}on(t@, namely those having j < 2.
Th.e- caléﬁl”aﬁdri were p"érformed with a basis including states up

to & maximum number of oscﬂlator quanta Qmax =28, The total number of
states retained in. thls case was 820; this number must be compared with
the exact aumber: of states with Q £ 28, namely 2360, To achieve this reduc
tion we enldrgedl our bas,ls step by step, starting from Qmax =16 and in-
creasing Qmax by two units each time, At each step we performed a dia-
gonalization and subsequeantly scratched from our basis all states havingan
amplitude less than 10'3 The effect of discarded states on Br was checked
with some further d1agona117at1cms and found to be of the order of 10 KeV at

each step Moreover an analysis of the discarded components allowed us

to- conclude th,a1t‘so,mfe"c;at:_egomezs of states could be systematically neglected



12,

starting from sufficiently high values of Q. ,.; more precisely, P states we
re retained only up to Q=12 and states with L= 0, Sy9=1 up to Q5. =22.
We note that P states are usually assumed to have a small effect on Bpand
are completely ignored by Strayer and Sau.er-(3) as well as by many other au
thors, As far as L.=0, 812 =1 states are concerned, their smallness can be

understood in terms of the lack .of any space-symmetric component

Figs, 1a) and 1b) show the dependence of BT and of the r, m, s, char

ge radii < r%h > 1/2 of 3H and 3He upon @, ... The values here reportedfor
Br were calculated by the expression
R

which is remarkably more precise than the eigenvalues directly given by the
diagonalization program. A short discussion of this point can be found in
App. 1. In Fig. 2 the P- and D- state percentages are plotted versus @,y

=28)

The values obtained for the same quantities with our largest basis (Qmax

are also re‘ported 1n Table III. In the same table we also show extrapolated va
lues obtained by the fit formula
(23) B, (Q ) = B,.(0) - an*ﬁ

T " "max T _ max
for the energies and an exponential formula for the charge radii (correeted
for the finite proton dimension). Theoretical arguments leading to justify ex
trapolation formulas of kind (23) for sufficiently high values of Qﬁlax aregi
ven in ref, (11), This method is also commonly used in calculations made
by variational me‘”c;hods'(S’ 7,12, 13). ‘The best par'zimeters a,f and BT(ob)

were deétermined for different sets of ]BT(Q values with Q]l £ Q

max) max <
¢ Qg. Our final value By = 7.3 MeV was obtained for Q) =16, Qy=28, whl;
le the error quoted for Bg in Table III takes into account the de pend,enc,e 7
of BT('OO) on Qq and Q. |

A detailed comparison of ‘the results obtained in recent works

for the RSC potential is displayed in Table IV, It can be seen that the bin- '
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TABLE III

Ground state observables of SHand 3He calculatedfor the RSC interaction.

Values under the heading Q =00 are extrapolated ones (see text),

max
R is the ratio between the computed and experimental value of the 3He

charge form factor at a2 = 20 fm_z.
i Our result Experimental
Observable Nucleus Q oy 28 Qmax=m result
| By (Mev) 3u 6.7 .3 +.2 | 8. 48
[er?s Y%(6m) i .71 1.85%,05 | 1,70, 059
ST >en m) | 3ye 1. 85 1.92+.05 | 1,87+, 05(18)
3
Pp(%) H 0. 10 - -
Pp (%) H 10. 0 ——— ———
3
2 g H 15. 3 - .
9min 3He | 13.1 11, 6(18)
3 L
2 (m-2) H 22. 0 - .
Qmax ™ 3He 18,0 —— ~17(18)
3
R He 0. 48 - 1.0

14)
ding energies given by Malfliet and Tjon('w“', Laverne and Gig;noux(ls)

(5) (17) » to each
Afnan and Read ' and Brandenburg et al, are all-very closefother

3

(B~ 7.0 MeV). Since in these works the same form of the interaction
is used (ISO»+ (3S‘.1 - 3D1) waves only) this agreement gives one some
confidence that numerical approximations are under control., Remaining
waves (ddd and 1D2’ 3D2 ones) have been estimated to give about 0,2 +
+ 0.3 MeV extra binding!12 + 17, The result by Strayer and Sauer(3)
seems therefore to agree with the previously mentioned ones., The some
what different result by Hennell and Delves(12) is not disturbing in view
both :of the quoted error and of the fact that these authors introduced an

interaction in partial waves with j greater than two, The value given by

Demin et al. (16) is not an extrapolated one, so that a c:ompa.mso'n is dif
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ficult; the very low value of Pg' might also indicate an inadequacy of the
basis.

From the above discussion we can conclude that some sort of con
sensus is beginning to emerge around a value of 7. 3 MeV for the triton bin-
ding energy with the full Reid potential. Our result, if taken at face value,
seems to corroborate this conclusion; it should be noted however that our
calculation differs from those in the previously mentioned group in that P-
-states are included in our basis. A trial diagonalization performed at
Qpax =28 excluding these states showed that they contribute 0. 31 MeV to B,
in qualitative agreement with the estimate by Demin et al.,(le) (0.22 MeV).
Since however Fig. 2 shows that the P-state percentage is still noticeably de
creasing when we reach our largest basis, this result can only be interpre-
ted as an upper limit to the contribution of P-states, It seems therefore that
the inclusion of P-states in the computation by Strayer and Sauer'(B) would
lead to a somewhat stronger binding with respect to our work; it should be
noted however that the discrepancy is within the limits of estimated numeri
cal errors even if the contribution of P-states is assumed to be 0, 3 MeV.

A direct assessment of the improvement in the convergence rate
obtained in the transition from the basis employed in ref, (3) to our one is
not possible since, in addition to the uncertainty on the contribution of P-sta
tes, our results stop at Qmax =28 while those in ref, (3) start from Q 6.

Extrapolation of our data to Qmax =36 (which is of course much more relia-

max’3

ble than that to Q5 = ) yields By (Qmax= 36)="7.0 MeV, while the corre-
sponding value by Strayer and Sauer is 6,5 MeV, We thus appear to have gai
ned at least 0, 2 MeV at Qmax = 36.

As far as the r. m. s, charge radii are conc:erned,‘ we observe so-
me spread among the computed vaiues, which are also somewhat larger than

the experimental ones.

3.3. ~Charge form factors. -

Figs. 3a) and 3b) show our results for the charge form factors of

3He and 3H respectively, together with experimental curves fitting the data
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of refs. (18, 19), The results obtained for the position of the diffraction mini-
mum and of the height of the secondary maximum are also reported in Ta
ble III. The height of the secondary maximum is expressed by the ratio of the
theoretical and experimental values of the 3He charge form factor at q2 =

= 20 fm'zz

[Fen @] .

(24) R .
[I' ch(q )_1 exp q2 =20 fm™2,

A comparison with the results obtained by other authors for the
RSC potential is shown in Table V, Only the most recent results obtained
with the complete form or with the 1SO and (3S1 - 3D1) waves of the interac-
tion were included: as shown in refs, (21, 3), neglecting odd waves has a small
effect on the charge form factor (the position of the diffraction minimum is
raised by about 0.3 + 0, 7 fm_z) and so neglecting lDz, 3D2 wave:ss(?:l).

It is clear that the old trend of Faddeev calculations yielding dif-
fraction minima at higher values of q2 than variational ones is now fading
out and there is a fair agreement among computed values of this parameter,
Larger discrepancies persist for the height of the secondary maximura, In
this connection it is interesting to note that we obtain a much better conver-

(3)

gence for this quantity than Strayer and Sauer ', The slope of the relevant

curve (Fch(q2 =20 fm‘z) versus @ ) computed by us at Q =28 is of

max max

the opposite sign but at least twice as small as that computed by the above
authors at Qp 5 =50. This seems to suggest that the poor convergence found
in ref, (3) is mostly due to the lack of convergence of PS' rather than to the
neglect of high Fourier components due to basis truncation. There is thus a
very indirect indication that our basis allows a better treatment of the S' com
ponent; a positive check would however require a direct computation of Pgr,
which implies a large computational effort, To analyse the dependence of
Fch(qz) on the details of the wave function, we carried out further calcula-
tions by changing PP and Pp. No visible effect was obtained in the ranges
0% & Pp £ 0. 1% and 8, 8% < Pp €10, 0%.

Concluding we have the usual result of a too high value of q" forthe
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diffraction minimum and a secondary maximum which is too low by a factor
3. No simple explication of this disagreement is known at present, Preli-

. . 22 o
minary studies of the effect of schematic three-body forc:es( ) and relativi

(23)

stic corrections both yield a displacement of the minimum in the wrong

direction, An explanation of these discrepancies must await for a more de-

(20)

°

tailed evaluation of relativistic corrections and exchange current effects
The effects arising from nucleon polarization must also be systematically

investigated.

4. - TRINUCLEON CALCULATIONS AND THE N-N INTERACTION, -

A list of triton binding energies calculated employing different rea
listic potentials is shown in Table VI, We selected results obtained with the
whole interaction whenever possible, The interactions have been divided in

three sets:

1) interactions local for any LSJT wave and charge-independent;
2) O. B. E. velocity dependent interactions;

3) charge-dependent interactions.

To the last group belong two potentials linearly dependent on J2 and local

)(33)

for any LST wave (Rutherford lab., interactions

(34)

authors .

studied by the present

The results reported in the table show an overall spread of about
2 MeV. In fact we have a minimum value of 6, 73 MeV for the Yale potential
and amaximum value of 8..83 MeV for the O, B, E. potential due to Ueda and
Green (UG2).

If we neglect computational uncertainties this difference can be

mainly ascribed to three effects (1) :

1) Difference between the PD(ZH) values of the various N-N interactions;

2) Difference between low eneegy parameters (ag,ap rg, r;) and phases gi-
ven by the interactions;

3) Off-energy shell effects (other than those included in PD(HZ)) due to the

different parametrization of the interactions.
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Triton binding energy By obtained by different realistic interac-

tions, PD(ZH) is the deuteron D-state percentage,

Interaction Bt (MeV) PD(ZH)(%)
GPT  (24) | (a)  8.61 (186) 3.8
SSC-B  (25) | (b,c) 7.60  (15) 4,25
SSC-A  (25) | (b,c) 7.58  (15) 4. 43

SC-C  (25) | (b,e) 7.34  (15) 5. 45
EH 26) | (@)  7.45 (16) 6.21
RSC'  (4) | ()  7.32 (5) 6. 22
RSC (4) (a) 7.3 £.2 (p.w,) 6.47
RHC  (4) | (b)  6.96 (5) 6. 50
Yale 27) | (b) 6. 73 (5) 6. 95.
HJ 28) | ()  6.96 (5) 7. 02
SRG 29) | (b)  8.31 (5) 4.58
uG2 (30) | (b)  8.83 (5) 4.6
BG (31) | (b)  7.81 (5) 5. 06

| Bs (32) | (b) 7.94  (5) 5. 47
RUTH-A (33) | (a) 8.1 +.2 (34) 4.1
| RUTH-B (33) () 7.8 .34 5. 4

a) all partial waves of the interaction included; b) S +( S
interaction only; c) contribution of other waves of the 1nteract10n

Let us now examine the first point,

calculated perturbatively.

3
Dl)

The values of By reported in

Table VI are plotted versus PD(ZH) in'Fig, 4. There is an evident correla-

tion between these two quantities, the binding energy decreasing with increa

sing PD(ZH). On the other hand there is a wide spreading of the single points

with respect to the average behaviour, Incidentally, the variation of PD(ZH)

reflects in a corresponding variation of PD(BH)’ in fact we have PD(3H)/

[PpH) ~ 1, 4,
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8.0
oy U2
By (MeV)L *
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6.0 i [ 1 ] ' [ 1 ]
3 4 5 6 T B (%) ©

FIG. 4 - B versus PD(ZH) for realistic potentials, (SeeTable VI).

As far as point 2) is concerned, there are sizeable differences in
the values of the low-energy parameters given by different interactions. As
an-istance, OBEP's are fitted to n-p data while other potentials usually fit
p-p data. We can attempt to correct the B values shown in Fig, 4 for the
differences in the&; (ag, a;; rg, ry) parameters of the corresponding poten-
tials by utilizing the derivatives 0Bq/0f; estimated by Van Wageningen et

al,(3%) The reference values\her«e assumed for the &; parameters are:

W
i

= -17.1fm s ay =
2,83 fm s rt =

5. 40 fm,

(25) 1, 73 fm,

&
]

The singlet parameters are those commonly accepted for p-p scattering, cor
rected for Coulomb effects(36). To correct the B values obtained by the
charge-dependent interactions RUTH-A and RUTH -B, we schematically assu
med the binding energy to be given for 1/3 by the n-n pair and for 2/3 by the
two n-p pairs, The corrected energies are finally shown in Fig, 5; the spread
is remarkably reduced and we can observe a clear linear behaviour with the

slope OBT/ bPD(zH) =~ -0.27 MeV., A similar behaviour was previously ob-
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served for s;chematic non 10<*a1 separable inlteractions Applylng the same

(37)
procedure as above, we can also» estlmate that for charge ~-dependent interac-
tions fitted to experlmexntal parameter [ S(n -p)=-238,17 fm, rs(n -p)=2,73f (36)]
the line of Fig, 5 ig shif ted upwards by about. 0.3 MeV(5) It is very interesting
to observe that the pomt Wthh ]hows the largest departure from the average
behaviour corresponds to an mturaotlon Wthh does not exhlblt a OPE tall (EH
interaction). It is also noteworthy that the velocrcy dependent OBEP's follow

the same pattern as omer interactions,

90
8.0 "" ~< N@EPT oRUTH-A
\
< B° cA‘{? 2 RUTH-B EH
_, : \, \\ r. '
o ) st \% _YALE
7.0 RHC™ e _
I . } : E HJ T~ -~
6.0 2 1 i 1 1 1 i L .
p s g 7 8

FIG.5 - Bp versus PD(ZH) fo'r realistic potentlals Corrected values
(see text).

If we keep in mind all the uncertainties in the points of Fig, 5 (ne-
glect of some partial waves in the interaction, computational errors, correc
tions from differences in low-energy parameters amounting uyp to 1 MeV), we
feel justified in saying that the only parameter which appreciably affects Bt
is the deuteron D-state percentage, at least as far as realistic interactions
which are local for any wave or velocity-dependent OBEP's are concerned.
For this kind of interactions the off -~energy shell effects mentioned under

point 3) above do not therefore seem to play a significant role, It appears



24,

however that results obtained by the method of phase-equivalent potentials
(which feature strong non-localities) are somewhat different, If the only
constraints which are imposed are phase-equivalence and constant deute-
ron binding energy, very large off-shell effects (several MeV) can be
found(38). Even when further constraints are added, sucil as the wishful one
of a complete knowledge of the deuteron wave funct‘ion(lsg‘) and ‘that of charge-
-symmetry or OPE tail in the 180 channelmo), variations in excess of 1 MeV
are still found, It should be borne in mind, however, that the situation-of the
se investigations is rapidly evolving, so that the above result is not final, A
better understanding of the theoretical implications of the non localities which
are introduced in phase-equivalent interactions as well as an accurate inve-
stigation of the effect of realistic constraints in the 381 - 3D1 channel (e, g.
fixing PD(ZH) and the deuteron quadrupole moment)would be of considerable
help in this respect,

To conclude, the main aim of trinucleon calculations, namely that
of gaining information on the two-and three-body nuclear interaction seems

still far from being achieved, To advance in this direction further experi-

mental two-body data are also needed (especially PD(ZH)).
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APPENDIX, -

Since we are dealing with the diagonalization of, rather large ma-
trices, it is important that numerical errors introduced by this procedure
are kept under control, To this end we use some rigorous a posterioribounds
on the errors affecting the computed value of the lowest ei:g:envaiue and the
corresponding computed eigenvector;. The relevant formulas Whiéh are due
to Wilkinson(41) can also also be found in a work by Ortega(42), ‘together with
an explanation of the Givens-Householder diagonalization method, which is
employed in our work,

Let H be a NxN matrix, We define:

S £ true normalized ground-state eigenvector of H s

S's computed value of S ,

"y

"E"i(:‘i =1,2,...,N) = true eigenvalues of H,

Eit{i =1,2,...,N) = computed eigenvalues of H.

The eigenvalues are assumed to be ordered in ascending order, We also in-

troduce the definition
D= || (= - 15:'1)_8_' I

with the usual definition of vector norm.

The following upper bound obtains for the error on the ground-sta-

te eigenvalue

| E= - Bl1<D.
(A1) AF |E1 E![<D

If 'we define. a = E, - E'l, the error on the ground-state eigenvector is bound

by the following relation

D 1 D2 1/2
|<_~,’d‘(1+— =)

(A2) H§'1 -5 4 a2

! !
To apply this formula we approximate a by E2— E. This is probably a good
approximation since Eé - E'l turns out to be large in our calculation (of the

order of 10 MeV at Qmax =28). When expression (A1) is applied to the results

1



26,

of our computation, inordinately large error bounds result; for instance al-

ready at Q =12 (252 states) a bound of 80 KeV is found for Reid potential,

max

increasing to 498 KeV at Q =28 (820 states). It should be noted that, not

max
unexpectedly, we found error bounds to decrease for interactions yielding
smaller matrix elements,

A better estimate of the eigenvalue can be obtained by computing

the expectation value of H with the computed eigenvector:

(A3) p=(S, HS"),

In fact the following bound can be shown to hold:

: 52 -1
' D D
(a4) =Bl ¢ B (-5

Since a is large compared to D this bound is ~c:onsidef~ably more stringent
than that expressed by eq. (A1): at Qa5 =28 we get ',u— El‘ £ 13 KeV, The
availability of this better estimate for E; incidentally allowed us to find that
eq. (A1) gives a much too large bound for the error on E'l; at Qmax=28,b1y«--E'1"
is only 231 KeV and thus a factor of about 2 less than D,

Numerical errors introduced by the diagonalization procedure turn
out to be much less influent in the determination of the extrapolated binding
energy than the selection of the set of points included in the fitting procedure,
As far as the ground-state eigenvector is concerned, eq. (A2) yields, at

Qmax = 28:

185 - 8 | < 0. 026.
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