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ABSTRACT -

The Froissart and Stora method is-applied to investigate
the spin motion of spin 1 particles in crossinga ‘single resonance
with arbitrary initial 2 conditions -of vertical pelarization. The re-
sults of rigorous calculations are expressed by a simple formula

already found by some Authors by approximate methods.



(1)

In their 1960 paper ' Froissart and S‘gora discuss the dy-

namics of spin-;— particles polarization in crossing depolarization re- -
sonances during acceleration in circular accelerators.

These Authors calculate the asymptotic values of the oc-
cupation numbers g(t) and f(t) for the states + —;— and'———;- of spin -é—
systems under the influence of a perturbing resonant magnetic field
constant in amplitude and frequency wR when the precession angular

frequency wp(t) sweeps linearly through the resonance line. Starting

with the special initial conditions att = - o0

f-ea)=0,  |tceo|=1,

i.e, considering an initially fully polarized beam, they give for the

transition probability at t = +¢© the expression

(1)

In Eq. (1) o is the strength of the perturbation and T' is the time rate

of c{:‘hange of the difference mp(t) - O T i , i.e. Edt— [mp(t)-— wl;J =
= 2 =T. T is assumed constant in the neighbourhood of the reso-
nance.line, ‘centered at t = 0 (if ' is small the resonance is créssed
slowly and the:probability of spin flip is increased).

By the above-assumed initial conditions, the correspon-
ding initial and asymptotic expressions of the vertical component of

the polarization vector

S =1-2

8
z

become S (- o) =1



and _mo

Sz(+°o)=2e ‘ -1, (3)

In the following, the Froissart and Stora procedure will be applied
to demonstrate that, assuming -1= S, (- o) = 1, the expression
of SZ (+ =0) becomes, after a single resonance is passed through,

2
30

(ceo) l2e 2T _1), (4)

+ e =8
S,(+=2) =8,

as one may expect ,,a priori" .
This very simple formula is routinely used by many
Authors, even if his validity has not been demonstrated directly up

(2),(4)

to now. Approximate analytic calculations have been made
about, leading all to result expressed by Eq. (4). However, for the
sake of completeness of the Froissart and Stora treatment, one
would like to have an exact derivation of Eq.(4), as will be done

in the present note.

In a reference frame which is attached to the particle
and which rotates about the main field direction with an angular ve-
locity J‘t" = cop(t) - coR , the Schroedinger time-dependent equa-
tion leads to the pair of equations

f=- i%’—— g e -i% (5a)

g=-i— fe . (5b)



These coupled differential equations can readily be separated by

differentiation. Thus,

g-ix é+.(_;q_)2g=:0 o (6a)
. .o . a" 2 . . . p
f+1xf+(—72"—)f==0 . " (6Db)

Assuming now (see Ref. (1)) a constant rate of change of the diffe-
rence £= cop(t) - Qg i.e. assuming Z=It, Eq.s (6a) and
(6b) become

§-1Ptg+65"2—’—)2g=0 (7a)
'f'+11‘t§+(—g’—)2f'=0 . "~ (Tb)
Making the change of independent variable z = -21 I't” in Eqp‘(’la)
and u = - % Ptz in (7b) we obtain
dz 1 de '
Za—Z% +(§---z)a;;~—:ag=0 (8a)
dzf 1 df
il —_ 4 -
Uy ( 5 ru) 3 af = 0 s (8b)

. . ' i
where the dimensionless. complex parameter a = T has been
introduced.

Both Egs. (8a) and (8b) have the standard form of the
(5)

confluent hypergeometric equation ~'. Solutions for such equations

(5)

are well known °; they can be written in the form

1 ‘

g = g(O)F(a‘% z)+ 6z 2 F(%+al% z) (92)




f=9yz F (—-—a‘—g—-( --z)+1:‘(0)F(-al—;—l -z) |, (9b)

where g(0), £(0), y and 6 are integration constants and where
the F's are confluent hypergeometric functions(s). *

Because of the coupled nature of the original equations
(5a) and (5b) only two of the four coefficients g(0), £(0), y and é
can be chosen érbitrarily.

In terms of the new independent variable z , Eq.s(5a)

and (5b) transform into the equations

1 1

5 df | 2 -z
z oS- =a ge (5¢)
1 1

2 dg _ 2. =z

z. 42 =@ fe . (5d)

Putting solutions (9a) and (9b) into Egs. (5¢) and (5d) one obtains
(e.g. atz = 0)

so that we can write Eq. s(9a) and (9b) in the final form

1 1

z) + £{0) 2a'£ z2 F(-%-+ a

DN |

g = g(0) F(ai

21 =) (9¢)

Do}

1
f = g(0) 232 Z F(-é— - a

-z) + £(0) F(-2 %

-z) . (9d)

% - The notation F(a|b|z) is used for M(a, b, z) of Ref.5



The asymptotic behaviour of By _ptoo and ft~;_+°0

is found by inserting in Egs.(9c) and (9d) the asymptotic expansions

(5)
t—zteo’ f‘t«---a—'f' °“’)
and (g(0), f(0)) may then be expressed by the linear transformation

of the F functions' '. The connection between (g

o™ Mgy 8(0)+ my, £0) : (10b)
where
N e e
m,,6 =& —_ m,. =im a —
11 1 1
riz-a : r(1-a)
(11)
1 1 a ial 1 a iaZ
—— — — l)
m = 7'52 az {Zl °’ m = n’z ' ’ -
21 22 1
I (1+a) r (5 +a)

and the [''s are gamma functions.

On the ?ther hand it can be seen from Egs. (9¢c) and (9d)

that the functi 2
ha € tunctions z_ T change sign when the variable t goes from

negative to positive values. Therefore, the asymptotic behaviour of

gtﬂ_w and ft...,.- _. s
f =m,_ g(0) + m__f(0) . (12b)

b o Moq8 22



Solving Eq. s(12a) and (12b) for g(0) and £(0) and substi-
tut ing in Eq. s (10a) and (10b) one gets the relationship between g

and f at t st oon @

omomf seZlim
gt._f>+¢-<> 11712 tey -oo fs e oo

(13)
Note that the determinant of the matrix m'i_,is'identical-

ly unity (use of the functional relations I' (1+a) I (1-a) = |ajw/sinh( |a} )

and T(-'!— +2a) T(}- -a) = &w/cosh(|a] w) has been fnad-'é). '

1
2 'Z 2

We now put gt‘__:’ e ft‘__;,_o.o. (‘1— lgt"’"wl ) €
and use Eq.(2) . k

= ¥ ‘
- g ’/SDt’?‘.o‘p

develop the squared fhodulus gt +
e T T

We get for S
Zt-~>+‘><>
5 = 8 (2 e

Z
t ezt o | A

-4 |almw 1)+

(14)

1
-4lajs 2 e--2 lalor

+2(1 - e )

where
=7 - 2|alinfz| - arg T (5 - ifafe) - arg I (1-ijajm)

i.e., after the resonance is crossed, the time average value of the
vertical component of the polarization vector is expressed by Eq. (4).
The final expression (14) of SZ(+°°) is seen to be in agree-
(3)

ment with formula (3.12) of Ref. which gives the connection between

Sz and SZ across the region of t where the resonance is
(t<0) (t>0)

effective.
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