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AE%STRACT,‘»

| ee™ annihilation into multihadrons is investigated through the

- energy-momentum conservation sum rules, Canonical scaling results

for total cross-section and %Tl’ .-sz are obtained and new scaling results
for 2-particle inclusive processes are derived, The high energy behaviour
of "che multiplicities is discussed in terms of the correlation functions, in
analogy with the purely hadronic case, A sum rule is obtained connecting
single and double pion production,

Finally, in a self-consistent way, using FESR and EVMD model
we estimate phenomenologically the pion form factor and structure func-
tion, A striking prediction is that near x =21, pion structure function
Fg(x) may be an order of magnitude or more larger than that of the

proton,
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INTRODUCTION., -

Colliding beam inclusive processes have received much atten
tion theoretically in the past few years in hopeful.expectation of expe-
rimental results to follow shortly, In this work, we analyze n-particle

inclusive process

e e —»?(qQ)->1+,..... +tn+ X,

first via the energy-momentum sum rules, A brief account of such an
application may be found in ref, (1), This enables us to shed some
light on general grounds about scaling properties o‘f multi-hadron ‘prg_
duction. processes, the question of multiplicities and correlations,

We check explicitly that canonical scaling for total cross-section and
single hadron production follows and then obtain the precise scaling
behaviour of individual amplitudes related to the two-particle produc-
tion processes, We also find that hadronic multiplicities tend to a
finite limit at infinite energies, a result repeatedly obtained in va-
rious models(z’ 3’4), We then derive a sum rule which, e.g., relates
7t structure function to an integral over the difference of (&t w-)
and (ﬂ'+ﬂ+). 2-particle inclusive structure functions. In the last
section we estimate the pion form factor and structure function phe
nomenologically using Bloom.~Gilm.an(5) type FESR arguments and

an extended vector meson dominance (EVMD) model, which has been

(6,7)

shown to be consistent with scaling in ete™ and deep-inelastic
scattering. The analysis is in rough agreement with the data where

available and is self-consistent. A striking result is that the pion &

structure function near x<1 ("elastic' limit) may be at least an

order of magnitude larger than that for the proton.

-



I, - KINEMATICS, -
Consider the inclusive e’ e’ process for the production of n

hadrons, in the one-photon approximation:

(1.1) e (i, )+ e (k) s 7 (@)~ hlk; )+ hily)+. . . +h(k )+ X
Neglecting the electron mass, the differential cross-section

can be written as

(n) - d(f(n) _ (2 n)zaz uv _(n)
(1.2) P =y = ;LU H
-— l) .

where qz=s, L*” is the leptonic tensor obtained by summing over

their spins,

wy ov, B ;w:]
(1.3) N St S P

(n)

and Hp, y is the lhadronic tensor, which for identical hadrons (called mw's)

reads as follows:

L0 1 1 4 4
: HI‘J’V“ n 3n 2 mt! (27)" 6 (q‘lil_kz_'”_knﬂpm) d(ym
(1. 4) 2 (2m) m
@!Julkl..,.kn;m><k1.,..kn;muv;0>,
,Iere; 5
e S, m N dl, q. )
(1.5) df = 1T [—*'—31 O],
N i=1 4+ (24) Zqi

-

is the m-particle phase space.: -

The extension of (1,4) for several species is clear and shall
p

be discussed later,
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The scaling variables are x; = , which in the ete™ CM

2E:
1

frame (''photon'' rest frame) is simply =—x=. Hence x; tells us

S
about the fraction of energy carried off by the it hadron in the "de
cay' of a 'photon'' at rest,

sSince we will need later explicit expressions for the total
cross-section, single and double inclusive cross-sections in terms

of the scalar invariants, we write them down below.

tot
ete- \
This is obtained when we sum over all the produced hadrons.

i) Total cross-section o (s): n=0, -

(o)

Hy » (q) is proportional to the photon 'propagator' and we normalize

it as follows:

(o) ~ q#gy_ s .
(1.6) Hyy (@)= (- gy + =) (z2)D_(s).
Then,
(1.7) tot ¢ >——‘5~”’~»—"—‘—2—D (s)
: ete- 3s o)

This normalization is chosen because it yields D,(s)=1 for
the production of an "elementary' spin 1/2 object of charge 1, Thus,
in the quark model DO(S) simply counts the sum of the squared char

ges of the quarks.

ii) Single inclusive cross section f(]'):n==1,—

1
The tensor H,Sm); (q, kl) is related in the following way to the

usual scaling functions E'_‘l and f‘2(8)£

-

| AQud, _
(1) "?{(‘gpvv*"hj“)l? (s,x,) +

(1.8) H,,

(a, k) =

ya L
(20 2 S 1 1



(1.8) + (e )k, - q,)F

Then, the single inclusive differential cross-section may be

written as

(1.9)

aot 2
1 2x

1 2 2, 2. =
dxldzl - “e ‘4‘“ /s 2F + (X -4 p” ) (1- Zl)FZ}’

where @ is the pion mass and Z, 1s the cosine of the angle made by

the pion with respect to the eter beam,

(2)

iii) Double inclusive cross-section f7':n=2, -

(2)

The tensor Hp«w (a, kl,kz) may be decomposed using four gau-

ge-invariant tensors that are available:

(2) . A9y 1 13 1
Huw (9. 1y, kg )= Spv™ g )Gf,,vz (kl/f s ) v~ s )G
1 Ky Ph
(1.10) +;—2-(k2“~—-“ dpl)ky, - = q, )G,
1 k]q k_q kzq k]q
_____ _;:__ == +{ - o ot
5 5 Ly~ e )y 2y b, -2 g - a) e,
The invariants G,,G.,,Ge and G depend upon 4 Lorentz sca-
brras s 270 Me o 9 2k, d
lars, which may be chosen to be s, X = TS s X9 =T s2 and the

.. .. 2, 2
"missing-mass" variable, M_ ={q-k -1{2) )

In terms of G's we can write down the double differential Cross-
-section using egs, (1 2),(1.3) and (1.10), We will only need partially

integrated cross-sections for later purposes:

d6 (2) 2 p— e - f

(o4 ' 2 2 2 N
1.11) — = % _ B - . T
( ) dx dx,dz  3s VX -EE T s x4t s L3§.1+_Y_‘2+Y3+ fxé_\g



A M
where z = cos (k1 . !%52) and we have defined Y{s as follows :
2
1 4 1 v, 2 2 -1
G5 (Y 5 Gt : 5 gp ASRE VAR
(2m) ) (2w) s
(1,12) (i=2,3)
1 1692
Gy = 3 5 g Ly
) (2m) 1— /& X2w4p. /S

Yi's are dimensionless and will turn out to "scale", ie, become in-

dependent of s for large s and fixed X5 X5, 7,

We can also define the "correlation tensors" as :

(2)

0.13) | m - 71
Y

(1) (2 )
(q, kl:kz) T }J»Ar k ) H (q: 2) + C (q; ) 3

2

where T “§~ aﬂ H B (q) is essentially the trace of n=0 (total) H-func
tion, With this definition it can be easily checked that

(1.14) da(z) ~ 1 ( do(l) ) ( dtJ(l) )
dxldzldxzdz2 O_fot dxldz1 dxzdzz
d Gg))rr
+ (== ; )
dxldzldxzdzz

2 . .
..where the "correlated" part of the cross-section ( 0( ) ) is obtained
p "

through eqi, (1. 2) with H(zqg replaced by C (2)
v
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2.- ENERGY-MOMENTUM CONSTRAINTS ON SCALING AND MULTI-
PLICITIES. - ’
These are obtained most simply from eq. (1.4) by using the

identity of particles on the right hand side of that equation., Thus, we

have
a_ (n) 1 1 a 4
—k "k k M | e —_—
(q 1 2 n) Hpbv(q’kl k) n 3n x m'! 1+1(2n) X
2 (2m) m'
. - - = - _ i 1 1
,M},{O (q kl kn kn-l-l ')<0‘J#.’IK1 "kn’ kn+1,m S d & . X
(1)
d3x
. +1.. a . (n+1) J
k ...k .k _:m' v d® = (B _ k.. k Lk
x € J&1 n’ kn+l,miJle, d n+1 ( E ) nt+l THhw (a; 1" n” n+l’

nt+i

For many types of particles, one simply sums over all ty-
pes on the right hand side of (2,1). Let ys explore (2.1) for n=0, 1

and 2 in some detail,

i) n=0:
This relates the total cross-section to the single inclusive

cross-section, In terms of the scaling quantities, Do(s), }?‘1 and F s

we obtain through (1.6),(1.8) and (2.1):



+ ——(k _'MqM)( “—‘—"qv)F

2 k4 , kyq =
x.8 14 s s 2

~

As shown in ref, (1), (2,3) then leads to scaling of F priov.mi

1,2
ded i) Do(s) scales (ie. the total cross-section ~ 1/s) and ii) F;'s have
a uniform asymptotic behaviour (for details see ref; (1)).

The hadronic multiplicity is defined as

1 2
(2.4) ¢n(s)y=—>— f dx Vx2-4p?/s LoF +~L( 2405
4D (s) 2#/\/%» 1 1 1 3x 1 2

It is clear that Frx12 cand Fax o %
18 clear a l’wxl an 2"\!X1

(afl) apethe highest (po
wer) singularities allowed as x;-30, otherwise (2.3) would fail to con-
verge, In this case¢ n‘>N(g."'§’)a ({ny~Ins fora =0) as s approaches

infinity. We shall returng to the question of multiplicities later.

ii) n=1:

Now we obtain a relationship between —}51,%2 and the Y!s belon

ging to two-particle production cross-section. There emerge 5 rela-

tions:
X x -4 0" /s ) .
e L=, 0 =1 1/2[
T € B B e — - ‘
( 5 ){'Fl o, FZ] 5 [dx b (x 4 p /s J dz x
(2. 5a)

v i }
i + + z2°Y,. Y
X Yl Y2 Z o + z 45 .



e xl-au? s

Vgt S[EF1+~—‘5‘>::_~MF2] faxgigan?ie fane x
(2. 5b) :

g; - 2 %
+ +z + z
X{LY]L Y2 Z Y3 ZY4 s

N it [2 2
2(1- )[3F1+—~°2—*———-—F fdx X x2—4ll« /s fdz WX

(2. 5¢)
X{SYI + Y2 + Y3 + ZY4}
T Xl"‘“’b “ls_ 9 ¢ 2 o
\gf}; 4w /s [3P1+—§;~1— ‘‘‘‘‘ Fz /}dxz(x2~4:l/« /s)j dz z x
(2. 5d)

x +Y, +Y, +
x{3Y1 Y, +Y, zY4} ,

X -4 4 7
W\’FALM /S{F —!—-*-—;“—/3142:! ) dx (X ~4Hf [s )(dz X

1
o

1 2 ‘
Y, +zY, +2Y, + = 2%)Y
x{z 1 TEY, Tz 3+2(1+.4) 4}

Eqgs. (2. 5) then tell us that the scaling of 1?‘1 and FZ implies
that Yis scale as well (ie become independent of s for large s and
fixed X1, Xg and z) under assumptions of uniform asymptotic behavi
our-similar to those employed in the earlier sector,

We can go further to put some constraints on the multiplici
ties, Using eqgs, (2.5d) in conjunction with (1.11), we can rewrite

eq«. (2.4) in the following symmetric form:

> dx dx o

; ~ 3s 1 2 2 2
{ nfshy= 2 (4 Bt 2 e §<X1'4” /s)+

(dma™)D (s) ¥ yx -487[s  Vx-407 /sl

(2.6) - o] 1 2 .
(2)
2 442 -1 o do T
x4 /s)j( 2)}dzz(dx o ) ‘
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Actually in eqn, (2. 6) only the correlated part of the cross-section

(2)

('Gcorr‘) is left upon integration over z, Thus, the behaviour of <n(s)>

is directly . tied to the behaviour of (d 0(2)
corr
For purely hadronic case it is found phenomenologically (as well as:

12
in the Regge model) that the normalized correlation functions p- (

)/(dxldxzdz) .

Yy yz)
behaves as

€ 1 \1/¢

plz(y v )~ e
) "2 S12

where the correlation length { is approximately two, While this result
. is an asymptotic one valid for large rapidity differenges it seems howe-
ver to werk well also for small rapidity differenees(g).

In our case we can catalog the behaviour of <n(s)> by assuming for

the correlation functions a similar form

(2)
do 1
( 3 3 corr ~ I 9 2 2 2 Qa
d k; d k2;_ (xlxz -z VX]L -4y /SVX2—4|J, /s)
E1 EZ

where g is an undetermined constant,

One easily finds that for

a =2 | n(s)> ~ Vs
a =1 <n(s)> ~ 1Ins
a <1 <n(s)> finite,

Thus if an analogy with strong interactions holds then a is equal o
1/¢ = 1/2, in which case the mmltiplicities will be finite, Conversely to
obtain growing < n(s)>> one has to invoke correlations which behave

much more violently than in hadronic interactions,
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3.~ A SIMPLE CHARGE SUM RULE, -
Relations analogous to (2,1)hold for any additive quantum num

ber; , e.g. charge, strangeness, beryon number. We have

k
1[1']_) B . (_- n+l
(Owelwez_'a'“en)H‘le (q‘zlql"°"kn)‘ Z ., @‘Iﬂ‘l‘; ( E -"l )X
(3.1) n+l - "
+
xunL) Kook ),

where e stands for the generalized "charge'. Let us consider in de-

tail eq. (3.1) for n=0 and n=1,

This is almost trivial, since it simply states that

(h)

3 (h)
(3.2) H iy

Pw(q;k) = H

(a:k),
where h denotes the antiparticle of h,

ii) n=1:
This sector leads us to an interesting sum rule on particle

productl(on First, we notice that any two-particle production func -
hy, hy)
tion, I'M Z(q kl, 2), satisfies the relation

X
(hy, hy)

(h,, hs)
1°7°2
o x5y

(3.3) Byl

(q;kl, ké) = H

where h; is ''neutral' and h¥ is the "charge conjugate” to h,.

2
Examples:
R I C A s I AR S I A S
X7 wv ’ wy T Muw ’
-+ Fonn -
I K
ulk Pl gl p) e

p p 2%
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Consider now ™ production, Eq. (3.1) reads:

} 3 +
("), . @k (ot )
(3. 4) B, k) = 3 e [(FHy,

(q: k, k").
H’ h' h‘ﬂ’ }11' q

The sum on the right simplifies considerably, since the contri
bution from strangeness and baryon number carryirg h's cancel in

pair upon using eq. (3.3), Thus, (3.4) reduces to:

a7t ' +pt ,
(3. 5) Hiffj Nq:k) f de‘ [H k,k‘)»—H‘fZ:) i )(q;k,;{')}

This is the sum rule, which for the general case reads:

3 .
m), . fd k' (hh), . (nh),

provided h is not completely neutral (e.g. w© or 7 °),

By defining the "correlation functions'' as- before

(3.7) e, et 0= B0 18 @rnse B g 10,
we: find that
8 - -
h d k! (hh
g e @e=f G [ B -0 B g |

It is amusing 7 to notice that an integrated version of (3,8) im-

plies that

(3.9) N gBh)_, (hh) , .

where N's stand for the average number of particles produced per

collision. The factor of 2 in the last term arises due to the identity of

particles,
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4. - ESTIMATES OF Fn(s) AND F;n)(x) FROM FESR AND EVMD, -
We devote this section to making some estimates about the

pion form factor Fg (s) and the pion structure function F(zﬂ)(x), u-

sing various model-dependent inputs, and finite energy sum rules.

We accept the usual arguments(g)' which imply, that

(4.1) Fl ) o Cpp(1-x)2

X~31
where C, is a constant which we try to estimate below using Bloom-

-Gilman type FESR., The latfer  implies that for large:s, |

M2

1 '} 2 | 1 scali
(4.2) —j dM~ F_(x,s) =~ f pocaing (x)dx
S 5 x 2 2
w %0

Sial
T - :

where x:o; ‘1'_—('1\/[(?)': ,u,z)/s and M is some fixed mass., Saturating

(4.2) with the elastic term alone, we obtain that

9 2
M2 3 ¢ m_ 3
2 Ca o T, 0
| P e NT““ A
(4.3) T )"~ Sy Ity

where we have set M~ my, which seems quite reasonable as it cor
responds to a 3 final state withimiﬂ?f‘xﬁ ng
| Now we obtain the large s behaviour of I'g (s) using a sca-

ling model of electromagnetic interactions in which the photon is cou
pled to a continuum of hadronic states: This model has been shown(7)
to be successful in describing the main features of different proces-
ses involyving photons over a wide range of the mass q2.

The process under consideration is then visualized as the pro

duction of an infinite string of vector mesons, V,,  which then decay

into T ~, (See Fig. 1), So,we have for the form factor
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© mIl 1 N ® 1
= e + = + °
(4. 4) Fopls)= 2 I 5 8. o 2 :-Z = 3t23
n=0 'n (r-s—m.n)~l—11’nn Pn n=0 n=N+1

The term having (1/s) behavious coming from 3 is asympto-
tically cancelled by the continuum if we are to obtain (1/8)3/2 be-
havious as required by our threshold condition (4.71). Furthermore
2 is evaluated by fitting the low energy experimental data on F(s)
(Orsay, Novosibirsk and Frascati), while ' is to evaluated by appea
ling to asymptotic considerations. |
(7)

In the earlier work to obtain scaling it was shown that (for

large n):

2 2 By Mo I'y
(4.5) m =m, (1+2n), ——=constant=b= s =constant = ¥
n 0 fh fg m

Under these hypothesis, from ¥ 'm(%)g/2 it follows:

Lol a 1
4. 6 ) o~ ———
(4.6) gnawv g 2
n
and therefore
2
I m 4
7 -4
(4.7) DEE on e ()
n m
n

The 3 ' sum can be transformed into an integral form:

9 mg 3/2 00 d

(4.8) E':F- (—S“—) g [ % g
e Yo ¥ [1~y(1~ir)]
2 , .

m
where yo=-§——(1+ 2(N+1)). The integral (4. 8) diverges at the lower

limit, giving rise to a term ~ 1/s, We finally obtain: .

~
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m® 3/2 o 1/4 '
(4.9) Z'(S)‘zgp‘g‘ (“*Q‘) { ?..*-717(14- )’2) (singo-kicos(}?)}
my s Vo

) l _1 2
where @ Y taig 'y and ¥ {4 1..
The coupling constant g is determined through 3, which has

(x)

been evaluated taking into account of o (760), g'(léSO) and

0'(1600). The parameters used were:
N 2, . . .. (10) ) .
21) Fn(smmg) is from Orsay fit , which includes g - ®

' g
| interference. Consistently with the data, —S%% ~1 9

fo
whe gg’ﬂm
(4.10) +i1) 1 e'(1250) FQ,':::O.ISO GeV; —FT~ -0, 05
' e
g
iii)  0'"(1600) I' ,,~0.350GeV: S LA
B Q fQH
The signs in ii) and iii) have been chosen to agree

with the experimental data which lie above the 0 tail. The fit to
the cross sections from colliding beams is shown in Fig. 2, The Fra
scati data includes kaon production as well, thus making any com-
parison of our formulae with the higher energy data doubtful, An
estimate of kaon production which includes only the contribution of
the ¢,® and @ tails is also shown in that figure,

Using (4.4) and (4.10) we obtain for large s

2

m

(4.11) E(S)“ﬁ_(—*“s“*) (0.7),

(x) - The implications of the existence of a 0'(1250) meson are di-

scussed in ref, (7). ' v

)
/
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Using eqgs. (4.9) and (4.11), we find that the (1/s) term of Fg(s) can- ’
cels, if f%g = -0,93. We finally obtain
0
mg 3/2
(4.12) el a3 ()
s large

. As a consistency check, we find that the above parametrization
gives for F, at s=0
2 g

(4.13) Fpp (s=0)2¢ 2
n

nawgy g © 1
o 3
o ro V2 n=3 nd/2

~1,05-0.05,

A

it

- consistent with 1,

Now we go back to relation (4. 3) and obtain for Cx
(4.14) CW“.:.“; 27.

It will be noticed that this coefficient (Cgy) is an order of
magnitude larger than the corresponding coefficient (Cp) for the pro

(11)

ton case obtained from SLAC in the space like region

3
F_ (x)ee C (x-1) , C =1.,274.
2p®)n € P

We may carry this analysis a step further and obtain an esti
mate of pion multiplicity e.g., if we assume an explicit form for
FZ(X) for all x(0<¢ x<{1).

We choose the simplest form consistént with its behaviour

near x -»1 . which gudrantees . a finite multiplicity. We choose then
" v 2

(4.15) ’ F,(x)=Cg (1/x-1)

Then, ’

. C
1 do 0o fi1 .
+ = X = ~ (06.9-1),
A ng > G jdx dx o 3 (0.9 ) .
tot [
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. . 12
where we have used the experimental mdlcatlon( 2) that Gtot ol

r~ (2-2.5) @i - I we further assume that the number of char-

ged k's is Eoﬁg.@l equal to that of charged g 's, then we obtain

charged
<ny ~ 4,

. < 2 1
which agrees rather well with Jf‘esults(1 +13) from Adone and at

chargedN 4.5+1

i

high‘ef energies at CEA (2E=4 GeV), ¢ n»
Also; the energy-momentum sum rule is approximately sati-

sfied:

22-;;1‘- > de(da
T n°

where we have assumed i) equal contributions from each member
of the pseudoscalar octet and ii) baryon contribution to be much smal
ler,
Thus, surprisingly anough, the above simple parametrization
' seems to agree rather well with the data when available and is mo-
reover self—consistent, which makes us believe that it may provide

a good first approximation

9.~ CONCLUSIONS. -

In this paper, we have investigated eve~ annihilation into ha-

drons using the constraints derivable from the conservation laws,

We were also able to relate,

€. 8., single charged pion structure functions to an integral (over mo
. + - . y .

mentum) of the difference between @' 7w~ gnd vt gt production struc

ture functions, This may be of some use in constraining models of

multipion production, Lastly, we have estimated sem'i—phenomenolog_i
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cally the form factor and the structure function for the pion using
FESR and EVMD. A self-consistent approximation scheme seems to
emerge, The surprising result (to us, at least) is'that near x=~1
the pion structure function may be an order of magnitude (or more)
larger than the proton one, This result is certainly strange when
viewed as a statement about the ratio of m over p Compton cross-
-section (for large photon mass). A naive analogy from hadronic to
tal cross-section would yield a ratio 2 :3 instead, However, if one
views (near the "elastic" limit x<1) this ratio as some 'zero fre-
quency' limit, then the Thompson ratio =m? :m,z,;ag, 50 :1, is not un
reasonably far from our estimate, Clearly thpe, this ratio is a cru-

cial number about which experimental data is sorely needed,
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