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ABSTRACT, -

The transformation by reciprocal radii, as an isomorphism between
the two collinear SU(1, 1) subgroups of the conformal group in the scaling
limit, is shown to induce the reciprocity relations between scattering and
annihilation structure functions, :

It is difficult to appreciate fully the importance of the reciprocity re
lations between scattering and annihilation structure functions(l) because
of the lack of a sifriple intuition for them, even in the parton model(z),
This is due in large measure to the fact that derivations of the recipro-
city relations have been highly sop]histicate‘d(l’ 2,3,4) . There is:however
an intimate connection between asymptotic scale invariance of quantum
field theory and the reciprocity relations, so that if the latter are well

understood the pattern of the breaking of the former would be also,

From the point of view of S-matrix theory, the reciprocity relations
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between scattering (F) and annihilation ( F) structure functions, are not
unexpected, because such interconnections between discontinuities of
the S-matrix in different physical regions, are implied by unitarity and
analyticity, To render this fact intuitive appeal is often made to the for
mal analogy between the analytic S~-matrix and the Coulomb potent’iaiw‘).
In deep inelastic scattering this analogy is implicit in the comparison of
the expansion of the product of two operators in a basis of local ones in
the short distance limit to the long distance expansion of the potential of
a given charge distribution in terms of multipcales(s) . The reciprocity
relations can also be understood in the classical setting of this formal
analogy. In fact reciprocity relations, known generally as Kelvin trans
formations, form an integral part of classical potential theory(7) . They
are generated by a non-linear transformation R of space, called ihver-
sion or transformation by reciproca]l‘radii, and carry an inherent de--
pendence on the dimension of the underlying space manifold, This is true
also of eq, (1), which in a space-time of dimension d would r'ead(s)

- 1 2
- F (_‘m q )
wd-l 2w

Fo(, q?) = (11

In quantum field theory the transformation by reciprocal radii leads
beyond Poincare invariance to conformal symmetry, From its operation

on space~-time coordinates, given by
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one gets its action on the génerators of the conformal group(s)
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gpecial conformal transformation and dilatation respectively., The con

where J 0 and Pp are the Poincare generators and K

formal group is thu$ completely generated if one adjoins R and D to

the Poincare group,

(9)

The action of R on quantum fields, on the pther hand is given by
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and @ .. (x) is a conformal tensor field of spin n and scale dimen-
sion 1, and % (x) a spin 1/2 field of scale dimension 1,
In the scaling limit the conformal group reduces to two SU(1, 1) sub

groups with algebras Lt and L("’)S given by
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which leave the light-like rays of the vectors p(+) = (p 4+ 0,0,0) and
( ) = 2 (0,p_,0,0) respectively, invariant,

The connection between the transformation by reciprocal radii

and the reciprocity relations now follows from the observation that,

according to eq.(3), R is an isomorphism between L(+) and L('"».) , 80O

that one can compute the structure functions either in a basis of the

eigenvalues P, of the momentum generators P“pL or in a basis of the

eigenvalues 'p"’“ = RpH of K . This-equivalence is the substance of

12
SU(1, 1) symmetry, This was assumed in a recent not«e(lo), where it
was shown that the forward Compton amplitude
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upon diagonalisation with respect to representations of SU(2, 2), in |
which the target and the intermediate states belong to massless and
continuous mass representations respectively, becomes a generalized
Born term whose form is completely fixed by the symxﬁetry require-
ments, Now the inversion operator R, is all-embracing; it affects not
only field operators and the SU(2, 2) generators but it also transforms
the test function space of the translation eigenfunctions exp (ip-x) (re-
garded as distributions) into the test function space of the eigenfunc-
tions exp(ikX) of Kg(a). By reason of this fact, the R isomorphism
between the two SU(1, 1) subgroups translateg into the fundamental
equality

T e = T 53 (9)

to be understood in the sense of analytic continuation in the invariants,

where
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and IP) = Rlp>.
Usmg standard reduction techmques, the discontinuities of T (p, q)

and T (p, gd) for space-like q (q < 0) and g >0 canbe calculafted
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where ¢( )(x) is a conformal field of spin n -_-2}_ (dn" 7n) and scal e

1 —
‘dimension 1 =3 (d +7,)) and ®=-p_ /q_ and @&=- p./a, =

(%) --eq. (11b) involves a double limit in which the argument -of ¢(n)R(y)
is set equal to zero only after the operator product expansion,
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In conflguratlon space the (leading) most smgular dlstrlbutlon
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(x_ )" @ (a > 0) ‘on the light-cone (x_-> 0, x -—>0) tra,nsforms under

R into the least singular distribution (X +) as X, = 1 /x.. > o,

+
This is a very general resul’c(S) which. depends on the Way =the -confor-
mal group affects the structure of c*mgulz,u:'ltnes in quantu.m j‘ 1e1d theory.
For instance-the ca:nomcal 11ght~cone smgulamty o(x ) in x-gpace
transforms into the identically zero distribution in X-space,

Taking the discontinuities of bothsides of (9) and making use of

edq, (11) gives, for each conformal quantum number } = (1: 3)/2(10)

(M) =1y pld) L) 124 (A) |
Fip(® =3 =F"(5)=() @) (122)
F;g)(a ,%_) )= F‘(él)( %’) (_)»1+2Aa, wf'.’F(z“(m) (12b)

where the scaling of the structure functions in the Bjorken limit is
quaranteed by the assignement of the target “to a massléss 'Jic‘“ep)resenta
tion of the cont’ormal group, For time -like q (q > 0) there is an
overall s1gn change in eq, (11); therefore for the annihilation structure

functions one finds, for each 4
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which,together with (12), yields(®)
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independently of 2 and hence, upbﬂ. sﬁmmati,on over A, 0ri§_a;~ gets the

reciprocity relations of eq, (1) for s&:alai"ta.i‘gets (positive}&é?igh)‘?;nd

(*) - The sign difference between eq, (14) and eq, (11) of ref, (9) comes
from the fact that here we deﬁne the anmhllatmn struc’ture func,-
tions to be both pOS'I.tlve R



scaling structure functions,

On the basis of the Coulomb potential analogy, the above mani- -
pulations admit of a very simple physical reading: Tﬁv(p” q) and
Tﬁ'v (p,q) are the analytic solutions of the light-cone operator product
expansion representation for the forward Compton amplitude in the
regions l®l > 1 and l@} < 1 of the complex @ -plane respectively,
which coincide on the unit circle @] = 1, and hence constitute ana~
lytic.continuations of .each other,

This circumstance alone imposes:the reciprocity constraint betw-~
eentheir discontinuties, in much the same way that charges-located at
inverse points with respect to a sphere(*),’ and generating the same
potential at all points on this surface, are reciprocally J:'elaﬂ:ed(lz)o

This point of views:is developed further in our next ,paper‘(l?’)
where the transformation by reciprocal radii'is:implemented directly

on analytic functions and not on: quantum fields,

Discussion with S, Ferrarais gratefully acknowledged,

(%) - Note that in the complex plane the transformation by reciprocal
radii with respect to the unit circle is different from the simple
reciprocal transformation @ —>1/w ; the two coincide only on
the real axis,
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