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Synopsis

We have computed the dependence of the zero-bias differential conductance on the external
magnetic field and on the quantum number # for an S-I-N tunnel junction in which the supercon-
ductor has a multiply connected geometry.

We also present a new analysis of the physical properties of a type I superconducting cylinder
reconsidering and modifying the usually accepted approximations thus obtaining formulas with
wider usefulness.

1. Introduction. Inthe present work we have made a new analysis of the physical
properties of a type I superconducting cylinder. The calculations are developed in
‘the following manner. In the first paragraph is calculated the dependence of the
order parameter on the external magnetic field and on the quantum number n. The
expression for the induced-current density, as a function of the order parameter
and thus as a function of the external magnetic field and of the quantum number 7,
is found in the second paragraph. Finally, in the third paragraph the case has been
considered in which we study the properties of a superconducting cylinder using the
tunnel-effect technique. We have therefore computed the dependence of the zero-
bias differential conductance on the external magnetic field and on the quantum
number #, for a tunnel junction of the “superconducting metal-insulator-normal
metal” (S-I-N) type, in which the superconductor has a multiply connected geo-
metry.

Some of the expressions obtained here have already been reported in the
literature® ~#), but in a more approximate form than we use. In the present work
we have reconsidered and modified the usually accepted approximations (which in
certain cases have a very small validity range) thus obtaining formulas with wider
usefulness.

2. The Ginzburg-Landau equations and the order parameter in the case of a super-
conducting cylinder. The calculation of the dependence of the order parameter on
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the external magnetic field and on the quantum number » can be developed in a
relatively easy manner using the theory of Ginzburg-Landau which is valid in the
limit 7'~ T..

Fig. 1. Schematic drawing of a superconducting cylinder.

Let us consider a superconducting cylinder immersed in a uniform external
magnetic field parallel to the z axis. Let the internal radius be 7, and the thickness
of the wall be d (see fig. 1). The equations of Ginzburg-Landau are written:
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with the boundary conditions given by:
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where y = (T, A)y (T, 0). We recall that the penetration depth 1 and the para-
meter K are given by the equations:

22 =27g~t = mc*|(dne*? |p (T, 0)|* 2), (6)
K = Koy~t = /2 e*2% (T) Ho(T)/ic, (7)
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where the function y, which gives the modification of the penetration depth due to
collisions, can be approximated within 20 %3) by the expression:

x =0+ &/MH ®)
With the geometry considered, one can write:
y = ¢ exp (—in ). 6)

We shall be dealing with the case in which ¢ is independent of the position which
corresponds to the condition that d is much less than the coherence length &(7).
Introducing some hypotheses which follow from the symmetry of the problem
[A(r) = Ay(r), j(r) = jo(r), div A = 0, 0/6z = 0], eq. (2) in cylindrical coordinates
reduces to:

d[1 a @ _ ficen )
EI:V ar( ):I A2 <A e*r>. o)

Making the substitution A" = 4 — (fic/e*r) n, eq. (10) becomes a Bessel equation
for A’ whose integration gives:

) — e 2
A1) = il ( ! ) + CK, ( ! > )

where I and K are modified Bessel functions of the first type®). The constants of
integration C; and C, are determined by the boundary conditions:

c = [H“ {Kl(oc) + Lox, (oc)} fien Ko(ﬁ)] /A (o B),
b 2 e
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¢ 2
where
4@ ) = TB) K@) + 3aKo (] + Ko®) (@) — 3ok @), (13)
o = riplA, (14)
B =(rs+d)o/a. s)

On the other hand, the magnetic field is given by the expression:

_9 (19 _ o
HO) = = [0110 ¥ ) C,K, < g >] (16)
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A self-consistent solution for ¢ can be obtained from (1). Usingy = ¢ ¢~ and
having V,; = (1/r) (0/89), eq. (1) becomes:

k? n? 2ne* e*
- = [‘}7 A <7> Ag] v.

rhic ¢

This relation can be written in the more compact form:

k? n
1—2(1—45)—

B £ 2
e Ae(")]
_r  fe

or, analogously,
¢2 = 1 —_— az’ (17)

where the spatially varying terms have been properly averaged so as to satisfy the
imposed condition, valid in the limit d < &, that ¢ is spatially constant. Conse-
quently, a is defined as:

2 _ (2N 5 fen \?
a —(khc) <(A(:) e*r> > (18)

while the average value of an operator S is defined as:

vytd

Sy = ———s J rS(r) dr. (19)
r - Fy

We shall not show in detail the calculations made for the explicit dependence of ¢
on the external magnetic field and on n. We wish to point out, however, that in
accordance with what has been mentioned in the introduction, there have been
found, and then eliminated, some errors in the development of formulas reported
by other researchers. Furthermore, the validity of some approximations has been
re-analyzed. Therefore, our expressions will be different in some cases from those
previously known. On the other hand, this permits a more consistent treatment of
the correlation between the quantized paramagnetic current and the order para-
meter. .
In the limit d € 4, A <€ r ¢, eq. (11) becomes:

10 = e (L) [t = = (o + 225

2
Te¥ry

rg?
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with
h _ e*nriHo . TCriHO
0 = =
he Po
and
,})2 = rld/z‘za

where H, is the external magnetic field. With the same limitations as used in (20),
the explicit expression of ¢2 is given by:

2___3’2 1 _2_1___9'_222
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Let us note that (21), despite the limiting conditions with which it has been de-
duced, can be used for the calculation of the critical field (that is, the field for which
the value of the local maximum of ¢?2 is zero). This gives the same result as in the
case of the simply connected thin film. In fig. 2 is shown a graph of ¢2 given by
eq. (21) as a function of 4, and for different values of n. The values of the para-
meters which appear in (21) are, respectively, r; = 7.5 x 10® A, d = 500 A, and
y*> = 0.53 where we have considered aluminium for which A = 2660 A for
T/T, = 0.97, 2:(0) = 157 A, and &, = 16.000 A. The effects of the mean free path
(I = d) on A have been taken into account through the usual expression A
=4 (1 + &o/D"*

* With the further limiting conditions that (hy — ) < 1, (y2ud/r;) < 1, and putting $2 = 1
on the right-hand side of (21), one obtains a second approximation for ¢%:

2
$2 1 — <%> 1+ 3

1
2d 4 d* “ny?\?
X{(hg — >+ —hothg —m) + ——5 (ko + —) |. (22)
! ¥y 3 ri 2

Eq. (22) describes a set of ““parabolas” as,a function of /, and with » as a parameter. These curves
intersect each other and their maxima lie on a quadratic envelop given by the expression (23).
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Fig. 2. Oscillatory behaviour of the order parameter as a function of the reduced magnetic field.
For the actual values of the parameters see the text.

3. The correlation between the external magnetic field and the current density in a
hollow superconducting cylinder. The current density for a superconducting cyl-
inder can be derived immediately from eq. (2) (the second Ginzburg-Landau
equation) once ¢? is known. With some simplifying assumptions, namely d < r,
j(#) = j(r,), the magnetic field inside the hole of the cylinder constant and equal to
its value for r = r,, and the flux of the magnetic field through the walls negligible
with respect to the flux through the hole, one arrives at the following result:

4 | 1 1y 2 he
Ay (N gy, (24)
¢ mrid \1 + 3v*¢?) e*

On the other hand, if one employs this procedure and uses (21) for ¢?, a physically
absurd result is obtained. We find, as expected; that j is a periodic function of %,
with the successive periodicities corresponding to various values of n. However, we
also find that j shows an envelope curve increasing with applied magnetic field. The
origin of this absurdity comes from the fact that the expressions (21) and (24), for
¢? and j, respectively, have been deduced with certain approximations. Even if these
approximations don’t contradict each other, they contain an unavoidable arbitrari-
ness and therefore may influence expressions (21) and (24) in a different manner. Fur-
thermore, we can see that the absurd resultis caused analytically by thefactthatinthe
expressions of ¢? and of j as a function of 4, , the local maxima of ¢? corresponding
to the various n do not lie at the same field values as the zero values of j. Conse-
quently, we tried to eliminate some of the approximations made; in particular, we did
not require that j=j(r,) = constantin the entire thickness of the cylinder. Rather, we



544 K. BAKER ET AL,

imposed the condition that in correspondence to the values of 4, for which ¢ has
a local maximum, the distribution of supercurrents in the cylinder wall be such as
to minimize the associated kinetic energy. Without presenting all the details, let us
mention that even in this case we found some physical incongruities. In fact, there
is an asymmetry in the dependence of j on # such that the positive maximum values
of j are smaller in absolute value than the corresponding negative ones, despite the
fact that they occur at lower fields. At this point, we changed the scheme of cal-
culation adopting the following procedure. We first introduced a position-depen-
dent current density starting directly from the expression which gives the quantiza-
tion of the fluxoid:

@ = [H-ndS + c§Aj-dl = ng,, (25)

where A = m/[ne*? and ¢, = hc/e*. From (25) it is possible to obtain for a cylin-
drical geometry

jr) = [npo — (], (26)

ed 2nr
with

p(r) = fH(r’) r'dr'.
0

If we new put into (26) A = 4nA/e*$? (a relation which is derived immediately
from the definition of 1 in the Ginzburg-Landau theory where the density of super-
electrons in a magnetic field is n, = ¢? [y (T, 0)|%), we then obtain:

2

jr) = E%; (90 — o(r)]. @7

Obviously for (27) to be used in practice, we must know the distribution of the
magnetic field on the inside and in the wall of the cylinder. Adopting then the same
approximations with which we obtained (24), we find for j the following expression :

_ 9o ¢?
8m2A%r, 1 + 4y

J (n — hy). (28)

Eq. (28) is quite similar to (24) reported above mainly with respect to the de-
pendence of j on ¢?2. It is obvious that we cannot introduce the expression (21) for
¢? into (28) without running into the difficulties mentioned before.

Now it is useful to remember that problems in correlating ¢2 and j arose analyt-
ically from the fact that the local maxima of ¢2 were at values of 4, different from
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those for which j was zero. On the other hand, from a physical point of view it is
reasonable, at least for small values of %, and n, that the correlation between ¢?
and j be such that the local maxima of ¢ occur at the same values of 4, for which j
is locally zero. With regard to this point, we should recall that the presence of a
superconducting current different from zero increases the free energy of the super-
conductor towards the value which characterizes the normal state. According to
this criterium, then, we have modified the expression for j simply by imposing the
condition that the local maxima of ¢? occur for those values of %, for which j is
locally zero. Analytically such modification has been accomplished by transforming
the factor (n — ho) that appears in (28) into (bn — ho), where b is a number near
but less than 1. The analytic expression of b is the following:

_ 2 + (@lr) + 5dlr) y? + 5@rD) v + g5 (@) »* _
2+ Bdfr) + 3 dr)y* + 5@2[r3) + 9> (@*rD) + 15 @D y*

(29)

Using the parameters already employed in the calculation of ¢2, of which the
graph is shown in fig. 2, we found » = 0.93. Finally the expression for j becomes:

_ %P ¢?
8x20%r, [1 + 3%7]

J (bn — ho). (30)

Yrn arbitrary units
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0.14-
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Fig. 3. Oscillatory behaviour of the superconducting current density as a function of the reduced
magnetic field.
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The dependence that one obtains for j as a function of /4 and »n by substituting the
expression (21) for ¢? into (30) is perfectly consistent from a physical point of
view. Fig. 3 shows the graph of such an expression with the values of the para-
meters used previously.

Before concluding this paragraph, we wish to mention that, although the adopted
procedure gives results which are physically consistent, it is subject to the reserva-
tion that it has been introduced a posteriori in the equations. But we recall that the
Ginzburg-Landau equations, the starting point of all our arguments, cannot be
resolved in practice without introducing suitable approximations which can easily
give rise to the analytical anomalies between the expressions (21) of ¢? and (25) of j.

It is worth mentioning, finally, that our assumptions are partially confirmed by
the fact that the critical field for the cylinder can be obtained by calculating the
magnetic field for which the value of the local maximum of j is zero. This value of
H, is again the same as the one deduced from the usual expression for the critical
field of thin'films.

4. The correlation between the magnetic field and the zero-bias conductivity of
tunnel junction for a superconducting cylinder. We consider now the case of a tunnel
junction of the S-I-N type where one of the electrodes has the form of a super-
conducting cylinder. Fig. 4 illustrates schematically the experimental situation we
shall examine. Precisely, we want to determine the dependence of the initial con-
ductivity

w-[(&)J(%).]..

of a tunnel junction in the external magnetic field, taking inte account the effects
introduced by the quantization of the fluxoid due to the multiply connected geo-
metry.

Superconducting
cylinder

Tnsuleting loyer

Normal metal

To detection a/’/:éns?‘u;;

Fig. 4. Schematic drawing of a tunnel junction suitable for an experiment with a multiply
connected superconductor.
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First we recall how ¢(0) depends on the current flowing in the superconducting
part of a tunnel junction in the case of a simply connected geometry”). As it is
known, the effect of such a current can be introduced by treating the current as one
of the many depairing factors which can exist in a superconductor. The results of
the theory are not expressible in analytically simple terms (for more details on this
point see ref. 7), but it is possible to compute numerically the dependence of ¢(0)
on the ratio j[ju... Such a dependence reflects the modifications induced on the
state density and on the excitation gap by the.superconducting current. Further-
more, we recall that the presence of the depairing factor can be described by a

parameter Z that, in our case, is linked implicitly to the supercurrent by the rela-
tion:

Jlimsx = 0.947Z (s — $2°7%) exp (— §xZ2) @31)

valid in the limit Z < 13). Also, the structure of the theory such that when there
are several depairing factors present in the superconductor, their total effect is
taken into account by introducing a parameter Z,,, which is equal to the sum of the
single parameters due to the various depairing agents. Returning now to the cal-
culation of ¢(0) as a function of 4 for the case of a superconducting cylinder, it is
reasonable to think that there are two depairing factors present: one due to the
persistent paramagnetic current associated with the successive values of , and the
other due to the external magnetic field. We notice that the expression (30) for j
represents the total current density (paramagnetic + diamagnetic), and so it is
perfectly consistent that this current goes periodically to zero with increasing 4. It
is practically impossible to extract from (30) the only paramagnetic contribation
since ¢2, too, depends both on n and on 4. As a reasonable approximation, which
is certainly valid for low fields and for very thin wall thickness (which means we
can neglect the diamagnetic contribution), we have assumed that (30) describes the
only paramagnetic current. The parameter Z,,, then becomes:

Ztot = Zj -+ Zh: (32)

where Z; is given by an expression analogous to (31) in which jn,, assumes suc-
cessively the values of the local maxima of } corresponding to various n, while Z,,
takes into account the depairing action of the external magnetic field and is given
by the expression®):

hihe = J2 Z3* exp (—47Z3'%) (33)
which is also valid for Z;, < 1.

We want to point out that the situation we are considering is rather unusual in
the study of depairing phenomena, for we have the superposition of two factors:
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one that increases in a monotonic manner, as well as one that oscillates and period-
ically goes to zero. This behaviour of the depairing factors is peculiar to the
problem we are treating and is a consequence of the multiply connected geometry.

Inserting now the parameter (32) into the various equations that appear in the
depairing theory and following the same procedure used in other cases, we have
computed numerically the dependence of ¢(0) on 4, thus obtaining the graph illus-
trated in fig. 5. As one can see, 0(0) has an oscillatory dependence with successive
minima lying on an increasing envelope that reaches the value ¢(0) = 1 (cor-
responding to the situation when the junction is completely in the normal state)
just when 42 = A,.

A6 in arbitrary units

14

0.85;

09 , , . , .
1 2 3 A

Fig. 5. Oscillatory behaviour of the zero-bias conductivity as a function of the reduced magnetic
field for the situation shown in fig. 4.

It is possible at this point to summarize graphically our results by making a
three-dimensional representation of the following quantities: temperature, applied
magnetic field, and initial tunnel resistance for an S-I-N junction (fig. 6). Clearly in
the H, T plane one finds the well-known curve showing the periodic dependence of
T, on H.. Furthermore, if one considers the intersection of an isothermal plane
(that is, a plane parallel to the H, g, axes), for a temperature near T,, with the
three-dimensional surface, one observes the oscillatory dependence of g, on H
which is practically the same as that reported in fig. 5. As T decreases, the separa-
tion between the various periodicities tends to disappear, mainly due to the fact
that the parameter 2, depending on the temperature through 7, increases to values
greater than 1. Therefore (see ref. 1) this implies that all of the oscillatory parts of
the various quantities we have examined (¢?, j, and g,) gradually overlap.
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\
3 N\

Fig- 6. Qualitative three-dimensional representation of the zero-bias tunnel resistivity as a func-
tion of the temperature and magnetic field.
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