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1. - INTRODUCTION -

The problem of radiative corrections is well known and un
derstood in qua:ntum‘electrodylnamics(l“:'B). The physical origin lies
in the fact that any scattering process involving charged particles in
the initial or / and final state cannot take place without the emission
of soft photons. The infrared divergence is artificially introduced in
the perturbative solution of electrodynamics because of the unphysical
separation of real from virtual soft photons, together with the un-
realistic counting of the emitted quanta. The correct analysis of the
collective soft-photon effect leads to define an observable cross sec-
tion (do)st, for an experiment with energy resolution Ae@ , which
includes the infrared corrections in exponentiated form and is simply

related to the lowest order cross section do, by(‘l)

(1.1) (do )obs,“(—é»ﬁ—:;“-’—)ﬁ do_,

where E is the energy of the radiating particle and.f =<(4a/a )In(2E/m)
Will be better defined later. Eq. (1.1) is a well known result which
holds for any process whose ibare cross section d 0, is not a rapidly
varying function of the energy or momentum transfer. It explicitly
shows that the radiative correction depends upon an external parameter
Aw , which caracterizes a given experiment.

In a scattering process which proceeds via the formation of
a resonance, it is not possible to directly apply eq. (1.1), the reason
being simply that the resonance cross section is very sensitive to an e
nergy loss in the initial state, while no such effect results from photon
emission from the final state. A first analysis of this problem has been

performed in ref. (5), where eq. (1.1) has been generalized to



Aw 48
(1.2) (do)obs%/ —-(-j-a—c;—)—— (4%'—) {deuR(ZEHBidUR(ZE- w)},
o

in the case of resonance formation in the s-channel (\Fé = 2E). B¢ and

B; are the radiative parameters of the final and initial state respective
ly, B ~ B¢ +B; and doRg({'s) refers to the typical (Breit-Wigner) reso-
nant cross section. Eq. (1.2), which automatically reduces to (1.1) in
the case of a smooth cross section, shows already a new and interesting
feature, although providing only a partial answer to the problem (see be
low). In the case of a narrow resonance in fact (["<< A »), the width
provides a natural cut-off in damping the integral over the energy loss
in the initial state. Unlike eq. (1.1), one finds therefore that the soft
photon emission is governed by an intrinsic physical quantity instead

of the external parameter A w, as far as the emission from the initial
state is concerned.

Interference effects have been neglected in eq. (1.2), i.e. the
overlapping of radiation from the initial and final states. One would al-
so like to have a full answer in the case of interference of a resonance
term with a purely QED background. The recent discovery(ﬁ) of very
narrow resonancs decaying both into leptons and hadrons, provides the
natural physical framework for these problems, demanding as well a
precise evaluation of the radiative correction factors in order to ex-
tract from the experimental data the physical parameters of interest.

The aim of this work is to provide a detailed study of all the
se radiative effects in eTe~ scattering and give a precise answer for thg
se questions of immediate experimental interest. A brief account of our
main results has already been given('?).‘

We consider :the infrared factors to all orders in perturba-
tion theory. This is achieved by using two different methods, both pro-

viding the same:result. In the first case, as shown in section III, we u-



se a perturbative approach to all orders in the classical currents re-
sponsible for soft photon emission. This method is applied to the pro-
ducts of two matrix elements, in order to obtain the radiative correc
tions factors to a purely resonant cross section as well as to the inter
ference cross section betweenithe resonance and a purely Q.E.D. back
ground. In section IV we apply the coherent states formalism developed
in ref. (8), directly to matrix elements which, unlike the usual pertur-
~ bative expansion of Q.E.D., are finite and factorizable in the infrared
factors. This directly follows from a more realistic definition of the
final states, which contain an unlimited-and undetermined number of soft
photons.

The main issue in our results agrees with the qualitative ar-
guments given after eq. (1.2)and can be simply stated by assigning to the

1A}

initial state a "proper' energy loss Aw;, with a phase, given by
, : g i g y

A = | ' i alaR
(1.3) ®, ["/2sin oﬁRu ,

' X id
where the resonant amplitude is parametrized as M, =< sin d’R e’ R,

R
The energy loss from the final state Ao ¢ coincides on the contrary with
‘the energy resolution A w of a given experiment. The overall radiative
%actc)rs are then simply given in terms of suitable powers of Aa)i and

Aow f, depending on the type of cross section involved,

Most questions of immediate experimental interest are studied
in section V, where we apply our formalism to actual experiments. In
particular we discuss the case of experiments of resonance production
with a machine resolution ¢, such that ¢z [7 . The partial widths of the
recently discovered (3.1) and @ (3.7) are then extracted from the ex
perimental data. In this connection we give a simple formula which al-
lows a careful estimate of the resonance parameters from a knowledge

only of the peak values of the cross sections.



2. - NOTATION AND FORMULAE. -

In this section, we define our notation and collect some rele
vant formulae,

For a process of the type

e'(pl) + e+(p2)‘~~f A"(p3) + A+(p4)

we have:
(2.1a) 5 = W2 = 4E> =(p, + p2)2
(2.1b) y =W-M
A ~ A A
(2.1c) Z =cosd = py'R3 = Py By
40 I %
) = -
(2. 2a) By o= T |In i - 1/2]
i, f
(2. 2b) 8., = 2%1n (tand /2)
) int 2

A® = Energy resolution of the experiment.

A = Infrared cu‘; off.

m = electron mass.

A resonance of mass M, total width ' may conveniently be

parametrized in terms of a resonance phase=shiift aR(W)’ defined as

(2. 3) tﬂnd-[{(w) = _EE__ .
-y

Cross sections for the processes e"’e"-—r ete-, M+y,' and

hadrons can be written as follows:



6C RES RES, INT INT

* Onrra®rEs'CF Crpra’ Nt HCF )t
(2.4)
QED .QED
* Crnrra’ e *CF )
(2.5a) (g__q_)leptonic - (e wa )(1+z“)_...._.i___2_,[_f1
.oa dZ RES 25 2+(r‘/‘>)
+ - 2 9
do WOHT _ wa” &My
(2.5b) (dZ)INT = (g ~ ) (1422 2+(r1/2)
do e'e” 2 ey 2
@3 Gt R S
dZ \ | N ; +(r’/2)
TR CAL . ML
OQED
+ - 2 r72
wm Ege g
QED 4
(2.5f) hadron (am) g Mrh

g
RES 8 _'_([1/2)

where, the coupling constant g is defined in terms of the leptonic widths

(assumed equal) as

(2.6) roen =2 M (e ta137),

and [, is the hadronic width of the resonance.



CiRl\}EFSéIgJT’ QED are the infrared factors associated with

each of the respective cross-sections. C%ES’ INT, QED

incorporates
the rest of the finite radiative correction and is to be calculated per-
turbatively. For a very narrow resonance, M < A o , as shown in

the text, CI'INFRA factors take the form:

(2.7a) CRES _ 4o Pr (_E_).Bi szin[gﬁ(l-ﬁi)] 1
INFRA - B M [gindR]“Bi vBe r(1egy)
<o Prr 2?20 y
(2.1) 5| 7o ] 1+ o

INT :(M)Bf+8mt f_)pi cos 8 .(1-8,)

C : ( x
INFRA © B M (SinéR)BicoséR
(2.8a)
1
X
f Vint
4 P(1+Bf Bm‘t)
. B./2
BetBi o - 2 _?2 i
LS e L S R AR
' (M/2) Y
B.+B.+28.
(2.9) CQED =(_é_1?‘) i "t int 1 ’
INFRA E Bi+8f+2Bint |
Y M(1+g,+B+28, )

where In ¥= 5772 is Euler's constant.

Bint - dependence in (2. 7) and (2. 8) is different from that
shown in our earlier work( 7). This difference arises due to extra
terms from the virtual graphs. (This is further discussed in the text

and in Appendix A).



CF factors are as follows:

(i) ete~ ~> hadrons:

Here one may safely neglect OgQgrp and OINT (at least

for 4(3.1) and %'(3.7) resonances). Then, we need only C%ES for

hadrons. It is(5’ 9)

had . 13
(2.10) Cp ~ 15 B

b
]

2
a .3 -
+EE )

—

(ii) ete — ut 3K

For this reaction, C%ED ‘has been calculated in ref. (10-12).

The corresponding C%,NT and CII:;ES are taken from ref. (13).
2 ,
OED_ 13 g , g 1208, o2 17, , 5
(2.11) Cp =1z (Pt B0 ) (G - g+ X
(1) VT 4 pede (2 13, 1y
' F 1 e "B am 3 18’ 277
where
x' = - 4;: : 1 5 [Z {(ln sir(‘g'/Z))z + (lnéos(fg"/il))z}
(1+Z27) ‘
(2.13) <
+(.sinz( o/ 2)(Incos(/ 2)) - cos40/2)In(sin(o/ 2))]
RES _3 2a n’z 1, .40 0!
(2.14) Co = Z(Be+ BM)-F('JT)(E;M - 5)'*(—*5-"}(—72“%4' Y,
where
Y=- (2 IR /1) ! [Z~-2Z2(1néin(9/2)+ incos(g/2))+
3 e (14_2)2
(2.15)

+2(1+2%)In(tan(9/ 2))]

For all practical purpose the
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approximation CIF].\I '[‘2‘4 -;— 7 + CF S) works quite well, since [' -de

pendent terms are quite small.

(C

(iii) ete~—> ete™:

C%ES for this reaction may be read off directly from equa-
tion (2.14) substituting 2, for the factor (f o+ BM) appearing there.
C%ED is obtained from ref. (12):

QED , ¢ 2 2 2 . 147 ., 1-Z, 2 2]
y =(8 R 2. - = +
(F (W)[u v +w +2L12( 5 )2L12( 2) 3 T
+(‘—Q‘—) S [2(3—4224«4222-]L4ZS+11Z4) - v(5—7Z+3Z2-Z3)+
4 2,2
(3+Z27)
1 ! 2 3 u2 2 3 4
+-;§ w(111+21Z+33Z7+11Z27 )+ > (3+72-52"-3Z"-2Z )+
(2.16) 9
—|—v2(3-32+-Zz-Z3)- -.%~ (9+7Z+1 1Z2+5Z3)—ZUVZ(2~Z—ZS)
--uw(21+323+922-3Z3+ZZ4)+ZVW(6+SZ+4Z2+Z3)--%ﬁ- (9+6zz+z4)
ﬂz 2 3 4,"
5 (18-15Z+122°-32°+427) |,
where
\ W 2E2(1+Z) 2‘E2(1—Z)
(2.17) u = 2ln — ; v = ln ———————; w =ln —7r——
m 2 2
m m
and the dilogarithm Liy(x) is defined as
X
(2.18) Li(x) = _f n(l-y) g
2 y
o
INT . o s .
CF expression is missing. However, as discussed before,
the approximation C;_[F];\ITz —;— (C;BED + CgES) ought to work well,
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This completes the list of our formulae. Their derivation,

discussion and application follows in the coming sections.

3. - PERTUBATIVE METHOD -

Let us consider the process
- ...]- - b
(3.1) e(py) + e (py) — A(p,)+A (p,)

which we first assume to be described by a smooth function of the ener
gy. In this case process (1), accompanied by the emission of n real soft

photons can be described by(z-" 3)

, ( . ..
(3.2) M ~j (k. )...J (k )M(p,,p.,p..D,)
Myoopmn Ty 1 p, n 1772273 %4

where M(py, Py, P3, Pg) is the matrix element for process (1) including

all the virtual processes, .and

Py kK pyk P Pyk

ie [ Piu Pou  Poy  Pau ]

If process (1) proceeds via a narrow resonance, the matrix
element, which describes it, is a rapidly varying function of the energy.
Eq. (3. é)«then is not valid, since soft photon emission from the initisl
state drifts the position of the resonance and prevents a complete sepa-
ration of the infrared terms from the unperturbed matrix element. It is
still possible however to have a working analogue of eq. (3.2) in the follo
wing way. Let us first consider the emission of just one real soft photon

in process (3.1). We can write
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(1)

(3.3) Ml‘* o IM(k,)M(W-R‘) + FM(k)M(W)-

where we have distinguished between initial and final state emission
on the basis that one shifts the ¢.m. energy W to a lower value W-k, while
the other doesn't. In eq. (3.3) M(W) or M(W-k) is the resonant matrix

element inclusive of all virtual processes and

ie [ Piu  Pap

I,(k)= -
z 3/2 \ .
(20) p; kP, k
; - = Pg b p
F (k) = ie 3 + 4 ]
Iz 3/2 )
(2m) p3'k p4'k

We now parametrize the amplitudes M(W) and M(W-k) by writing

M(W-k) = [ do 8(0-K) M (W- o)
M(W) = [do §(@)M(W- o)

and use the representation

+00
\ _ 1 ixt
d(x) = Zij dt e
)
so that eq. (3.3) becomes
+o0
(3.4) M(l) J‘c'la) M(W- w)jv -——-elmtﬂ (k,t)
w -00 ‘u'
with
ikt
] (k,t)"l (k)e +F (%)

In eq. (3.4) the limits of integration in @ will pe fixed later by the re-
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quirement that the total energy loss he lessar equal to the energy reso-
lution Aw of the experiment.
We can now iterate eq. (3.4) to obtain the matrix element

corresponding to the emission of n real soft photons

(n) | O G et
(3.5) M =fdw M(W-w)/ S © i (kvl.,'t)--;i' (kf,n,t)
1 #n Y ~0o p’l P
The cross section for the nth ~order bremsstrahlung is.then proportio
nal to
;oo +00
1 I “ dt imt -iwt'  dt'
Y fdw M(W-m)fdw M (W-w )J 5 © [ e 5w "
- Q0 v -00
d o~ boa?h. 7
f T T iR (.k.l.t'):l .
w
o o

Summing over n we get the cross-section for process (3. 1) accompanied

by a radiation loss up to d®

9 + +00 at iwt
GRES(W’ 0) oLfda) M(W- m)jd o' M (W-e') r -

2q
J
(3.6) too o
dat' h(t, ')
e Qe
2
-0
where
d3k ~ ~ %
h(t,t') = e ju(k AR (R, ) =
2%k
O
(3.7) Ao Ao Aw

i dk -ik(t-t!) | dk |, -ikt, iKt', dk
= B, % © FBim;f % (e e )+, f’"ﬁ‘"
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with

= infrared energy cut-off

@ = energy resolution of the experiment
B = ————-—~———/d.§2 1,105y =2 —W~—-12—)
i
k2 [ %, 4a 0
B — pEy 52 =
ﬁ;nt ; | ko(IMF )% —— In (tg 5 )
kz * 4a W 1
ﬂf = —"—2——' d;Qk(I'MFP“ ) — my E)

0 = ¢c.m. scattering angle between equally charged particles.

The photon energy being positive definite, the ® and ' in-
tegrals in eq. (3.6) extend only over positive values (this is also a con
sequence of the analyticity properties of h(t, t')).

In eq. (3.7) we have introduced a photon minimum energy to
handle the infrared divergence arising from the description of real pho

ton emission. We can rewrite eq. (3.7) as
hit,t') =(B;+2B. ., +B )1n—é£°—- + f(t,t')
B 1 int f A ’

where now f(t,t') is finite ags A —> 0 and

Ao
dk\. -lk(t—t') dk -ikt ikt!
' - e -
(3.8) f(t, t") ﬂ f e 1) + Blnt - (e +e 2).
)
Eq. (3.6) thus becomes
o B e
- dt iwt
) - 1 - 1 —
RE (W Q)L ( fde(W a))‘ do'M(W-o )j 5o ©
Y -Q0
(3.9) +o0 .
dt' Ho't' f(t,t")
— e e
-00 20



14.

where f#= 8.+ 2Bint + Bg. If we assume B;.. =0, thetandt' inte
grations can easily be done. We postpone to the next section and to Ap
pendix A the discussion on the B int dependence of ‘RES :;md proceed

by putting Bin = 0. Then f(t, t') depends only upon the variable =1t = t'"

so that eq. (3.9) can be rewritten as

o (W, 0) (_4_.9__)[-91+13f /dco M(W - w) da)']VI+4'W- w')
RES ’ A ), ’ o
""(D +m i .9_.4—...__&):7
/ dT  i(®-e')T / de o2 f(r)
—_— 241
- 2% v/ -0

The dT integral gives a 6 (w-®') and we are left with

_+B, g +co o
(W,c»>o<<%&>ﬁl f/f%‘-’-'lm«:w-. )] f 2

-0
- (3:10) /d_da_léo(e-ikr 1)
g e

°RES

The apparent 4 divergence in eq. (3.10) must be cancelled by the vir
tual photon contributions, i.e. it must be
Bi*Be
2 Ay T o 2
(3.11) |M(W- w)|© = (%) | M_(W-o) |
E E
with E = W/2 and |Mp(W-w)]| 2 containing, upon renormalization, on
ly finite contributions. In Mp(W-), the subscript "E" indicates the
scale used to extract the virtual photon contribution to the A divergen-
ce. Inserting eq. (3.11) into eq. (3.10). and performing the dv inte-

gration as in ref. (4) we finally obtain

i)

ir . s
sin(n ﬂi) j do o Pi
o

@

bor B
(3.12)  opggW,0) = (52) g,
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where N( ;3:;[) is a normalization factor which is related to the probabi-
lity that two or more photons from the initial state combine to give a
total energy loss larger than Aw. Since N(f;) - 1 is of order 312 we
can safely set it equal to 1. It should the noticed that in eq. (v3. 12)

no similar normalization factor for final state emission appears. This
reflects the fact that in obtaining this equation we have not applied ener
gy conservation to the emission from the final state. The error invol-
ved is obviously of order B? and hence negligible.

In eq. (3.12) the maximum energy loss from the initial sta-
te has been set equal to that from the final state. In an actual ete- col
liding beam experiment this, in general, is not correct: in ADONE ex
periment, for instance, the energy resolution on the initial state is of
order 100 MeV (for W ~ 3 GeV) while that on the final state may be four
or fine times larger. However, for resonant process characterized by
a width ['® Aw and in the resonance region, the dw integral is highly
insensitive to the upper limit. To see this, we must first extract the
dependence from O6p(W-o, 0). From ref. (5) we have to the next or
derin a,

RES
F
(W-M- ) + (['/2)?

a (I2)° [1+c

(3.13) oE(VJ- w, 0)

where CI:;.]ES (see sect. 2) is a finite contribution of order «, independent
of . A, depends from the specific process under consideration and

represents the peak value of the unshifted resonant cross section, i.e.

a (M/2)?
8]

o (W,0) =

(w-m)2+ (I/2)2

We can now insert eq. (3.13) into (3.12) and evaluate the integral. As

it is, the integration depends upon the -resonance parameters and gi-
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ves different results for 4@ » T or Aw <« I' Inthe case of the
w(3.1) and {3.7) resonances, we can safely set equal to co the upper

limit of integr‘antion. The error involved is of order

8 w2y
L he® ,

hence negligible, We thus get, fora very narrow resonance,

(W, 0) =

. T
f[ (W-M)' +(F/2) Ji/2 sin[6.0-8))] .

"RES (M/2)2 sind,

(3.14)

RES

x 0 (W,0)(1+C )

where OR is the resonant phase shift, i.e. ctg "R (M-W)/( P/Z
We now wish to comment briefly on the varioys factors ap
pearing at the r.h. side of eq. (3.14):

-a) C:?,ES represents finite virtual photon contributions as
well as, eventually, hard bremsstrahlung contributions from the final
state, To determine it, one,»s‘]hpul«d'proceed as follows. A first order
expansion of eq. (3.14) gives

' . 2 2
Aw . (W-M)"-(T'/2)
(W,0)~ | 1+8,lnE= +=> B 1n " +
f 2 Ty ‘2
(M/2)

‘rRES

| W M RES ‘
* B1 r'/z dR +'CF ]OO(W’Q)

By comparing the above expansion with the QED perturbative calcula-
tion to the same order one can then determine CFR‘ES‘ This was done,
for instance in ref. (5) for the process ete~—» @0 — wtm—, C?,ES for

the processes interesting 1 production are given in sect. 2.
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b) The factor

Biio

[’(W—M)2+( V/z)2 ]
(M/2)2

shows that the emission of photons from the initial state is regulated
by the width of the resonance. This agrees with our physical intuition:
if an electron-positron pair of total ¢c.m. energy W« M radiates an
energy larger than I the subsequent annihilation will not be observed
as a resonant process. The resonant peak cross section is therefore
reduced by a factor (F/M)Bi.

c) The factor

sin[ 8 (1-8,)]

sin 6R

gives the radiative tail of the resonance. In fact an expansion in B

(B; =0.076 at W = 3 GeV) gives

sin [dR(l - ﬁi)J
sin 6R

Y1+ Bi

11%

M
which shows the characteristic radiative tail on the right of the reso-
nance where dg 2 J'U/z . This is mostly a single photon effect, unlike
the previous one.

Eq. (3.14) gives the radiatively corrected resonant part of
the cross-~section. When the QED background cannot be neglected, in-
terference effects between the resonant amplitude and the photon chan
nels should be taken into account. In the following we derive the expres
sion for the radiative corrections to the interference part of the cross-
-section. To obtain the correction factor we must consider the interfe

rence between the QED amplitude for process (3.1) accompanied by the
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emission of n real soft photons, with the analogous resonant amplitu-

de and then sum upon n. The QED amplitude is given by eq. (3.2),i.e.

(QED)

(QED) ,_ . .
M ~ i (k )....,1“ (k M (W)

”1"‘“’n * 1 n

while the resonant one by eq. (3.5), i.e.

+00

M RES) wfdw M BF ) w_) f S, k).
s R o

0Tkt
Jun( n )

where M(QED)(W) and M(RES)

(W-w) are the elastic amplitudes for
process (3.1) inclusive of all virtual processes. One gets for the ra-

diatively corrected interference cross-section

+
(T AQED), . (RES),. ., .
0 p (W 00X 2Re {[M (w;]f doM FES) w0y
(3.15) +00
at Jwt g(t)
2%
-Q0
with

git) = (B +28, .+ Bf)lp—%@ + (ﬂ’i+,eint)f = (e 1Kt gy,
o]

In g(t) we have separated out the infrared divergence intro-
ducing, as before, a minimum photon energy 4. The analyticity pro-
perties of g(t) restrict the ® integration upon positive values. For

w< A eq. (3.15) gives
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, + sin{w (B.+B. .)
(W, 0) ¢ 2Re {[MQED(W)] (Af’ )»ﬂ [ (B* Byt

oINT p
A0 g
J .%“i (Z‘%') i int MIRES(W~(0).

(o]

As before we put Bint = 0 and cancel the 4 divergence by postulating

that (see Appendix A)

‘ o+ . +B -~ +
2Re {‘TMQED(W)] MRES(Wu(u)} = (—%—)B1 f 2Re {LM‘]‘;":ED (W)]

RES
ME (W-w)}

so that
_ A0
(3.16) Ao )Bf sin(@8,) / do g Pi,INT

A = - .
Ol Wo 0= p 5 (g 0y (W-w.0)

We now have to extract the residual W dependence from o IENT(W-O).

We can write

INT -

B /2 (W-M-0) [1+Cy |

INT 0
(3.17) o, (W-0,0)
E (W‘-M~C))2+ (F/z)2

where C}?,\IF,
dent of wl Bo is defined so that the interference cross-section between

as before, is a finite contribution of order a, indepen-

the Breit-Wigner and the lowest order QED amplitude’is

. B (W-M)["/2
UZ'NT(W,O) .

w2+ (Y22

The. insertion of eq. (3.17) into (3.16)gives
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o B/
ACJ Bf [ (W—M)2+(-r‘/2)‘!] 1/:3,<

0._ (W 9)= ( 5

’ (M/2)
(3.18) [

cos| 6_(1-8.)
X R o N w, 9)(1+c:;,NT) L
cos 0R

having let Aw—> o0, as before.

In eq. (3.18) the term

cos [4,(1- 8] K
o g +1
cosd W-M R
R

shows that the interference is not zero at the peak, where 5 = -‘175/2

This is due to the fact that photon emission from the initial state gene-
rates, at the peak, a real part in the resonant amplitude. It is mostly

a single photon effect, just like the radiative tail in CRES

4. - COHERENT STATES APPROACH. -

4.1. - Pure Q.E.D. processes. -

The application of the coherent states formalism to the pro-
blem of the infrared divergence in electrodynamics was developed in
ref, (8). For reader's convenience, and with on eye to its generali—
zation for resonant processes given below, we briefly review the results
obtained in ref. (8). '

As noted above already, the infrared divergence in Q.E.D.
is entirely due to the unphysical description of the perturbative solu-
tion. The simple observation that the number of soft photons emitted

in a reaction can never be measured, immediately leads to the neces
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sity of introducing a new definition of final states, closer to physical

reality. Consider a process
(4.1) at+b-—c+d+...,

in which at least some of the particle a, b, ¢, d, .. involved are char

ged. What one really observes is the process
(4.2) a+b — c+d+....+I,

where [ stands for an unlimited number of photons subject only to the
condition that the total 4-momentum of the emitted photons is fixed by
the energy and momentum resolution of the experimental apparatus.

In the following, for sake of simplicity, we shall assume

only an energy resolution Do, By calling | f> the final state of the reac

tion (4.1), let us introduce the state vector [f'> , defined as

ik
(4.3) [f> =e |1,
with
(4.4) A =[x, 08, x)
c w e
where A‘w(x) is the quantized electromagnetic field, and j‘u(x) the Fou-
rier transform of the classical current jM(k) defined as
(i)
(4.5) io(k) = —2 e TV rk 2 Ao
. w - -—————-—.‘.—- 3 = - - — -
/ (2:{5)3/2 i=a,b,.. i (pl.k)
J.u,(k) =0 for k0> Aa}

with &; = + 1 for positive outgoing and negative incoming particles and
-1 otherwise. The operator ei’/\c defined in eq. (4.3) is unitary. The

state ]f' > contains an unlimited and undetermined number of photons,
created by the electromagnetic fieid of the distribution of classical cur

rents (4.5).
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It is now possible to define a matrix element M = < f'n’ sli>
which, as proved in ref. (8)is: (i) finite and does not therefore pos
sess an infrared divergence, (ii) separable in the infrared factor and
(iii) dir”,ecﬂy;éibmfbéra‘fbie'W’ith the :kexpéirimental cross section which
results pr'oport-:ional to |Ml2. In particular one has:

A®
-iA {1

3
M=<tleesli> = exp{= | 55 w3, X)) tetls)i>, =
(2,) 26 Lo 0p A

@ o B2
=exp<‘{—g-zf—cl’:—‘~}<f]sh>z =(—4i‘i’-) <tlsli>,

where , o
B = —;— fdflklk’ 2, ju(k)'jp,x(k)’

‘The auxiliary parameter } has been introduced consistently
‘both in j}:[,] é(‘k)‘j ‘u,x(k)] d3k/ 2k and <f|S}i> ; as the lower limit of the
perinitted energies of real and virtual photons, and has to be finally
set to zero. Inthis limit, because of the finiteness of 1\~/I, the apparent
divergence in (Awy/ 1)8/ 2 is cancelled by an analogous divergence in
<t]s] i'.>z . One can therefore write
B/2

(4.7) | M= A2

which finally defines a matrix element My, which is finite, i.e. without
any infrared divergence. Of course Mg may have ultraviolet divergen
ce which, upon normalization, will give additive correction factors.

The cross section for process (4.2) is proportional to»,vi‘ﬁlz,
_ 3 ,“2_'_4_@_3 2,00 8 .
(4.8)  (do) p < MI™ = (SF) M| () P do,

and comparison with perturbation theory finally determines dog. E[ri

- y + -
ete scattering (e e"™—~ f), one has for example
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1 1 (zlco )3

B8
) do_, = do (1+C..),
v g E o T

(4.9) (do)_, _ = 1

1 <‘va _
s of p(i+g) E E

where \J.-é—‘-"= 2F is the total energy in the ¢c.m. frame, Cy is the left-
-over finite correction and d ¢, is the lowest order cross section for
the process of interest. The extra factor yﬂ I"(1+B), where Iny =.5772
is Euler's constant, is found(B), as also discussed in the-_{&ppendix B,

by imposing the global condition

(e.0]
< X
(4.10) 2 kg“’ < Mo
h=1

(n)

on the states |f'>, instead of ko < Ao for every; n, as implied in (4.5).
This factor however, for small values of B is 1 - nzpz‘/m, so it is ve
ry close to 1. This is related to the fact that ' [y 8 I (1+[;’)-1] represents
the probability that two or more photons, each with ener gy < Aw com

bine to give a total energy loss > Aw .

4.2, - Pure resonant processes, -

Equations (4. 7-9) are valid provided the "bare'' matrix ele-
ment (without soft photon emission) is not a rapidly varying function of
the energy or the momentum transfer. Let us consider now the modi-
fications to our formalism due to the precence of a resonance, for ex
ample in the reaction ete"— resonance — f.

As shown in ref. (5) it can be easily seen that the presence of
a resonance, of mass M and width r , only modifies the classical cur
rent relative to the initial state, as follows:

R, . (W-M)+il'/2

(4.11) A R S VT b

Iﬂ(k) + Fy, (k)

where, in the notations of the preceeding section, IM(k) and FM (k) are
the classical currents relative to the initial and final states respecti-
vely, in absence of the resonance. The current j&(k) is exactly the Fou

rier transform of
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(4.12) i) = fmew) + 1 x),

where ’j(l)(x) is given by

o0 *

to

(4.13) {900 = (-i6%) f at, 1) o(-t-t ) &'®
0
with Ex = W-lv_[+:ir1/2. In other words one takes account of the finitess
of time interval between the creation of the final state at t = 0 and the
creation of the resonant state at -t5< 0, having also accounted for the
damping induced by the resonance itself,
In analogy with eqs. {4.3-4) one can now formally introdu-

ce the quantity Ap given by
(4 R,
(4.14) ; Np = fd xa,,,(x)A“(x),

as the action relative to the distribution of classical currents jff(k)

of eq. (4.11); with

3,60 - __szfd"‘k j‘uB(k) e 1EX,
(27)

Similarly, one can introduce a new final state veector, -obtained by ope

rating with elA R 4n the usual final state |f> . In this case, however,
RUS: . . /\+' A .

the operator e is.no longer unitary, because /\p # R One is the

refore led-fo define

(4.15) £ =1 elARln,
y N
with
| STMEET
(4.18) N =(e e D,

One has:
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(4.17) (e R elAR>= e <e >,

with
+ 1. (44 2, N 2
(4.18) [/\R, ARJ --fd ko(k )Q(ko){Jp(k)J“(k)-J“(—k)Ju’(-k)}”,

where for simplicity we have dropped the label R from- the current
jﬁ(k), Similarly, by series expansion of the exponential in eq. (4.17),
and after contraction of the electromagnetic field operators, one finds:
"i(/\;_AB) _ (104 2, R TN 1.
e >= exp 1,\- _ifjd ko(k )O(ko)[‘]“’(k)-]“(-k)] x
(4.19)

x [ (k04 (k)]} .

From the combined equations (4. 17-19) one finally obtains
. 1 (A4 <02 . I N TR ) .
(4.20) N = exp{ zfd ko (k™)0(k ) [ZJH(k)JM(k) —JM(—an (k)jay(fk)J”(k)]}.

All the integrals in the above equations have a finite domain of integration,
corresponding t6 0 < k g A, once jﬁ(k) is restricted as in eq. (4.5).
The global condition (4.10), imposed on the states (4.15), gives an ove-
rall factor in analogy to (4.9), which will be discussed in the Appen-
dix B.

We are able now to define a mat rix elementﬁ; =¢f"sli >
as in eq. (4.6),where the S-matrix does contain now the interaction.. Ha-
miltonian responsible for the creation of the resonance R. We therefore
have

IR

(4.21) My = —-:N_<fle sli> .

— +
Formally My is the matrix element of the operator S' = exp [-—i/\R] S
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between the states < £ | and |i> which do not include outgoing soft
photons:in other words the infinite number of soft photons created by

S is destroyed by exp [-i/\;] . In terms of diagrams, some typical
lowest order contributions to (4.21) come from the diagrams of Fig. 1,

where we have indicated with a small circle the action of the classical
et i OMANO
: :/ e - k’ \: :/'
R IIE N /\>’ . rd AN
- s WA N s
%\ >====<§\ P e ‘ />’\AAO==<\

source,
Without entering into the details of the calculations, which

- proceed along the same lines of ref. (8), we find:

— (MR))' { Awd[k | !2 [ *

My = ———exp { [ SEflKi%an, [, 00 -
(4.22)

1 %, %
-3 R (e

where we have dropped, as above, the index R in jﬁ(k), and we have
consistently introduced, as in eq. (4.6), an auxiliary parameter
‘which has to go finally to zero. It has to be noticed that in the limit
of very large [', the resonant factor in eq. (4. 11) goes to 1 and we
recover all the previous results for the usual clagsical current.

From eqs. (4.20-22) one finally obtains
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N 1 4 2 . PN
MR = (MBE)A exp{é- J‘Adl kd(k )(J’(ko){JM(k)JM(k) -

(4.23)
-1 Im(jﬁmjﬁ(knjj .

In order to proceed further we need the explicit expressions

for the following integrals:

4 2, & .
(4.24) 1, = [ d"ka(e)00e ) [}, ()5, (9]
(4.25) 1, = [ a'koo0e )] 005-10],

with A < ko < Aw. From eq. (4.11) one easily finds:

(Aw- ) +(r’/z)

, =Bin Lo g+ 28, *
3 y(r/2)”
(4.26)
y 8, A
RS 40 -y Y
772 [arctg( O ) + arctg “1/2)] ,
) 1 (y-ir’/Z)z- Aa)z
(4.27) Bln == - (13 28 . In ’
1nt 2 (y-ir'/Z)2
wherey = W-Mand 8 = 8, +28, .+ f,.
Substituting eqs. (4.26-27) into (4.23) one gets
B. +28.
-t 2 i int
T, - (), 4y /2f 3 S j2) } S e
{ (ho -3)24(T/2)?

8, B, + 28,
(4.28)*{.—~r—1—- [arc tgﬂﬂ/zy +arctg [3;2 ]} exp{— ) _int
s - 5]
(/2" -y Aw "oy +(T'/2)
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ﬁ/z is

cancelled by an analogous divergence in (MR) e coming from the in-

As in eq. (4.6), the apparent divergence in (Aw/ )

frared virtual contributions. Moreover all the infrared corrections,
in the case of a resonant process, are only those contained in eq. (4.28).
In fact for fixed y, if we perform the limit '>) A w , all resonant fac-

tors in eq. (4.28) go to 1 and we recover the previous result
= e . B/2
M (MR)}_ (A /)

‘of eq. (4.6), valid in the case of a matrix element which is a smooth
function of the energy.

In view of the application to the case of very narrow resonances,
as the recently dviscovered(s)w(B. 1) and (3.7), let us consider eq.
(4.28) in the limit of '« Aw,

To this purpose we have to gpecify the A dependence of the
virtual photon effects contained inv(MR)A. This is discussed in the Ap-
pendix A, From eq. (4.28) and (A-2); in the limit of ' <« A @ , we

finally have:

B./2 b B./2
Wy = g oy (L)
Aw>> Ty 171 (14 84/ 2) ' E sin 6 p

(4.29) B B:

1 . Vi

-3 Ogeotely 15T g
xXe e

3

. r -
where we have defined Mp & elaR‘sindbR, with sin(‘SR=(r/2)N y2+(f‘/2)2,
and [7 Bf/zl"(_1+ﬂf/2)3 “1 is the normalization factor discussed in Appen
dix B. (eq. B.6). For the radiatively corrected cross section we final-

ly have:

; ; 1 Aw Bf
(do = e (do ) (") |

E sind R

(4.30) 5
x o~ PioRetg R(1+C§ES),
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where the factor ('1+C§1ES) stands, as usual, for the left-over finite cor
rections.

Let us compare this result with the analogous one obtained
in the proceeding section (eq. 3.14). One can see that the factor
1-B; dgetgdy, responsible for the radiative tail of the resonance, ap-
pears in exponentiated form. This indicates that this exponential fac-
tor, which is also present in eq. (4.28), and blows up for y very lar-
ge, cannot be taken literally, and has to be considered only in the
first order approximation. The physical origin of this unpleasant be -
haviour is due to the fact that, for very large values of y, the emis-
sion of a photon with energy (W~ y is not any-more a soft process
and imposes strong constraints on the emission of further photons.
Such a correlation is not embodied in the coherent approach which
uses soft photons emi tted independently. A more detailed discussion
can be found in the Appendix B.

Eq. (4.30) has to be therefore transformed into:

Bi
L e, ) 2T,

(do ) = B
Aol Y fF(l +ﬁf) E sinﬁR

R'obs

(4.31)

\ EE
x (1-8, 6 ctgd) (14 CRoD),

and can now be used without any restrictions on y. The same conside-
rations apply of course to eq. (4.28).

Let us discuss further our result. Apart from the radiative
tail, eq. (4.31) differs from the Q. E.D. result (eq. 4.9) only in the
fact that a "proper' energy loss (I'/2 sin ¢ r) substitutes the external
quantity Aw , as far as the emission from the initial state is concer-
ned. A very narrow resonance, in other words, fixes by itself the
amount of maximum energy which can be lost from the initial state,

in order to still allow the resonance to be produced.
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Finally, let us discuss the distribution function dP(w) of the
emitted radiation for resonant processes. In the normal case one has,

(4:)’

as well known

) B dew
(4.32) dP@) > (F) & -

In the resonant case, a: similar distribution has not been introduced
explicitly. From eq. (4.28) however the desired answer can be obtai~
ned in integrated form. In fact one has:

1o 4p )

R
(4.33) (do )obs / P da)(daR)o,

and therefore from (4.28) one easily finds:

y(y - )+( |~7/2)2
(y-w)2+(/2)?

+ B, x

B
dPp(©@)=($) { Bot 2B

(4.34)

y2+(H/2)2 } dw
(y-) 24t/ ) ¢

where the approximate equality is due to a linearization in Bi, ﬁint
and B; performed in the bracket of the r.h.s. Of course, in the limit

of very large ', this reduces to (4.32). Furthermore, for ﬁf=ﬂint=0,

we recover the known result(B’ 9,15)

Ao 8

[ dw i ,
(4.35) (dog) s ™ B; | & () dog(W-w),

o
0

whereas for f;int = 0, we obtain the result derived in ref. (5):

Aw
v dw , © Bit By
(4.36) (daR)obsfx ] -—w—-(-—E—) ;deoR(WHﬁidaR(W-m)}.
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4.3, - Interference of a resonant term with a pure Q. E.D. background.

We would like to discuss now the radiative effects arising

from the interference of a resonant term with a pure Q. E.D. term.
In other words we have in mind processes like e+e- — e+e_ (Ilf+; [T |
in which the reaction can proceed via two different dynamics. For the-
se processes, of course, the detailed knowledge of the radiative effects
is necessary for those experiments studying for example forward-back
ward asymmetries, dips, and similar subtle effects.

From the point of view discussed in this section, the proce-
dure to follow is quite clear. On starts with the sum of two well defi-
ned and finite matrix elements, MQED and Mg, as

L -iA 'A;

(4.37) M =My Mo=<1 e QEDh>+'E§<f' Spli>.

The observed cross section is then proportional to lﬁ‘lz. While

‘2:

=~ (2, _—
A (dao ) b and lMR‘ ?’\ (d‘oR)obs’ the interference term

| ¥omp QED’obs 1 o

comes only from that part of <fle” € which overlaps with <fle R /N
A _ ;

©One is therefore led to define a final state e1 R lf> /J—]\T also for the pure

QED part of the interaction. We introduce therefore a matrix element

=INT : ,
MQED defined as
+
-iA
—INT 1 R
= < fl S i> .
(4.38) MQED tle ,QEDlu

VN

All the interference effects will then come from Re{ MgNETD MR} , as

one can see by comparing with perturbation theory.
Proceeding as in the preceding cases, and using the same
notation, we find:
—INT

MQED = (M

Rx

.C
( p

)J“ (k)

%
a*ks 0?00 ) [ify (00350025, 06);

QFDAf
(4.39)

1., Ry Ry
- 5 11m (3, (5, (kD]
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where jﬁ(k) is defined in eq. (4.11) and j;(k) = I,w(k)‘"FM (k) is the u-

QEDA”
has to be identified with that of eq. (4.6), where

sual classical current without resonant modifications. (M
= < fv'{ SQED /’ 1)A ]
the index QED was emitted,

For the first integral in the r.h.s. of eq. (4.39) we easily

find:
4 2
I, =fd kd (k )0(k0>[m (k);;ykﬂ

(4.40) ”
= fin (A B]L ﬁmt" a -Z—LTZ};A@”

which, together to eqs. (4.24-25) finally leads to:

_ 2 02 Pi/4
Mg\lri}TD=(MQED)). (Alw );J/Z{ M 42( [2) 5 } exp «
(Ao -y)°+( T/ 2)

yﬁ? B.+28. .
X { [arctg ﬁ/z Ly arctg —~——~)J exp{ -1 ~1————;f4@--x
(4.41)
x [arctg _—E-XZ_—? - arctg — 5: r 5 ]" i( Bi+ﬁim) arctg x
(1/2)°- Aw <.y /2) ’

) Ae (/2) }
(Aw-y)y-(I"/2)?

.As usual the infrared divergence is automatically cancelled from
(MQED)A and (Aw/l)ﬁ/zg introducing a factor (MQED)E(A()L)/E)B/z.
Interference effects come now from the real part of the pro-
duct MM NLr
QED’
and (4.41) we obtain finally, in the limit of Aw>> I,

where both quantities are finite, Combining eqs. (4. 28)
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-4

— —int* Bt Blnt s 1 Bet Pin
MM = =[y [(1+B+8, ](M (Mo pp)sCE)

(4.42) _1@

_ M2

E sin dR

where we have also introduced the normalization factor discussed in the
Appendix B. This result again explicitly shows the appearence of a fac
tor ["/2sindg e'i(SR as the "propet' energy loss from the initial state,
playing the symmetrical role of A® for final state. Notice also that
the exponential factor giving rise to the resonance tail, both common
to eqs. (4.28) and (4.41), has completely disappeared.

With the standard definition M« sin éR eidﬁ, and taking the

real part of eq. (4.42) we finally obtain for the interference cross sec

tion:
BB,
INT ) 1 INT, Ao ' f Pint
(dU )Ob"‘ = ﬁ +ﬁ (dO' ) (-—E—)
® ef int 0
Y I"(1+Bf+lJint)
(4.43) 8
i
(— 2y {cos (8 B, y¥tg b sin(d 3)} 1+,
Esind i
R

where (dUINT)MZRen.( QED) (MR)i:] and (1+CIFNT) is, as usual, the

left over finite correction. Eq. (4.43) coincides with the result obtained
in the preceding section (eq. 3.18), in the limit B, = 0.

Let us summarize the results of this section. By extending
the formalism of ref. (8) to the case of resonance production, we have
shown that the introduction of coherent states provides a very powerful
tool for an intuitive and physically significant description of the infrared
problems also when the presence of a very narrow resonance introdu-

ces further subtleties in the problem. In particular all the results can
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be rigorously proved to all orders in «, without any approximation.
They explicitly show that in the presence of a narrow resonance a phy-
sical parameter, the width r , enters in the description of the radia-
tive effects.

These results can be also easily extended to the case of a
general reactiona +b-—sc +d + ...., proceeding through the forma-

tion of a resonance.

5. - PHENOMENOLOGICAL APPLICATIONS TO ¥(3.1) AND '(3.7).

Some applications of our formulae to the (3.1) and '(3.7)
resonances have already been presented in ref. (7). Here we wish to
comment upon several aspects of those applications, and discuss so-
me further ones.

As well known, since the resonances of interest are very nar
row, one has to integrate over the machine resolution, which is assu-
med to be

S(Wr-W)2 /262

e

(5.1) W' -W) =

2o

where ¢ is the machine dispersion, such that (A W)F‘WHM = 2.3548 ¢,
In the case of hadron production, fj,+ and B¢ are negligea-

ble and therefore one hasg, for the experimental observed cross sec-

tion
(5.2) o (W) =f G(W' - W) dwre (W'),
where
Bi
|"ll 3
o (W) = 12':; le 2h sftnzdR(W’){ n }
(5.3) Vi r W'sind (W)

. 4 ~RES
{1-31 6Rctg 63} { 1+<CF }
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oy
-3

with C. = —

[38
o]

Using the above formulae fits to both Frascati and SPEAR da-
ta(6) have already been presented in (7). As stated there a useful formula

for the observed cross section at the peak is

6T "n p B ro.2 LE
(M) = _”'———e'—'éf""(_‘l\i) " exp (——) {ercf(—t‘_“)"“z‘l" x.
\[—2;1501\/1 I 2V 20 2{20
(5.4) o
v RES
x El . ( 2)} (1+CF| ),

S0

which'isa straight forward consequence of (5.2-3) with the only approxi-
mation of setting [sin diR(W")] - Bi':’l. In eq. (5.4) the second term in
the square bracket represents the contribution from the radiative tail.
For resonances whose total width is smaller than the machine resolu-

tion, a simple expansion of eq. (5.4) in powers of (['/2 {26) leads to:

6x" M p . 2
(M) = ié—][l(——{\j/[—)ﬁ1 (1+ A 2‘) {1- __’: + ﬁi x
J2ma Ml 8o V2o |
(5.5) .
2V2- o .
x [1n —----,_-1-——— - ‘}'/2]} (1+ CgES),

where y = .5772 is Euler's constant. As explicitly shown in ref. (7),
eq. (5.5) gives an excellent estimate (at the level of 2%) of the para-
meter (f'e 'y /T') once o (M) is given and the machine dispersion ¢ is
fixed.

In place of eq. (5.5) Yenniel1®) obtains (for w(3.1)) for & (M)

2 N .
(5.6) & (M)~S8_ leln ("{2" P11 40,70 8,).

Jome mor M
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While analytically the two expressions disagree, the numeri-
cal estimates for (f'e Ph/f’) agree to about 5%.

For (3.1) taking the published value(6) from SPEAR &(M)
2.3 uband ¢ =1 MeV we obtain

I_'eph

(5.7) T ¥ (4.010.2) keV,

which is in good agreement with our analysis(7) of the Frascati data(lb).

A similar analysis for (3.7) gives

(5.8) el
r

> (2.8 + 0.3) keV,

having used ¢ (M) ~.175 ub(6) and 0=1.15 MeV ([T = 1 MeV) or
ox1,4 MeV (I‘= 0.2 MeV). If is obvious from our formulae that if the
peak values are changed, I' ;I',/" changes almost linearly, for a
given o .

Regarding the leptonic modes the extraction of the dynami-
cal parameters is more complicated since the details of the experi-
mental setups have to be taken into account. As shown in our earlier
Work(7) no dips due to interference can arise (upon machine integra-
tion) in e+e'-+ e+e'. Also no significant change asymmetry results

.+ - + -
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APPENDIX A - DISCUSSION OF VIRTUAL PHOTON EFFECTS -

We discuss briefly the infrared properties of the amplitude
MA defined in the text.
Tor a smooth amplitude, e.g. that for a pure QED process

ete-— y+ g, the infrared dependence of Ml is well known:

M. = (A = Ay B2 e
(A1) Mﬁ, = M ~(E) Mo 1+C

7’
where Mo is the lowest order matrix element and Cy denotes finite
contributions {vertex corrections, vacuum polarization, .. .), which
are to be computed perturbatively. E is defined as .::/2 and A is the
minimum energy cut-off. If one whishes to perform this calculation in
terms of a photon mass ﬁ,', the conversion rules may be found from
ref. (3).

Notice however that }c‘.g does not always scale with §. For
example in electron-electron elastic scattering in certain expressions
A 2 scales with t, where t is the momentum transfer(14).

Now we turn to the case of interest, i.e. e+e— annihilation
through a resonance. In this case one finds that as far as 31 and Bf
parts are concerned A2 still scales with s whereas the B it part scales
with the resonant propagator. Explicitly:

(B.+Bp)/2( 6 ).
(A.2) (Mp), = (Mp)y 5 {(_._____.____ .

E e
\f y2+( n/2)
where again (MR)E differes from the pure Breit-Wigner (Mg) by fini-
te virtual corrections.
We were led to the above form for the B, dependence upon
being informed of explicit second order calculations by Altarelli, Ellis

and Petr-onzio( 13) .
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In the limit of large A® (valid for narrow resonances) the
Bint dependence in (A2) exactly cancels its counter part found from the
real photon emission, as given in the text. This dimonstration proceeds
upon the following recognition.

(3)

Following Yennie, Frautschi and Suura ', we define

_-i ezf a*k {mpfk)pe (2p2'k)u}{(2p3'k)u

it om3 J k2o a2 2pik-k2 2pék—k2 2p§k—k2
(A3)
(2p,-k) ‘
St } S(k)
2pak-k
and
(Ad) o f ’k KEONCOE
‘]‘Lb J“, *

B, —
int k <bw [+ 22

where Bint and Aéint denote the virtual and real soft photons contribu-
tions.

jg) and jg) are the classical currents defind in the text (eq.
‘4.5) and S(k) is the resonant factor (eq. 4.11). As shown in ref. (3) the
infrared contributions in B;,; arise form the ¢-function part of the pho

ton propagator:

12
5 ,21 =P.V, ""5'1'*;;.2' - iﬂ?é(kz- A
k“- A7 +ie k7-A

).

Then a straight forward calculation shows that the infrared factors of
B;t and Eint cancel exactly in the limit of large 4w (AW> ™), This ar
gument can be generalized to all ofders. Hence the exponentiated form
of the virtual infrared factors is completely determined,(A2), since the
corresponding real photon contributions have been expliéitly obtained

in the text.
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The above arguments do not apply to the f; term, the rea-
son being that the expression similar to (A3) does not have the résonant
factor S(k), while the corresponding (A4) does. Thus, the infrared sin-
gularity, as A'-> 0, is indeed cancelled (because S(k)‘k——» 1 a-é k— 0),

but the scale of the virtual contributions is provided by the total ener-

gy Vs

APPENDIX B - DISCUSSION OF THE ENERGY CONSERVATION CON-
STRAINTS. -

We discuss here the implications coming from the exact con-
servation of energy in the coherent states method in order to obtain
the correct normalization factors as well as to show the correct be-
haviour of the factor responsible for the radiative tail of the resonance,
which in eqs. (4.38-30) appears in exponentiated form. B

v The exact procedure of imposing the global condition (4.10)

on the final states has been discussed in ref. (8). We shall adopt here
a slightly different, but completely equivalent procedure, by operating
on the various matrix elements.

For the classical current, with no resonance preée‘n’c, one

has (see eq. 4.6)

Awg o
- 9Oy d k1 _ . | . d"‘k‘n
" =;‘£0{'5 ”éE;LJM(kl)JM, (k)] f Tl
o=y )

(B1) n

[ (kn)jﬁ(kn)]} <t]sfiy,

i.e. kg n < Aw. when the energy is not fully conserved. Ener-

gy conservation can be achieved by introducing a factor

1 for Z k, £ AW

1(dw) = §
0 forZ kn >Aw
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which leads to:

: (0] o .3
=cons_ 1 -iox . 1 dk elals
M = o dx/ e do exp{?‘j; { (k) (k)] }<f,.5}1>l

o
g-6—sin(ffl’w)eXp_{-E- [ C:{k “’k}ulsfl)l

and finally to:

(B3) 1\-—/Icons=(_____)[3/2 1 1 - =(A?J)B'/2 1 1 M.,
vBI2 pi1gryy A E yB/2p(14gr2) F

with the same notations d equations (4.7) and (4.9). Because of the
smallness of B one has [T'(1+B/2)]2-2’ P(1+B), and therefore a small
correction factor [)'ﬁf' (1+8)] -1 Wwhich properly normalizes the cross
section. As discussed in the text, the smallness of the correction fac
tor reflects the small probability of emitting two or more photons
Which combine to give a total energy loss Aw

When there is a resonance present, the same procedure
immediately leads to

® 3

(o8]
(B4) M 7 %f L ko)exp{l ldsza (k)j <k)e“’k5<MR)A,

where ju(k‘) = j‘F(k), and we have dropped for simplicity the phase
factor in eq. (4.23). One has:

o .3 io(y+il'/2)
f d kJP"(k)j;:(k ok, BE (-ida) - {e' El[' io’(y+ip/2)] -
)
(B5) io(y-il'/2) v B.+28. io(y+il'/2)
e E [io(y-1 /z)]f- - ——’-“—‘11{ B, [io(y+il/2)]+
- _- [
. ew(y il'/2) El[ id(y-iP/Z)]},
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In view of the complexity of eq. (B5), it is not possible to
perform analytically the extra integration in eq. (B4), for any A ow,
" and y. However, for very narrow resonances, a compact answer is

fortunately achieved by expanding the r.h. s).( of (B5) in terms of (y+if/3/ Aw,

One finally-obtains:

Bi

p 5 g
~COons _ 1 1 ,Aw) t/2 \'y‘2+(l"'/2)‘3 e'iéR} 2+51nt )
- \
A

M
R P2 P+ A
v B.é
(B6) - -51--5- ctgdg
x © (MR)}"

which coincide with eq. (4.29) apart from the normalization factor

/2, | 7 e
/ T(1+8¢/2).
In the same limit of a very narrow resonance, one obtains a
- INT -
similar result for (MQED)' Explicitly we find:
(]M,INT yeons_ 1 1 (Aco)ﬁf/ 2" Bint
QED ) B /5" Bing )
M1+ B [0 By
(B7) .
2 2 id B. B/, d0nctEgd
} R C
| _l_y+(r‘{2)_ . } i/2 Fi/2°R7FTR
A QED'A

From the above results it therefore follows that the normali-
zation factors depend upon the samne coefficients which appear as po-
wers of D@ . This is very satisfactory from a physical point of view,
because of the probabilistic meaning associated with those factors.

Finally let's turn: to the problem of the factor responsible
for the radiative tail of the resonance, which appears in eqs. (B6) and
(4.28-30) in exponentiated form, which in the perturbative approach

(see eq. 3.14) has the correct 1/y behaviour. It is easy to convince
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ourself that this feature only depends upon the expansion used in the
r.h.s. of eq. (B5), to obtain eq. (B6). By performing the limit y

in (B5), for example, the correct 1/y behaviour can be shown to ari

~se naturally.
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