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To leading logarithmic order in perturbation theory Grieov and LipaTov (1) have
shown that knowledge of the structure functions in either the scattering or annihilation
channel is sufficient to determine the structure functions in the other channel com-
pletely (2). The connection between the two sets of functions is

1 _

l Fy (“" Qz) = F ol\(w, ¢*),
w

(1) 1

| F, (—, qz) = F wdFyo0, ¢?),
w

where on the 1.h.s. are the scattering and on the r.h.s. the annihilation structure functions
and the upper sign goes with spin-half particles and the lower with spin-zero ones.
Equation (1), which can be tested experimentally, is to be distinguished from analytic
continuation, i.e.

Fy(o, ¢®) = Fy(o, %),
(2)

Fz(w: 92) = Fz(w» !12) »

(*) Work supported by the INFN.

(**) Present address: CHRN, Geneva, A. Della Riccia Fellow.

(*) V. N. Grisov and L. N. LipaTov: Phys. Lett., 3T B, 78 (1971); Sov. Journ. Nucl. Phys., 15,
438, 675 (1972).

(*) Simpler derivations of the reciprocity relations in eq. (1) can be found in @) N. CHRIST, B. Hass-
LACHER and A. MULLER: Phys. Rev. D, 6, 1453 (1972). b) P. M. FSHBANE and J. D. SULLIVAN:
Phys. Rev. D, 6, 3568 (1972). Interesting indications of a more general validity of the reciprocity rela-
tions by reason of scale invariance at short distances or alternatively the energy-momentum sum rules
together with some analyticity postulates are given in ¢) 8. FERRARA, R. GATTO and G. PARISI: Phys.
Lett., 44 B, 381 (1978); d) E. EriMm: Phys. Left., to be published.
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which relates one set of functions to the other in their unphysical region. Taken together
eqs. (1) and (2) imply for instance

1
3) 7 (. qZ) = — W Fy0, ¢¥) ,

which is certainly a much stronger restriction on F,(w, ¢%) than is ordinarily placed on
analytiec functions. It can be shown, in fact, that an analytic function regular at v =1
which satisfies eq. (3) has necessarily the form (*3)

w— 1\2
(4) Fy(w, ¢*) = (0 —1)*a’p ((m) ; Qg)

with (—)*+1 =1, e 2b=—3 and ¢(z; ¢?) regular at ¢=0.

Experimentally the reciproeity relations will not be tested simply by matehing two
funetions, but through their consequences. The purpose of this note is to discuss some
of these consequences which will be tested soon at Frascati and other ete~ storage ring
facilities.

The differential cross-section for the inclusive production of a spin-J hadron in
an e*e- collision, integrated over the angles, is given by (%)

(5) FP + n

=7 () awat R,

where o,(s) = 47we2/38 is the total cross-section for muon pair production at c.m.
energy +/s and the signs have the same meaning as in eq. (1).

We shall assume that the theory verifies Bjorken scaling so that the structure func-
tions have no explicit ¢®-dependence. The multiplicity of the particle of mass M is
then given from eqgs. (1) and (5) by

Vsi2m
2J + 1 J‘ do

(6) a(s)) = —5¢ - Fy(w) ,

1

where R = 0,,(s)/o1(s) With o,,(s) the total cross-section for ete— annihilation into
hadrons.

In the parton model the integral in eq. (6) is interpreted as the average number
of partons in a hadron. Because an infinite sea of neutral partons and pairs thereof
is not excluded, this integral could diverge with an arbitrary power of s. One imme-
diate consequence of the reciprocity relations is that this arbitrariness is very strongly
contained and cannot exceed the limiting growth of the multiplicity <(n(s)>~ /s
allowed by kinematics. Actually, if we make use of the fact that F,(w) defines a total
cross-section, the energy dependence of the integral can be further restricted by invoking
the Froissart bound
(7 Fylo) < (Inw)?,

W—>0

thus limiting <n(s)> to grow no faster than (In+/s)%

(®) G. DE FrANCESCHI, E. ETIM and S. FERRARA: Phys. Lett., to be published.

(*) We consider values of j =0, ¥; wc have made use of the (spin—-.}L pa.rton) relation boetween Fi(w)
and Fi(w).
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If in the scattering channel Regge and Bjorken limits areinterchangeable, one would
have for large o

(8) Fy(0) —> by
Substituted in eq. (6) this gives a logarithmically growing multiplicity for the pomeron
contribution and a finite multiplicity for ordinary Regge exchanges. The constant
coefficient b of the pomeron term in eq. (8) is known from fits to the proton structure
function, namely b=0.22 (5); the corresponding coefficient b for the pion follows
from the quark-model ratio b’/b= 2. If we use eq. (6) and take R =2, the loga-
rithmic parts of the proton and pion multiplicities become (n,(s)>=0.151n+/s and
{ng(s)> = 0.05In /5 respectively, while for the entire multiplet of baryons and
pseudoscalar mesons one finds (n,.(s)> =2.8In+/s. The calculation of the finite
contributions to the rmultiplicities is more dependent on the dynamies. For the baryons
(roughly about 16 times the mean of the proton and neutron) an estimate from the
experimental (°) value of the integral in eq. (6) with B = 2 gives a value of about 0.32
comparable to the uncertainty in the same number. The main contribution to the
baryon multiplicity therefore comes from the logarithm. For the pseudoscalars the
situation is just the very opposite, since experimentally () the multiplicity of charged
secondaries (mostly pions) at Frascati beam energy (1.5 GeV) is about 3. At that
energy the logarithmic contribution to the pion multiplicity is far below this number.
Compared to what obtains in hadron-hadron scattering, things are again working in
the reverse order.

For single-particle inclusive distribution in e*te— annihilation, energy conservation
is summarized in the sum rule

do®

(9) 20,,:(8) =Z ‘[ do w EP
"

where the summation extends over all stable hadrons. In terms of the structure func-
tions and by means of eq. (1), this reads

siem
(10) 4R = (2J;+ 1) f %F;”(w) .

1

The integral in eq. (10), like that in eq. (6), is known for the proton and neutron from
SLAC (%). Itsinterpretation in the parton model is that it measures the average charge
per parton in the hadron, whence the variety of estimates which have been given by
invoking quark models of all descriptions (7). The meaning of this integral in eq. (10)
is certainly simpler and physically more attractive.

(*) R. A. BRANDT: CERN Report TH-1557 (1972); Leclures given at the International School of Physics
of Subnuclear Physics (Erice, 1972).

(¢) K. D. BrooM et al.: SLAC-PUB-796 (1970), report presented at the XV Infernational Conference
on High-Energy Physics (Kiev, 1970).

(") J.D.BJorKEN and E. A. PascHos: Phys. Rev., 185, 1975 (1969); D.J. Gross and C. H. LLEWELLYN
SMITH: Nucl. Phys., 14 B, 337 (1969); C. H. LLEWELLYN SMITH: Nucl. Phys., 17 B, 277 (1970); P. V.
LANDSHOFF and J. C. POLKINGHORNE: Nucl. Phys., 28 B, 240 (1971); M. GourpIN: CERN Report
TH-1266 (1970).
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Extending the summation in eq. (10) over stable baryons and pseudoscalar mesons
and assuming the contribution from each baryon to be approximately the mean of the
proton and neutron contributions, one gets an interesting bound

(11) R>1

on the ratio B which seems to be respected by experiments (8). Simple quark models
with B <1 seem thus to be excluded (?).

Experimentally a good fit to the proton and neutron structure functions has been
given in terms of three adjustable parameters (1°). Assuming the same can be done for
the pion, we consider two simple alternatives (1):

1\2 1\3 1\4
(12.1) Fi(o)= 0, (1—~—) + G, (1~—) + C, (1__—.) ,
w w @
(12.2) Fy(o)= 0, (1—1—) + 0, (1——1-)2+ C, (1,~1-)3,
(4] w @

corresponding, according to the Drell-Yan threshold theorem (12), to agymptotic transition
form factors falling off as (1/¢2)% and 1/¢2 respeetively. The coefficients 0, are determined
from the constant asymptotic value of Fy(w) (% that of the proton), the constant value
of the ratio R (the energy sum rule eq. (10)) and the constant value of the pion mul-
tiplicity as discussed above. Treating the baryons as done previously one has sufficient
equations to determine the coefficients O, in terms of the annihilation parameters B
and <{ngy, the values of which must be so assigned as to make Fj(w) always positive.
In Fig. 1 we have plotted the structure functions so determined for {(n >= 0.8, R=4
(curve a)), (> = 0.4, R=2 (¢)), using eq. (12.1), and for {n;>=0.6, R=4 (b)) and
(> =0.5, R=2 (d)), using eq. (12.2). In comparison to the proton structure function
one notes the following distinguishing features:

i) the overall large values of the structure funetions, in particular their large
peak values;

ii) the maxima occur approximately within the same range of o between 2.5
and 4, as for the proton and neutron;

iii) the relatively narrow spread;

(®) F. CErRADINI, R. SANTONICO, M. COoNVERSI, L.. Paoruzi, M. GrIiLLI, K. Iaroccr, P. SPILLANTINI,
V. VALENTE, R. VISENTIN and M. N1¢RO: Phys. Lett., 42 B, 501 (1972); M. Gritii, K. Iarocct, P. SpPIL-
LANTINI, V. VALENTE, R. VISENTIN, B. BORGIA, F. CERADINI, M. CONVERSI, L. PAOLUZI, R. SANTONICO,
M. NiGRO, L. TRASATTI and G. T. ZoRN: Nuovo Cimenio, 13 A, 593 (1972). At CEA energy (4 GeV)
the charged multiplicity is about 4 and 2.7 < R < 5.3, CEA preprint, CEAL 3063 (September 1972).
(*) N. CABIBBO, G. Parist and M. TusTA: Letl., Nuovo Cimenio, 4, 35 (1970).

(**) E. D. BLooMm and F. J. GILMAN: Phys. Rev. D, 4, 2901 (1971); M. B. Law ef al.: 4 compilution
of data on inclusive reactions, LBL-80 (1972).

(**) The determination of the pion scattering structure function carried out here is not just an interesting
theoretical application of the reciprocity ideas, firstly because data on the pion structure function may
be forthcoming from Serpukhov and secondly because, by comparing the computed pion structure func-
tion with the proton’s, important general conclusions may be drawp, regarding the shape, asymptotic
behaviour and other characteristics which are supposed to reflect the internal structure of hadrons.
(*?) 8. D. DRELL and T. M. YaN: Phys. Rev. Lett., 24, 181 (1970). For this theorem to be also applicable

to spin-zero particles the threshold behaviour must be understood as referred to the differential cross-
sections,



POSSIBLE IMPLICATIONS OF THE GRIBOV-LIPATOV RECIPROCITY RELATIONS ETC. 853

iv) the decreasing behaviour (except for curve d)) of the structure funections at
values of w at which the constant (maximum) value is about reached for the
proton (5:19).

These features are evidently very closely related; taken together they have a direct
bearing on the structure of the pion. Clearly the most remarkable aspect is the overall
large values; the question thus ariges as to how the structure functions of other hadrons
would compare with those of the nucleon and the pions.

301
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Fig. 1. — Plot of the pion structure functions for various values of the parameters <{n;> and R.

If the constant asymptotic behaviour of the proton structure function, already
evident at modest values of w, is a real effect, it would appear from Fig. 1 that the same
behaviour, for large momentum transfers, will not be manifest in the pion structure
funetion at presently available energies. Thus, if the behaviour in Fig. 1 suggests a
trend, it may be premature to say what the proton structure function is doing for
large w.
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