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Summary. — By considering N electron spins 8, and » nuclear spins
I,(8;=1I,=4) coupled by a weak dipolar interaction which mixes the
autostates by means of a coefficient |¢;|=$y,AH-1R;]sin ,; cos 8,;
(B;; is the distance between S; and I;, 6, the angle between 8,,—1I,
and the direction of the magnetic field) it is possible to write the dif-
ferential equations for the spin and the j-th spin. These microscope
equations can be averaged on those nuclei and ions for which one can
establish an isotropic distribution and a unique temperature om the
nuclei at any time. By solving the differential-equation system one
obtains the same particular result foreseen by the theory of spin diffusion.

1. — Introduction.

The dynamic polarization by solid effects has been studied extensively
by many authors. The phenomenon has been studied from two particular
viewpoints, by using two types of approaches: those of JEFFRIES (¥'3), based
on the Bloembergen method, and those of ABRAGAM and BORGHINI (¢), based
on the Provotorov equations (°). We notice that the more general method

(*) To speed up publication, the author of this paper has agreed to not receive the
proofs for correction.

(1) C. D. JerrriEs and O. 8. LEIFSON: Phys. Rev., 122, 1781 (1961).

(& T.J. ScaumvueeE and C. D. JEFFRIES: Phys. Rev., 138, A 1785 (1965).

(3 T. E. Gu~vtEr and C. D. JEFFRIES: Phys. Rev., 159, 290 (1967).

() M. BoreHINI and A. ABRAGAM: Proceedings in the Low Temperature Physics, Vol. 4
(Amgterdam, 1964).

(®) B. N. Provororov: Sov. Phys. JETP, 14, 1126 (1962).
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of ABrRAGAM and BORGHINT contains the first as a particular case. The former
method is valid in the case that the spectral ionic lines are well resolved and
extremely sharp.

Both methods assume a unique relaxation time for all profons, or in other
words the nuclear spin diffusion (¢) is postulated to explain the polarization
transport towards the distant nuclei from the paramagnetic ion. The theory
of spin diffusion has been developed up to the general formulation given by
KHUTSISHVILI (1%) after the work of BLOEMBERGEN in 1949. Indeed the ex-
perimental measurements, in a sample of La,Mg,(NO;);,-24H,0 + 19, Nd,
which contains » ~10%N protons in the water of hydration and N neody-
mium atoms, show a unique proton relaxation time.

But it is known that a few protons «near » the neodymium ion interact
with the paramagnetic impurity more strongly than with each other, and are
relaxed directly by dipolar coupling with the ion at a rate 7'} ocs7?, where 7,
is the distance of the proton j from the ion i. The greater number of the
« distant » protons, beyond a certain distance from the ion, reach an internal
thermal equilibrium via the spin diffusion and they have a unique relaxation
time which is measured in the conventional experiments.

Some authors (*3) by introducing a phenomenological cross-relaxation be-
tween. the «near » and the «distant » protons have been able to write a system
of differential equations in the n (distant), » (near), N (ion) variable.

As a consequence, by solving such a system, the relaxation time of the
« distant » protons ag well as the profon polarization is determined. This model
is insensitive to the value of the diffusion barrier, although the effect of the
diffusion is important to establish a unique temperature for the « distant »
protons. The different results of the relaxation time expressions are the most
important differences between this model and the spin diffusion theory.

In this article, we want to show that under the hypothesis of an isotropic
distribution of the protons and ions the rate equation gives the same result
as the diffusion theory.

2. — The coupled equations of the solid effect.

The coupled equations which give the time evolution of the polarizations
of protons p(t) and of ions P(#) (protons and ions with spin I=4% and s =1

() N. BLOEMBERGEN: Physica, 15, 386 (1949).

() P. G. Dr GENNES: Journ. Phys. Chem. Sol., 3, 345 (1958).

() W. E. BLUMBERGEN: Phys. Rev., 119, 79 (1960).

(®) G. R. KuursisuviLi: Sov. Phys. Usp., 8, 743 (1966) (original Russian edition:
Usp. Fiz. Nouk, 87, 211 (1966)).

() H. E. RORSCHACH jr.: Physica, 30, 38 (1964).
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respectively) are (1)

. N/(1 N
" P(t) :“(p‘_po)wﬁZ(E*PO)—Wﬁ‘ﬁ(ip:':P)?
Hw=—w—P¢%w+m~WmP¢m,

where the gyromagnetic ratios of ions and protons are y,< 0 and y,>0. W
is the transition probability induced by an electromagnetic field at frequency v,,
which is central with respect to the frequencies v, =v,4-v,. The terms in (1)
which have the double sign must be understood as a sum of two terms: that
with the upper sign refers to the pumping frequency v_, the lower one refers
to the pumping frequency v_. (w/Py)—" is the relaxation time of the ions. We
suppose that the lattice is always at thermal equilibrium with the heat bath,
so that the coefficient of the phonon bottle-neck is zero. N is the number of
ions and » is the number of protons in the volume V of the sample. The coef-
ficients o and g are related to the distance r,; between the ¢-th ion and the j-th
proton by the relations

(1”29?)2 436 3
s TResg
(1+24) (1+24)

3 (fys\?
2______ _s '-‘6
G= 40(3) T

is a coefficient due to the mixing of the autostates of the ¢-th ion and j-th proton
by means of the dipolar magnetic interaction between them.

The values p(t) and P(f) represent average values over all protons and ions,
that is

(2) o=

where

n . NP'
) piy=220  py 250

From the expression of the average value it is possible to go back to the values
for one proton and one ion. In this way it should be possible to deduce the
conditions under which the average is done.

(1Y) G. BarpaccHINI and V. MONTELATICI: Nuovo Oimento, 68 B, 253 (1970).
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By introducing the sums in (1) one has
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From the differential-equation system (4) by multiplying by » and N and by
dropping the corresponding sums in the first and in the second equation re-
spectively one obtain a system for the j-th proton and i-th ion (2).

From these coupled equations for the pair j-¢ one goes back to (1) by
performing the average over all protens and ions when the following condi-
tions are satisfied:

I) Di=pPe=Ps=... =P, =P, Por™ Poa=+.. 5= Poa = Po ,
I A= Ay;=...= 4,,
I1I) Py=Py=..=P,=P, Py=Pp=..=PF,=P,.

Hypothesis ITI) is reasonable. Hypothesis I) means that at any time all
protons have the same polarization, that is to say, the same relaxation time.
Hypothesis IT) means that around each ion all protons are distributed isotropi-
cally. If, moreover, an isotropic distribution of the ions is supposed then
each ion sees the same number of protons distributed in N spheres of influ-
ence, and each sphere contains #/N protons. Thus, an explicit ealculation of
the relaxation time, affer performing the averages, gives

—1 2 1 W —
(5) 7 —:E_);—’I:ﬁl P Ts —Po(ct—i—ﬁ) 1)0.

By introducing a continuous distribution one has

©) EiA" 10 (ﬁy) [Z’“‘“ + 3 ] [1 + jia?- N

= =1

fr sdn fr“‘dn 2
Sl g -

(**) M. BorcHINI: Phys. Rev. Lett., 16, 318 (1966).
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where the apex indicates a sum over the external protons to the sphere of the
radius R, R, is the minimum distance from the ion which is about a factor
10 less than R, dn = n"4sr2dr, and #* is the proton density. Moreover, the
following approximation is made:

., (n/N) Za,
(7 1+ 21 =14 —n/N =

o by, R} BRI (, E\] _
5 (F) ml R el m)] =

The approximation (7) is better when the external magnetic field is higher:
one has y, ~2-10" em~1G-1, n* ~4-10%2 cm-?, R, ~4 A, then 14 Y& =1+
+ m=-10°H-2,

The term due to protons external to the sphere with radius R is less than
unity and decreases rapidly as R, increases. Therefore one approximates
the sum over all protons by means of the sum over n/N protons. Then (6)
represents the average value of the mixing coefficient over the protons in the
spherical shell defined by the radii B,<r<R. By using (5) and (6) the relax-
ation time of the proton is

1 2y ri— fiye 1
8) T — (1—PYT; (H)R?Rs.

This expression is that given by JEFFRIES (*) and co-workers. It is deduced
by supposing hypothesis I) satisfied for all protons in the sphere of radius R.

3. — The relaxation time given by the diffusion theory.

Qualitatively we observe that the protons sufficiently near the ion have
a high probability to be flipped by the ion-proton dipolar interaction. On the
contrary, at greater distances, the protons are mutually coupled by proton-
proton dipolar interaction. Therefore, at any time, the near protons have
polarization depending on the distance. Consequently the hypothesis I) is not
satisfied. Thus, it is necessary to discriminate between the near protons and the
distant ones. Only the distant protons satisfy the condition I). After averaging
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over these protons and ions, it is possible to take the common factors p(t) — P,
and P(t)— P, outside the sums. The possibility of discriminating between
near and distant protons is given by the theory of spin diffusion.

The theory, in the form given by KHUTSISHVILI(®), assumes an isotropic
distribution of the ions and protons. Each ion sees a sphere of radius R con-
taining n/N protons. The protons in such & sphere are divided by a sphere of
radius 6 into two groups. The near protons at distances 0<r< 4§, the distant
ones at distances d<r<<R. The diffusion barrier ¢ is defined as the distance
from the ion for which the difference of the Zeeman frequencies of two neigh-
bouring protons is of the order of the width of the proton magnetic line, 6 ~
=~ (y,Jy)¥a (a is the distancebetween neighbour protons) (*).

The study of the transport equation, which describes the behaviour of the
spin diffusion, introduces a parameter b. Its value with respect to the value
of the diffusion barrier ¢ gives rise to two different expressions of the relax-
ation time.

Particularly: if b <4, the distant protons reach an internal equilibrium in
a short time, so that the magnetization is a function of the time only. The near
protons, at distances 0 <7< b, are under the retarded direct influence of the
ion in the region b r< 4.

This case is called rapid spin diffusion, since the process of diffusion (that
iy the thermalization of the distant proton) is more rapid than the rate due to
the ion.

If b> ¢ the spin diffusion is important for the protons at a distance b< r< R,
while the protons for which r< b are under the direct influence of the ion.
This case is called limited spin diffusion. The ratio of the relaxation times in
the two cases is

T >08) b\®
@) m—“(s)
and
3 H\* o

the parameter b is related to the diffusion constant .D by the relation
10 (A \? i
=0.68 |- {-5) DT;*| .
b= 0.68 [ 3 ( H) T, ]

In the case of the neodimium salt one has b< § for temperatures less
than 4 °K. One can calculate b ~1 A, 6 ~10 A.

(") Tor a detailed analysis of the diffusion barrier see ref, (1),
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4. — The relaxation time in the coupled equations.

By averaging the equations for the pair j-¢ over the distant protons n,
and over N ions, one obtains the relaxation time.

The near protons =, are excluded from the average since they have different
values of p(t) — P,, which implies that hypothesis I) is not satisfied.

By calling the distant protons of the sample n*=n,N we have the ex-
pression of the relaxation time

(10) 1= 10—y (;%) (OR),

where we have used (6) with the substitution n —n*.

The ratio of the two expressions (10) and (8) is (6/R,)* since we have ex-
cluded the protons inside the sphere of radius 4.

The near protons are governed by a number of equations equal to the number
of those protons that, among »,, have a unique relaxation time and a unique
polarization. This choice can be made by dividing the sphere of radius ¢ into
many concentric spheres all containing the same number of protons.

The smaller the thickness of these spherical shells is the more exactly the
ingide protons have the same relaxation time at any time. If we choose
Ry,<< 6 as the radius of the first sphere with radius less than 6, the spheres of
radii

R, — [6*—K(3*—RYF< R, , =[0°— (K —1)(6*— BT

determine a shell of thickness R, ,— R, containing % protons as does the
shell of thickness & — R,.

All the N spheres, having the same K, contain %, — %N protons with the
same value of polarization. By averaging over %, and N one finds

N _
W AipzTF P),

Ng i=1

Px=— (Px— Do)

¥

N
A, = (1—P)—
=P

il

Mg

(11) _
P=—(P—P)5—WAPFps) .

0 =1

The relaxation time of these protons is

- NZK\ - 3 (% s 2 —
an rp=rrlSaa—ry =G () A Piewe,

where approximations analogous to those performed in (6) are made.
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If r, =rp, one has T ocry’, a result in agreement with the general
theory of the relaxation (13).
The stationary value of the pclarization is

F (N/7g) ZZK.AQ'W-PO
(13) = = i =
1+ (1 + (A V)L T)) TN [7iz) 3, A, W

F P, w
1+@—P) S, wy
=1

1—P? ?
141 +P)S4,
=1

"r

where | A; is a quantity much less than unity as one can verify by sub-

=1
stituting R,, R, » in (7) by 7., r,,, %, respectively.

We note that the stationary value of the polarization, that is, of the mag-
netization, is independent of the position to a good approximation. On the
contrary, as the time interval increases, the magnetization depends on 7, as
one finds by taking the solution of (11) as a function of time.

As a consequence the stationary value of the magnetization of the near
protons of the sample is
(14) M(tot) = Nu 2, py = Nn,pg ,
where the sum is over all the spherical shells. The evolution of M(¢),, is not
a unique exponential, but a distribution of exponentials. Clearly it is actually
impossible to detect in conventional experiments such a distribution during
the growth of magnetization since the number #, is a fraction of n,. If one
does not take into account the effect of the local field of the ion, one has the
maximum nhumber of near protons

Ny o3

(15) na  R¥1—0°/R%)’

for 6 ~10 A, R ~30 A one obtains #,/n, ~0.03.

5. — Discussion.

First we summarize the results of the diffusion theory when it is applied
to the dynamic polarization (*). The mathematical development of the trans-
port equation introduces a new parameter b*, which is related to the parameter b,

(**) A. ABraGaM: The Principles of Nuclear Magnetism (Oxford, 1961).
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via a function of the pumping power, by the relation
b* =b(1 + WT,)E.

This new parameter has the same physical meaning as the parameter b, to which
it reduces when the induced transition prebability W is zero.
Then one can deduce different cases with =8 where 5> & or b< 0. The

value of the stationary polarization is always the same in all cases. These
cases are sumiarized in Table I.

Tasre I.

Relaxation W =10, b*=10 Build-up W0, b*=b(1+ WT):

b<d  T(b<0)=(10/3)(H/Ay,) T(OR)* z-1(b*> 8)= (1/1.6)(8/b) T'(b< 8)-1 (1 + WT,)%
T b* < 8) = T(b<< 8)-1(1+ WT,)

b>8  T(b>0)= (16/3)(H/hy, ) T,(bR)®* 7-1(b*> 8) = T(b> 0)~1(L+ WT,)t

b=0.68[(3/10)(Fy/HP DT R,  pO/py— 1= (Py/py— L)W T,/(L+ WT,)

One sees that the differential system of equations (1) gives the same
results as the theory of spin diffusion, with the exception of the factor 1—PZ,
only in the case b< b* < 4.

We note the different behaviour of the build-up time constant as the value b*
becomes greater than the value & (as the power increases).

The protons in a sample with b< 8 can exhibit two different behaviours
of the build-up time constant as a function of the power. They relax to the
heat bath in & unique way which is given by eq. (1) and by the diffusion theory.
Measurements of 7, T, p,/p, as functions of the pumping power at wvarious
temperatures should give useful information about such processes (14). Until
now they have not been performed in a systematic way.

The value of the relaxation time (10) is in disagreement with the experi-
mental data, which are in agreement with the expression (%) (8). That is (10)
gives a relaxation time longer by a factor ~ 10, exactly following the ratio
(0/R,)®. On the other hand, the expression (8) is obtained by performing an
average operation which is not justified f om the logical viewpoint.

The eqs. (1) are valid under the conditions I), 1I), I1X). These conditions
are not satisfied in the complex nature of the sample. Moreover, there are other
reasons for which we find a shorter relaxation time.

(1) V. Mo~NTELATICI and G. ToMASSETTI: Letl. Nuovo Cimento, 5, 285 (1972).
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Thus it seems to us that there is no possibility of finding an exact agreement
with the experimental data. Moreover, if it is not possible to perform the average
operation over the near protons, then the introduction of a phenomenological
cross-relaxation between them and the distant protons is not possible. In-
deed, the mixing equations (*) between =, and n, give a relaxation time of the
distant protons as

(z
T,~ . T,

r

with

3
-1__ 2
T 10

% 8 2 —1 2
(17;) > m, TH1 — P

where {r*>n,= (B,0)-%, then T' is expressed by (8) since n, =~ n4d/R)%. On
the other hand, the introduction of such a thermal mixing does not give an
explanation for the transient effect observed (**'9).

6. — The transient effect in the dynamic polarization.

This effect, which we will discuss below, was performed in two different
magnetic fields of 2.3 kG and of 9.1 kG.

The solid effect is observed by pumping at a side frequency v, =v,4-v,
with respect to the central ion frequency »,. We assume to reach the stationary
state of the maximum enhancement of the proton polarization, for example,
at a frequency v_. We have an emission proton signal since the protons reach
a negative temperature. Now we change the pumping power to the frequency
v, Where we have an absorption proton signal since the protons reach a positive
temperature. The proton magnetization goes from the initial stationary state

(*) The differential equations given in ref. (%) with the phenomenological cross-relation
between n, and n, are

Br=—(Pr— Do) T7*— (0,— o) T — W(p, F P),

oy —
Pa=— (P, —Poa) T3 — — (Pa—Pr) T*,
n’r

Pe—(P—P)T;'— WN

(PF 2,

with cross-relaxation rate T, > T,
(**) J. Ramaxrisana and F. N. A. RoBINSON: Proc. Phys. Soc., 87, 945 (1967).
(*¢) V. MonTELATICI and G. ToMASSETTI: Letl. Nuovo Cimenio, 3, 391 (1972).
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to the final state crossing zero, with a time constant directly proportional to
the proton relaxation time. The distant protons take a longer time to reach
the final stationary state than the near ones. The latter ones stay in the various
shells with decreasing relaxation time as the distance from the ion decreases.

When we observe zero signal at time ¢*, that is zero magnetization, the
protons are divided into two groups having equal but opposite magnetiz-
ation.

Now at time ¥, we swicth off the pumping power. The two groups of protons
gradually reach thermal equilibrium with the heat bath with their respective
relaxation times: the distant protons with their long unique relaxation time;
the near protons with their different relaxation times shorter than the former.
The observed signal is the total magnetization which is the algebraic sum of
the magnetization of the distant and of the near protons.

We observe a growing signal superimposed on the zero signal, and after its
decay. Indeed the experiments show such a type of signal. The experimental (**)
data at 2.3 kG first show a distribution of relaxation times, and in this time
interval we observe an increasing signal due to the near protons relaxing to
the heat bath temperature. Subsequently we observe the distant protons
relaxing with a unique time constant.

Now we suppose that a thermal mixing exists between the near and the
distant protons. At the time ¢* the magnetization is zero; that is

v (n., n
M= "rpr—F%dpd:ﬁr(T -I—TZ) =0.

The new temperature reached after mixing is

T = (%" + —;ﬁ—) (Mg -+ ny)t=0,
d r

where T, and T, are the initial temperatures of the distant and near protons
respectively. This means that there is no observed growing signal since the
protons are equally distributed among the energy levels. After mixing one
should observe a growing signal due to all the protons which gradually return
to the thermal equilibrium with the heat bath. But we observe a growing
signal which is 4--6 times the thermal equilibrium signal. Thus it is not pos-
sible o invoke the thermal mixing.

In the calculation related to the experiment performed (**) at 9.1 kG equal
polarization is assumed at time t*. However on the ground of the above discus-
sion this is wrong since, if p,= ps, one must have n,=mn, in order to have
M,,, =0, whereas we know that n,<< ng.
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® RIASSUNTO

Si considerano N spin elettronici 8, e n spin nucleari I, (8,=1,=%) accoppiati da
una debole interazione dipolare che mescola gli autostati per mezzo del coefficiente
o] = §y AHR; 8in 0,; cos 0,; (R,, & la distanza tra 8, ed I,, 8,; & angolo tra §,—I,
e la direzione del campo magnetico), & allora possibile scrivere le equazioni differen-
ziali per lo spin ¢ e lo spin j. Queste equazioni microscopiche possono essere mediate
su quei nuelei e ioni per i quali si pud stabilire una distribuzione isotropa ed un’unica
temperatura per i nuclei ad ogni istante. Risolvendo il sistema di equazioni differenziali
si ottiene lo stesso risultato particolare previsto dalla teoria della diffusione di spin.

Juddysns comsa mpH AMBAMUMYECKOH MOJADH3AIMH H3-3a 00BEMHOrO apdexTa.

Pestome (*). — Paccmartpusas N 97IeKTpOHEBIX crmEOB S, U n SNEPHBIX COWHOB I
(8;=I,=1%), CBA3AHHBIX CIaGbIM [WIONBHBIM B3aHMOIEHCTRIEM, KOTOPOE IEPEMEIIABACT
COOCTBEHHBIE COCTOSHYSL IIPH TIOMOIIM KO3bdUImeHTa |e;5|= 3y, BH~* B ’sin 0,; cos 6,; (Tme
E;;—paccrosmme mexuy S, u I, 0,;,— yron mexay S; — I, & HarpaBlicHHeM MATHATHOTO
ILOJI5L), OKA3BIBAETCS BOZMOXHBIM 34IMCATL IubdepeHNuanbaEe YPABHEHUs IS CLEHA
4 j-0T0 CouHA. OTH MHKPOCKOIHYECKHE YPABHEHHS MOTYT OBITH YCPEIHEHBI TIO TeM
AnpaM ¥ HOHaM, I KOTOPBIX MOXKHO YyCTAHOBHTHL H30TPOIHOE PACIpemeNcHNe B CIHHYIO
TEMIEPATYPY WO sapaM B JIOOOH MOMEHT BpeMenm. PelueHme 3TOH cHCTeMsI mutde-
PEHIMAJIBEBIX yPABHEHNH TPUBOIMT K TOMY X€ Pe3yNbTAaTy, KOTOPBIA OBII IpencK: 3aH
B Teopun mabdy3un CIHHA.

(*) Ilepesedeno pedaxyueir.

V. MONTELATICI
11 Settembre 1973
Il Nuovo Cimento
Serie 11, Vol. 17 B, pag. 129-140
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