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SCHWARTZ TRANSFORMATION,

We examine the Gartenhaus - Schwartz procedure of impo-
sing translational invariance, We point out the shortcomings of the oti
ginal derivation and, at the same time, advocate the final result which
has the virtue of preserving intrinsic dynamics,

N

The wave function or density of a nuclear state may be ge-
nerally constructed as the linear combination of functions, each depen-
ding on a definite subset of nuclear coordinates, It'is a common practi
ce to use as the components also (and sometimes exclusively) functions
which depend on the coordinates of a single nucleon,

There are good reasons for use of the single particle wave
functions or densities. They reflect the nature of the average intranu-
clear field which is a convenient concept, greatly facilitating the descrip
tion of nuclear interactions, The nuclear wave functions ¢gp , having
as a basis the single particle functions (e. g. the shell model or Jastrow
wave functions), are relatively easy in operation allowing their self-de-
termination through the nucleon-nucleon interaction'as well as the calcu
lation of various nuclear observables, Also the application of the Pauli
principle to these wave function is very easy.

The obvious drawback of the single particle wave functions
consists in a lack of translational invariance. The correct nuclear wave
function should have this property and must be an eigenfunction of the to
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which is the generator of infinitesimal translations, Such a wave function
describes the motion of the centre-of-mass coordinate
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as the plane wave, On the contrary, the wave functions q’SP describe this
motion as some fluctuation of the c. m. vector about the origin of the coor
dinate system.

The situation may be remedied by removing from GPSP any de
pendence upon R. This can, however, be done in a variety of 'vvays(l: 2),
e.g.:
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!_?'] being the set of A-l intrinsic coordinates and ¥ is the translational-
ly invariant wave function of total momentum zero for any arbitrary choi-
ce of the function G. The ambiguity follows from the fact that the number
of degrees of freedom is to be reduced by three,

At this point-the question arises: Wl’_liELt one would like to retain
from the original wave function "pSP ‘while its R -dependence is being re-
moved.

If. the functional form of the wave function is to be preserved:
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one should use Eq. (1) with G =0 (3) (ﬁ). It may be noted that in the case
when the relative motion is to be described by A coordinates, the identity:
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implies the introduction of pseudometric in the Hilbert space of the wave
functions(3), .
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In fact, there is no reason for attaching importance to the form
of q’"SP' Much more important is its content regarding the internal structu
re, i,e, the interrelations among nucleon coordinates. Even is q’SP descri
bes incorrectly the c.m. motion, the features relative to the intrinsic dyna
mics are valid and should be retained in the translationally invariant out-
come;

Consider, for concreteness, the Jastrow wave functions which
include the short-range correlations among the nucleons, The correlations
are here superimposed on an average nuclear field, which is thought as de
termined by the long-range part of the nucleon-nucleon force, If one wants
to maintain this convenient scheme of classgification of nuclear interactions
(short- and long - range effects) one should ensure that the translationally
invariant partners of the Jastrow densities retain their intrinsic properties,

The requirement of preserving intrinsic dynamics leads to the
following prescription for the nuclear densities:

(4) ]wT"z - S a° R ]epsplz

The prescription (4) is very simple in use, when the expecta-
tion-values of operators, which depend only on intrinsic variables, areto
be calculated, One has then(¥)-
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for any intrinsic operator O, not involving the derivatives.

The range of applicability of Eq. (5) is rather large, In fact, in
any measurement which refers to the internal dynamics, the operators of
interest can involve only the relative positions of the:particles 0).

(x) - In the case of excitations the transition densities may be introduced.
Then the prescription analogous to Eq, (4) would not change the tran
sition matrix elements of intrinsic operators, and, in particular,
will secure the relations of orthogonality.

(0} - From this point of view not all nuclear operators are correctly de-
fined. For example, frequently one states that the electron-nucleus

interaction is described by the one-body operator Zej exp (iﬁ- ;j), a’

being the momentum transfer. But this is orj‘}y an Japproximate

manner of speaking, the correct operator is 2 ejexp | i Qi T -R) .
Having this in mind, the objections raised J against the elastic
electron scattering as a tool for studying the nucleon-nucleon corre
lations(4) are unjustified.
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The prescription (5) has been éstablished many years ago by
Gartenhaus and Schwartz 5). Their arguments, however, were different
from ours, Recently, it has been noted(8) that ref, (5) contains an error,
Our aim is twofold., We would like to clarify some misunder standings
connected with the Gartenhaus-Schwartz transformation, formulatingthe
shortcomings of the original derivation in another way. At the same ti-
me we advocate the result (5); the qualitative arguments have already
been given, then a numerical example will be presented.

Gartenhaus and Schwartz(3) constructed the translationally in
variant wave function as the following limit:
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This can be rewritten also this way(5):
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Let us analyse the convergence of the sequences (6) and (7).
Recall that there are two types of convergence for vectors in the Hilbert
space - strong or weak, The convergence would be strong if

(8) lim A A
A — 0l Pgs ~ q’cﬁ; /qﬂcrs q”Gs >

for any two independent sequences of 4 and A "

The expression
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however, depends on the way in which the two limits 4 oo, A'—+ © are
realized, hence the convergence cannot be strong,
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The strong convergence would permit a convenient transforma
tion in the expectation value of an operator O in the state Q’GS:
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(10) <@ p/ngS N Allm <P P/U ou ,/41) >—<¢SP/A1inOOUAOUA/¢SP>

As we have seen, this simplification in taking the limits, being an impor-
tant point in the paper of Gartenhaus and Schwartz, is not ju»stified(x)..

The limit of the Gartenhaus-Schwartz sequence, defined in
Eq. (6), exists but in the meaning of weak convergence, In fact, using the
same trick as in (9), it may be seen that
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for any wave function ¥, the normalization coefficient V being allowedto
become infinite,

It should be pointed out that the above limit is different from
the prescription (2) which was sometimes erroneously identified with the
G-S transformation(1), (6), This may be illustrated using the example of
a wave function of two particles moving in the harmonic oscillator wells
of different sizes Rl, Rg. The mtrmsm wave function corresponding to
Eq. (11) is then exp(-(1/2) r2/Ri +R2 ), r being the relative distance, whi
le Eq. (2) gives exp (-(1/8)r Rz RZ/ 2)(0).

Let us notice that the forms of Egs. (11) and (4) are very simi
lar. This observation leads immediately to the following conclusion: the
prescription (4) may be thought as the result of the modified G-S transfor
mation, defined as in (6) but for the densities rather than for the wavefun
ctions, It is this redefinition which one ohOL'lld have in mind when the re-
sults (4) and (5) are referred to the G-S procedure,

&

(x) - Of course, this is also true of the transition amplitudes, Here, the
additional argument for having two independent limits would follow
from the requirement that the initial and final wave function each be
separately translationally invariant(G). We would like to stress that
the lack of strong convergence in the G-S limit is a sufficient obsta
cle, invalidating the simplification made in (10).

(0) - In this particular case the density corresponding to Eq. (11) coinci
des with the prescription (4). In general the two densities are diffe
rent, hence the calculation with the wave function (11) may differ
from the result (5).



At the same time it should be realized that the operator of
Gartenhaus and Schwartz is only one of a continuous family of operators
which impose the translational invariance on the wave function or densi
ty(z). Hence the use of their transformation does not remove theproblem
of ambiguity.

We want to advocate the prescription (4) by invoking its physi
cal meaning, and not the way of !"derivation', The translationally inva -
riant density (4) is nothing else as the intrinsic density corresponding to
the single particle wave function Pgp. Hence the prescription (4) (and
the analogous prescriptions concerning the transition densities) has the
very important virtue of preserving internal dynamics.

The retention of intrinsic properties may be illustrated on
the example of statistical correlations in the shell model. The antisym-
metry correlations, contained in the determinantal wave functions, can be
described by the Jastrow - like densit%r which in the approximation of two-
-particle correlations takes the form 7
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where @(r) is the average one-body density and QA(E?l, ?’2) - the two-body
density calculated with the Slater determinant, The density (12) descri-
bes antisymmetrization as the short-range interaction. This is justified
since- the statistical correlations are, indeed, most effective at smalldi
stances,

In the case of harmonic oscillator model one has for M:;O:

2 2
e(r) =¢(0) (1+2 —5) exp ( Rz)
(13) - > 9 2 2
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R being the oscillator size parameter,

We have calculated the charge form factor of 160 for the den-
81ty|‘I’STAT| 2 and the density ‘SPA Iz given by the Slater determinant of the
oscillator orbitals, In the latter case, as is well known, the ¢, m, problem
may be solved univocally, For the density (12) we have used the two pre-
scriptions for removing the ¢, m. coordinate: Eq. (4) (conventionally named
"CM averaged') and Eq. (2) (""CM fixed''). The results presented in Table
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clearly favor the use of Eq. (4). Only in this case the properties of stati-
stical correlations are reproduced correctly.

TABLE - Charge form factor of 160 (qp;four-momentum tran

sfer) correspondingto various treatments of the statistical cor

relations in the harmonic oscillator model (R =1, 66 frn). The
nucleon form factor taken from ref. (8).

) 160 CHARGE FORM FACTOR
u
(fm~2) A STAT STAT
CM averaged CM fixed

0 1.0 1.0 | 1.0

2 0.70 10-1 0.69 10-1  0.67 10-1
4 -0.20 10-1 -0.20 10-1 ~0.18 10-1
6 -0. 13 10-1 -0, 13 1071 0. 11 10-1
8 0,50 1072 -0.51 102 -0. 42 1072
10 -0.17 1072 | -0.17 1072 -0.13 10-2
12 -0.52 1073 -0.53 10°3 | -0.40 16—3
14 0. 15 10-3 -0.16 103 | _0.11 10-3
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