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In a recent paper () SymManzIKk has shown that in a theory characterized by a
gt interaction with a negative coupling constant the behaviour of the Green’s funetions
in the deep Euclidean region (2) ean be directly computed in a perturbative fashion:
the dimensions of all the operators are canonical; the corrections to the leading terms
are a faetor 1/logg?® smaller.

The aim of this note is to prove that in this model also the deep inelastic structure
functions can be directly computed in the Bjorken limit (3). Some general statements
. can be done: Bjorken secaling (3) and the parton model (+°) are canonically realized (%),
e.g. the total cross-section for etet annihilation into hadrons is the same as in the
free field theory (%).

As a simple application we compute the structure funection Fy(w) for deep inelastic
scattering at the first order in the coupling constant g. It is amusing to note that in
standard perturbation theory no diagram contributes to F,(w) at this order.

We briefly resume the results of ref. ().

In a charged go* field theory,if 0 > ¢ > ¢, the asymptotically stable fixed point (8)
is located at g = 0 and the effective coupling constant g(1) () which appears in the
golution of the Callan-Symanzik equation (*1?), is asymptotic of order —1/logA. The
renormalized Green’s functions of the fundamental field ¢ and of the other local operators
are asymptotical the same as in the free field theory, apart from a multiplicative factor.
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This last factor can be easily obtained from the knowledge of the various y,(g) functions
which appear in the Callan-Symanzik equations for the Green’s functions of the various
operators (11-12),

In the case of the renormalized field ¢, one finds

[1]

) Z = lim [p*Gy(p?)] = exp[2 ") g I .
P> Blg" |

g

The current propagator is asymptotically the same as in the free theory: the relevant
v,(g) function is identically zero as a consequence of the Ward identities (1°). The total
cross-section o,(B) for ete~ annihilations into hadrons satisfies asymptotically the parton
model predictions (7).

The vertex of the electromagnetic current and of two renormalized fields is equal
to Z-! for large enough current mass and for arbitrary but fixed masses of the two
fields (13:14),

In e*e~ collisions to two-particle final state gives a contribution to the total eross-
gection equal to Z—2g,(J) (). It is a simple task to show that the parton model diagram

|
2

gives a contribution equal to the total cross-section o,(F) and therefore all other dia-
grams do not contribute to the total cross-section.

If we consistently assume that also production amplitudes are dominated by dia-
gram (2), we find that the produced hadrons cluster in two jets; the mass distribution
of each jet is proportional to the Killén-Lehmann spectral function as discussed in ref. (7).

We recall that the spectral functions o(8) of the unrenormalized field pp= Z g,
is for large values of the mass independent of the coupling constant and equal to (1)

1
3 S~o—
3) o)~ G S ogt (S7m)
Parton model predictions are clearly satisfied (7).
Let us now study the Wilson expansion of two currents (%), For simplicity we first
consider a sealar current, namely 2.
We can write the following light-cone expansion:

™ @) *(0) —=> ;Em(ﬁ, M, g) Oy, 4 B oo PN

(4)

Pr(w) pz(0) oo ;FN(WZ, M2y ) Oy, @18 o v
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The functions F,(x?, m?, g) and Fy(x?, m?, g) satisfy the Callan-Symanzik equation (11)

3 )
[w28_x2 -+ ﬂ(g) g; + 27(})2(9) + 'VN(g) -+ 1] EN(w25 mE, g) = 0,

3 5
[mz 5 + Blg) 3 + 2y4(g) + VN(9>] Fy(a?, m? g) =0,

where g and p are 0 functions in the coupling constant and can be computed in per-
turbation theory.

In the small-z? limit the solution can be found to be

1 3
EN((EZ, m2, g) d ;é Z(pzZN »

(6)
Fala®, m?, ) ZZy ,
where
0 [}
Yor(9') valg) -,
(7) Z = exp[2 — dg/] R Z o= exp [2 e dg .
Y plg) N B¢
g g
From eqs. (4)-(6) it follows that
0
(8) @2(@) @¥(0) > Z~Z Pz(®) (0) = Z @5(%) p5(0) ,
%2 %2

which is the parton model result (3%).

One finds a similar result for the Wilson expansion of two currents: the only dif-
ference is that now Z,= 1. The cross-section is longitudinal and the transverse cross-
gection goes to zero like 1/logp?.

The only contribution to the total cross-section is given by the parton model
diagrams (%)

9)
The function Fy(w)= lim wW,(g%, ») can be computed using the sum rule
g2—c0 29/gP=—a
(10) f Fy(w)o¥do = Z) .
1

(1%) H. FRizecH and M. GELL-MANN: Proc. 1971 Coral Gable Conference (1971).
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We have normalized the operators O, , in such a way that

(11) (PO, |P>= P, ... P,

N—tra;ces.
An interesting consistency check can be done: the first diagrams of (9) gives a contri-
bution to Fy(w) equal to Zd(w—1). On the other side eq. (10) implies that the coef-
ficient of 8(w—1) is equal to Z} = lim 7%,

It follows that e

9

[
3 I e (g’)dg’] [ f y(g')dg’]
12 7t —2z - | =989y )
(42 = eXp[z sy 1= 2L he)

g g

Equation (12) must be valid for arbitrary ¢ in the range 0> ¢ > g,,, and this is
posgible only if

(13) 29(9) = Y (9) -

It is interesting to note that relation (13) can be proven using the same methods ag
in ref. (17).

From the knowledge of the functions § and yy at order g"+l, the funetion F(w)
can be computed up to the order ¢?¥.

Using the known results (2:18)

1 1 1 5
(14) val9) = 3o [E_N(N+ 1)] g +0),  Blg= 59"+ 0);
one finds
(15) G?F Jovdo =14 -9 |11
wedo =1+ s ¥+ |-
1

Solving the simple momentum problem the function Fy(w) is obtained at order g:

(16) Fy(w) = d(w—1)—

107 [(w—— 1)(»‘2——%{i §w— 1)] .

‘We note that:

1) The function F,(w) is analytic in the whole complex plane; we assume that
its analytic continuation is equal to the structure function for deep inelastic an-
nihilation (*°).

2) If the analyticity continuation ansatz is true, the particle multiplicity for e+e-
annihilation into hadrons is finite (the result is not trivial as far as the first order in g
corresponds to the sum of an infinite number of diagrams).

(*) G. PARISI: How lo measure the dimension of the parton field, Frascati report LNF-72/105 (1972).
(**) K. WILSON: Quantum field theory in less than 4-dimensions, CLNS 198 (1972).
(*) R. GarTo and G. PREPARATA: Nucl. Phys., 47 B, 313 (1972) and references therein.
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3) The total annihilation cross-section obtained from the energy conservation
sum rule (#%%) is equal to the right one.

4) The Gribov-Lipatov (2!) reciprocity relation Fy(w)=— w3F,(1/w) is satisfied.

The go* theory with a negative coupling constant i therefore an example of a
renormalizable theory where all predictions of the parton model are true. However
these predictions should fail for positive coupling constant.

It may be interesting to unote that in a theory like the gluon model the situation
described in this note can be realized only at the price of taking an imaginary coupling
constant, giving up the positivity of the Hilbert space of the states.

* k ¥

The author is grateful to K. Symanzik for having communicated his results prior
to publication. Thanks are also due to G. ALTARELLI for useful discussions.
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