Liaboratori Nazionali di Frascati

LNF-74/50(P)

R.Barbini, S,Faini, C,Guaraldo, C, Schaerf and R, Scrimaglio:

ENERGY-LOSS SPECTROMETER FOR LOW-ENERGY
PION SCATTERING

Nuclear Imstr, and Meth, 119, 35 (1974)



NUCLEAR INSTRUMENTS AND METHODS 119 (1974) 35-42;

© NORTH-HOLLAND PUBLISHING CO.

ENERGY-LOSS SPECTROMETER FOR LOW-ENERGY PION SCATTERING

R. BARBINI, 8. FAINI, C. GUARALDO, C. SCHAERF and R. SCRIMAGLIO

Laboratori Nazionali di Frascati del CNEN, Frascati, Italy

Received 2 August 1973 and in revised form 23 January 1974

The performance of an energy-loss spectrometer is reported
together with a detailed discussion of the basic parameters of
such a system and in particular the second-order aberrations.
The system we have constructed consists of two uniform-field
70° bending sectors in a configuration symmetrical to first order,
with an image point in the symmetry plane. The system has been
tested with the LEALE-LNF low-energy positive and negative

1. Introduction

A large amount of information on nuclear structure
has been obtained through the elastic and inelastic
scattering of high-energy particles on nuclei.

Since the nuclear levels are closely spaced, careful
measurements: of the energy transferred in the target
nucleus can be obtained only if the resolution is
sufficiently great.

Such resolution has been achieved previously with a
highly monochromatic incident beam and a compara-
ble energy resolution of the scattered particles. Unfor-
tunately, the beams from high-energy accelerators, i.e.

SECTioN I

pion beams. The magnets were set at zero degrees facing each
other. The contributions of the aberrations and of multiple
Coulomb scattering in air, helium and thin windows to the
momentum resolution of the two magnet systems have been
evaluated and the total momentum resolution compared with
the experiment at various energies for positive and negative
pions.

primary and secondary beams, are not very mono-
chromatic. (The energy resolution of the beam acceler-
ated by an electron linac is usually not better than
0.01.) For this reason only a small fraction of the
produced high-energy particles can be used for high-
resolution scattering experiments, thus limiting the
useful beam intensity.

In order to overcome this limitation, a different
approach was previously!) suggested to the problem
of designing the best magnetic spectrometer for ana-
lyzing high-energy particles before and after scattering.
The significant requirement was not the energies of the

SECTION 1I
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Fig. 1. Trajectories on the median plane of the magnetic spectrometer, when the second magnet is at 6° and there is no scatterer

along AA’. The solid lines represent the trajectories with the central momentum and 8¢ = (04 0.126) rad. The broken lines correspond

to particles with Ap/p = 0.1. The figure shows the second-order aberrations of the system which produce a deterioration of the resolving
power and a tilting of the focal plane. L=0.7135m; R =0.5m.
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incident or scattered particles but the energy difference.
This energy lost in the target can be directly measured
with higher accuracy than the two individual energies
and over a larger energy spread of the incident beam.

2. General considerations

To simplify our discussion we will consider a
magnetic apparatus totally achromatic with an inter-
mediate chromatic image. This is schematically indi-
cated in fig. 1, which represents the median plane
of the system. Axis AA’ is the intersection of the plane
of symmetry with the median plane. Axis FF’ is the
intersection of the final focal plane of the second
magnet with the median plane.

In the first-order approximation the particles emitted
from S are analyzed by the first section, I, along the
axis AA’, where they are dispersed according to their
momentum. The second section, II, has a dispersion
equal and opposite to that of I and, therefore, brings
all particles back together at S’ on axis FF’, irrespective
of their initial momentum. The detection counters are
located on axis FF’. If a target is inserted along axis
AA’, the particles, which have lost different amounts of
energy in traversing this target, will focus in different
points along FF’. However, particles that have lost the
same amount of energy, will focus again in the same
point to within certain approximations to be discussed
later.

Let us call M; the magnification and D; the disper-
sion of the section i (i =T, II). Then, assuming a point
source, the position of a particle along the axis FF’ is
given by:

xp = MyDiy1 + Duyn, ey
where
i =111, )
o

is the fractional difference between the momentum P; of
the particle entering section i and the momentum of the
central ray Q;. If

Du = —]\4IIDI = —D,

then
xg = (P1/Q1—Py/Qw) D, (3)
and if
Q=0n=0,
then
xp = (Py—Py) D/Q. )

To perform scattering measurements at angles different
from 0° we rotate the second section around the AA’
axis. As the intermediate dispersion is along this axis,
the rotation does not change the achromaticity of the
entire system. This is obvious for trajectories lying on
the median plane. Proper consideration must be given
to the other trajectories.

3. System parameters

The performance of a simple magnetic system based
on the principle of an energy-loss spectrometer is
reported in this article together with a detailed discus-
sion of the basic parameters of such a system and
including the second-order aberrations.

The system which we have constructed and tested
was originally suggested!) to study low-energy pion-—
nuclei scattering. It consists (see fig. 1) of two uniform-
field, 70° bending sectors in a configuration symme-
trical to first order. The basic parameters of each
sector are given in table 1.

Due to the symmetry of the system, we will focus our
attention upon the first section. From table 1 we obtain
the first-order matrix elements of section I

(x/x0) = My = —1, (xfy) = Dy = 1m,

(x/00) = 0 m, )

where x, and 0, are the radial and angular displacement
of an arbitrary ray measured from the central trajectory
at the source S, and y = 7, is the fractional momentum
deviation of the ray from the assumed central trajec-
tory.

We will now calculate the second-order aberrations
and the momentum resolution of the first section.

The energy resolution of the entire energy-loss
apparatus is not better than that of the first section.
Therefore, we will discuss this matter in some detail
using the first- and second-order matrix notation for
beam transport systems.

The displacement of a particle from the central ray
in the median plane is given by®)

x = (x/x0) Xo +(x/00) 0o+ (x/y) v+ (x/x3) x5 +
+(x/03) 05 +(x/7*)y” +(x/x0 60) X 0 +
+(x/x07) X0 7+ (x/057) 00 . (6)

If the coefficients of the transport matrix (x/x,), etc.,
are calculated for the transport from the object S to the
image on the axis AA’, then x is the displacement along
AA’. These coefficients can be calculated theoretically
if reasonable assumptions are introduced for the shape
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TABLE 1

Basic parameters of each magnetic sector.

Parameter Value
Deflection angle of the central ray a=70°
Field gradient n=0
Radius of curvature of the central ray R=0.5m
Width of the poles w=0.22m
Distance of the poles d=0.058 m
Maximum magnetic field Bmax =21 kG
Maximum momentum acceptance Apfp = £0.05
Maximum solid angle AQ2 =0.01 sr
Maximum angular acceptance A0y = +£0.126 rad
Object and image distance from the magnet’s faces L=0715m

TABLE 2

First- and second-order matrix coefficients of the first section in the
SCOFF approximation.

(x/x0) = cos a—(L/R) sin «

(x/00) =2 L cos -+ R sin «— (L2/R) sin «

(x/y) = Lsina+R(1 — cos &)
(x/x8) = —(1/2R) sin «

(x/x060) = — (L/R) sin? « -+ sin « cos «

(x/x0y) == sin2 &+ (L/R) sin o

(x/03) = —4R(1 —cos o)+ L sin (% -+~ cos )+ R(1 — L2/ R?) sinZ o
(x/60y) = L sin o (sin c+ L/R) + R sin cc(1 — cos )

(x/y® = ~% Rsinfo—Lsina

of the fringing field. For a sharp cut-off fringing field
(SCOFF) the resulting coefficients are listed in table 2
(with the symbols defined in table 1).

The second-order aberrations produce a deterioration
of the resolving power and a tilting of the focal plane.
The tilt angle is given by*)

_ 1 (x/007)
8y = R(1 —cosa) (xfy)

The tilting of the focal plane is particularly troublesome
because scattering experiments at different angles must
be performed by rotation of the second sector around
axis AA’. Therefore, correct experimental results can
be obtained only if the focal plane is made coincident
with the symmetry plane (i.e., ¥ = 0). The effects of the
aberrations can be minimized by reducing the size of
the second-order coefficients appearing in eq. (6).

It has been proved®) that not all these coefficients can
be simultaneously cancelled. However, two coefficients
can be made equal to zero by introducing curvatures
C, and C, at the edges of the entrance and exit pole
faces, respectively, of the magnet. Introducing C, and

Q)

C, the coefficients in table 2 can be rewritten as shown
in table 3.

The most serious aberration is caused by the tilting
of the focal plane. The second is the spherical aberra-
tion due to the second-order term in 63. These two
aberrations can be cancelled by setting:

(x/607) =0,  (x/65) =0, ®)
which in our case implies:
C,=Tm™ ', o = 1. 0.143 m,
Cy
and
C,= —566m™" o, = L 0.177m. (9)
C,

Unfortunately these values for the radii ¢, and g,
are comparable with the width, w, and the distance, d,
of the magnet poles given in table 1.

Therefore the SCOFF approximation is no more valid
and some corrections must be applied to take into
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TABLE 3

First- and second-order matrix coefficients of the first section with poles’ curvatures C1 and Ca.

(x/x0) = cos «— (L/R) sin e
(x/00) = 2L cos x+ R sin «— (L2/R) sin «
(x/y)=Lsinx+R(l —cosx)

(x/x3) = % sin « (C1~ R 1 sin o) +(L/2 R) cos & (C1+ Cg cos @)

(x/x000) = L sin a(C1— R~ sin &) +sin « cos a(1 +LCy) + (L%/R) cos & (C1-+ Cg cos )

(x/x0y) = sin o+ L [R7 sin «+ C3 cos & (1 — cos «)]

(x/62) = (L3/2R) cos & (C1+ Cacos ) — % R(1 —cos ) — % Lsinac+ 4 L2 sin o (C1 — R71 sin at) +
+Lsinxcosa(l+LCo)+ % Rsin? o (1+LCy)

(x/00y) = L sina(sin x+L{R)+ LCa(l — cos &) (L cos &+ R sin o) + R sin o (1 — cos &)

(x/y® = R [RC2(1 — cos )?—sin? ] — L sin &

account the shape of the fringing field. This has been
done empirically by using a floating wire hodoscope
to visualize the particle trajectories. We first studied the
reduction of the focal plane tilting by shaping the exit
poles. After some trials a good compromise was found
for their mechanical profile by splitting each pole in two
halves with different radii (see fig. 2):

Omz = —0.12m, Omz = —0.22 m. (10)

The best reduction of the spherical aberration was
found successively by shaping the entrance pole with
the following value for the radius:

Om1 = 0.091 m. (1)

To compare the values of the radii given by eqs (10)

o
3

d

Ce
‘%y

and (11) with the theoretical predictions of eq. (9), the
formula suggested by Enge®), modified for our actual
fringing field, can be used to derive the effective
magnetic curvature of the poles:

C ~ | |
(Qmi+0.8d) cos® o

(i=12), (12)

where d is given in table 1 and «; is the entrance {exit)
angle which in our case is zero.

Inserting our values for g;, it follows that

C,=728m"", C,=-498m™!, (13)

where for C, we have taken the average of the values
obtained with the radii quoted in eq. (10). These results

Fig. 2. Schematics of the shaping of entrance and exit poles (first magnet). Entrance pole edge radius: om1 = 0.091 m; exit pole edge
radii: lgp,ol =0.12 m, lopel = 0.22 m.
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TABLE 4

Numerical values of the second order coefficients of the trans-
port matrix for both one section and two sections. The units are
m and rad. Column 1 indicates the coefficients for one section
calculated with no pole shaping. Column 2 indicates the coeffi-
cients for one section calculated with the curvatures given in
eq. (9). Column 3 indicates the coefficients for one section calcul-
ated with the curvatures given in eq. (13). Column 4 indicates
the coefficients for two sections calculated with the curvatures
given in eq. (17).

1 2 3 4
One section  One section One section Two sections

Ci(m-1y 0 +7.00 +7.28 + 7.28
Cay(m1) 0 —5.66 —4.98 — 4.98
(x/x3) -0.88 +3.64 +3.90 +10.16
(x/x000) ~0.94 +4.23 +4.76 + 1.32
(x/x0) +2.23 +1.32 +1.43 —25.73
(/6% —0.50 0 +0.34 + 0.012
(x/607) +1.90 0 +0.23 -~ 5.89
&/ ~0.89 ~1.33 ~1.28 +10.33

are in good agreement with the theoretical ones of
eq. (9).

In table 4 we listed the second-order coefficients of
the transport matrix calculated with no pole shaping
(column one), with the curvatures given in eq. (9)
(column two) and with those given in eq. (13). (Units are
m, rad.)

Let us now calculate the momentum resolving power
85 (fwhm) of the single section.

Inserting in eq. (6) the numerical values of the
coefficients as given in table 4, column 3, we obtain
fory=0

x = —Xo+0.3402+4.76 x,0,, (14

where x, and 6, have approximately rectangular
probability distributions with the respective half width
given by:

max

xg™ = 0.005 m, and 605%™ = 0.126 rad.

(13)

The fwhm of this distribution has been evaluated with
a Monte Carlo calculation and the final result for the

momentum resolution is
85 (fwhm) = 8.8 mm = 0.88%, (16)

according to the dispersion of the single magnet as
given in eq. (5).

4. Measurements with the pion beam

The measurements have been carried out with the
low-energy pion beam of the Frascati National Labor-

atories with the magnets set at 0° facing each other.
Multiple Coulomb scattering in air, helium and thin
windows was the only source of perturbation on the
particle trajectories. These effects, however, will be
neglected at first and introduced at a later stage.

4.1. THE SECOND-ORDER ABERRATIONS OF THE
TWO MAGNET SYSTEM

In this configuration a careful discussion of the
second-order aberrations of the entire magnetic system
must be made to understand the experimental results
shown in fig. 4.

The first- and second-order matrix elements for the
entire system must be calculated since the particles
move directly from the first section to the second one
without appreciable perturbation of their momentum
vector. The first-order matrix elements are strictly
determined by the geometry of the system. Those of the
second order still include some free parameters such as
the curvatures (CT and C%) of the pole faces of the
second magnet. These curvatures could be adjusted to
reduce the overall effect of the second-order aberra-
tions. However, the momentum resolution at 0° is not
the same as that under actual scattering conditions,
with the second magnet at an angle different from 0°.
In fact the angle of the particles at the intermediate
image on the axis AA’ is altered during the scattering
process and therefore the angle-momentum and angle-
position correlations are lost on this axis.

The first measurements have been made with the
curvatures of the poles of the second magnet equal to
those of the first one. In this configuration the second
magnet is identical to the first one but the entire confi-
guration is not symmetrical to second order.

With the following values for the curvatures:

CI == CllI i 7,28 m——l, C2I = CIZI = _4.98 m—-l,

(17)

the theoretical values of the second-order matrix
elements are indicated in column four of table 4.

The phase space of the particles transmitted by the
two magnet system at zero degrees is given by the
following considerations.

The pole width of the first magnet limits the angular
acceptance of the system:

106].... = 0.126 rad. (18)

The energy-defining slits positioned along AA’ define
the momentum acceptance. They were adjusted in
such a way that:

[7lmax = 0.05. (19)
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A slit, whose opening is 0.088 m, is placed half-way
of the second magnet thus setting an upper limit to the
radial displacement x. Inserting in eq. (6) the transport
coefficients evaluated between the source and the slit’s
position, with the curvatures given in eq. (17), gives the
following constraint:

[1.73y—0.87 00— 2.4 x0+16.7 x5 +12.7 xo 6o —

—15.5%,7+0.044 05— 6.30,7+3.8y% £ 0.044 m.
(20)

Therefore, the momentum resolution of our entire
system can be obtained from the threefold distribution
of the variable

x = 0.010%—5.890,7+10.33 9% +x0+

+10.16 x24+1.32 %6, —25.73 %47, (1)

with the boundary conditions set by egs. (18), (19) and
(20). The fwhm of this distribution has been evaluated
with a Monte Carlo calculation and the final result is:

5% (fwhm) = 11.7 mm, 22)

where 63 is the contribution of the aberrations to the
momentum resolution of the two magnet system.

4.2, MULTIPLE COULOMB SCATTERING AND THE
MOMENTUM RESOLUTION

Multiple Coulomb scattering changes slightly the
direction of the particles during their flight from the
source to the detection counter. This affects the momen-
tum resolution of the system in a way that can be
easily calculated by using the first-order matrix
notation. Let o2 be the mean square displacement of a
particle along FF’ due to the multiple Coulomb
scattering along its path. Then

o — j Y M2, (0ol (o), @3
S

where M, is the matrix element (x/0,) for the trans-
port of a particle from the arbitrary point to the counter
along FF’ and ¢2(¢) is the mean square angle of mul-
tiple scattering in the thickness ¢. If the system has an
intermediate image point, the matrix element M, can
be calculated from the arbitrary point to the inter-
mediate image and the result is multiplied by the
magnification [M; = (x/x,)] from that image to the
detector.

Numerical calculations for the multiple scattering
have been carried out following the theory of Nigam
et al.”) (NSW) in the approximate formulation given

R. BARBINI et al.

by Marion and Zimmerman®) for medium-energy
particles and moderate-thickness materials. The para-
meters of this theory are y, and B, where

2z

. = 0.1569
g A(pv)*

, (24)

and B is defined through the following relations:

B—InB = B,, (25)

By = In [2730(Z + 1) Z* 21/ A$*]—0.1544,  (26)
z and Z are the atomic number of the incident particle
and the scatterer, respectively, 4 the atomic weight of
the scatterer, ¢ the thickness of the scattering foil
(g/cm?), pv the momentum-velocity product of the
incident particle in MeV, 8 =v/c.

Since most of the scattering is restricted to forward
angles where the shapes of the angular distributions
are approximately Gaussian, in the hypothesis of
ref. 8, it is sufficient to represent the angular distribu-

5
4]
\ X
34
24 \
S —
\\
T
1 ]
0 5 100 150 (MeV)

PION KINETIC ENERGY

Fig. 3. The adimensional best-fit parameters a, b, ¢, of eq. (29),
plotted vs the pion Kinetic energy.

~
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tion by a Gaussian function F({) which is chosen to
have the same width as the angular distribution at the
1/e point. By defining

{ = 0/x. B, 27
the distribution is given by
F({) oc exp (=L%/C) (28)

where the width parameter (, is related to the angle at
which the angular distribution has fallen to 1/e of its
value at { == 0. The theory is valid for 4 B<15.

In order to perform the integration indicated in
eq. (23), we have used an approximate analytical
expression for g,(z). A discrete set of o, values has
been calculated in a wide range of the thickness
T (T = t[t,, where t, is the radiation length) according
to the NSW theory. The (g,,v) data points have been
fitted with a function of the type

15
oo(r) = — Jr(a+b1). (29)
B
The parameters a, b and ¢ are plotted versus the pion
energy in fig. 3.

Three special cases of multiple scattering must be
discussed here:

1) The scatterer is concentrated at a distance L from
the image point. In this case

M, =L,

ol = jLZ do; = I’ oy, (30)

2) The scatterer is distributed before an image point
starting at a distance L in a field-free region. In this
case

M, =t

and the mean square displacement becomes

L T0
ol = J t*doy (1) = t3 J 2 do? (D), 31)
0 0

where
TO = L/to .

(32)

After substitution of eq. (29) for gy(¢) the mean

square displacement takes the form

(33)

C’:Zc = O';Zc, ra H (7o),

RN <15>-2 1L
xRG — \ 7 -
pp/ 1o 3

where

(34)

TABLE §

Materials, thicknesses and distances encountered by the pions
from the source to the detectors.

Material Thickness Distance
(cm) (cm)
Mylar window 0.0178 52
Air before target 52 52
Air after target 60 60
Mylar window 0.0045 60
Helium R=50cm o =70°
Helium 31.5 31.5
Mylar window 0.0045 40
Air before detector 40 40

is the mean square displacement calculated with the
approximate formula of Rossi and Greisen®) and

2
24 6ab(1+¢) o+ 3b°(1+2¢) 22
3+c¢ 2¢+3

H(tg) = a (35)

3) The scatterer is distributed in a uniform magnetic
field bending sector of angle & and radius of curvature
R. The magnet is separated from an image point by a
field-free empty space of length L. In this case

M,, = Lcos ¢+ R sin ¢, O<op=<w, 36
o = J (Lcos @+ R sin @)*doj (f), (37
0
which now gives:
5 15\* . . 2
o =|— P(t)(Lcos ¢ +Rsin @)“dr, (38)
pB/ Jo
where
P(1) = a*+2ab(1+c)x°+b*(L+2c)x*.  (39)
But
dr = @, (40)
lo

and P(1) is a slowly varying function in the interval

Ro

0<r<—, (41)
lo
so we can rewrite eq. (38):
2
ﬁ:<ﬁ>ﬁﬁwguﬁ+wyumaﬁa+
pB/ to
+ 1(L*—R?) sin 2], 42)
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TABLE 6

The various full width half maximum resolutions versus the pion kinetic energy.

Oiss is the contribution due to concentrated scatterers.

dus is the contribution due to distributed scatterers.

Onis is the contribution due to the scatterer distributed in a magnetic field bending sector.
Sus is the total contribution of multiple scattering.

&2 is the contribution of the aberrations.

816t is the quadratic combination of 8% with Oxs

07%, 67 are the experimental results of the momentum resolutions for 7~ and 7z, respectively.
. n s D y

Ty Oms Sus Ms Ors ox o o
(MeV) (mum) (mm) (mm) (mm) (mm) (mm) (mm)
30 4.28 3.76 0.51 5.72 11.70 13.02 15.07+1.37
50 2.57 2.30 0.31 3.47 11.70 12.20 13.70+1.37
80 1.65 1.51 0.21 2.24 11.70 11.91 10.96 £1.37 12.33+£1.37
100 1.34 1.23 0.16 1.83 11.70 11.84 9.59+1.37 10.96 £1.37
120 1.14 1.04 0.14 1.55 11.70 11.80 10.96 £1.37
130 1.06 0.97 0.13 1.44 11.70 11.79 10.96 £1.37 9.59+1.37
150 0.93 0.86 0.11 1.28 11.70 11.77 9.5941.37 9.59+1.37

where P(7) is a mean value of the polynomial P(7) in
the above considered interval.

In table 5 we report materials, thicknesses and
distances encountered by the pions in our experimental
apparatus.

4.3, RESULTS

The contribution of multiple Coulomb scattering to
the momentum resolution of the two magnet system is
given by

Sys (fwhm) = 2(21In 2)* o . (43)

The numerical values of the three separate contri-
butions of multiple scattering to the momentum

(mm)

S
HH

3
HOf
+O{H
Hi
HIHOp
o

TOTAL MOMENTUM RESOLUTION

o

0 50 130

100
PION KINETIC ENERGY (MeV)
Fig. 4. Total momentum resolution of the energy-loss spectro-
meter. O: 6,7 (experimental); O: 35 (experimental); the full
line represents the theoretical resolution ST (see table 6,
columns 9, 8 and 7).

resolution are listed in table 6 together with the total
effect, 0y, at various energies.

The total momentum resolution of the system 1is
obtained combining quadratically the contribution of
the aberrations, 6} (table 6, column 6), with dys. The
result, 5%¢°", is indicated in column.7 and compared
in fig. 4 with the experimental results obtained for
positive and negative pions.
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