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.- INTRODUCTION, -

Since the discovery of scaling behaviour in deep-inelastic elec
troproduction(1), quite a lot of theoretical investigations have been devo
ted to the study of the origin of this phenomenon,

Various models, such as parton model, have been invented,
that give a partially satisfactory (or unsatisfactory) explanations of ex
perimental results: but the more important achievement which emerges
is the emphasis that has been put on fundamental properties of field theo
ry such as dJ.latatlon(2 -6) and confoxmal(S 9) invariance,

In the deep inelastic experiments, physics is tested at very high
energies, i.e, at short distances, where masses becorme negligible: so
the limiting theory we are interested in is a zero mass theory.

As a consequence, when masses become less and less important,
one is free to rescale the energy units in the matrix elements: this is the
content of the dilatation invarianc el2, 3). In a physical (massive) field
theory things are not so simple, and one has to invent quite sophisticated
methods to study the consequences of broken dilatations(4, 5),

A crucial concept related to dilatations is that of scale dimensions
of a field, a number that . only for a free field is the same as the naive
mass dimension: in general, whenever it can be defined, it specifies the-
transformation of the field under dilatations (see the appendix for mathe
matical details), Here it is worth noting that commutation relations being
non linear relations between operators can fix the scale dimension; in
particular canonical commutation relations put the (canonical) dimension
equal to the free one,

It is an important idea, due to Wilson(B), that the renormalization
procedure of any sensible field theory could eventually give an anomalous
part to the dimension of fields:this comes from the infinite strength re-
normalization, and is a parameter which is determined by the interaction
and in some sense characterizes the dynamics,

In a massless theory, apart from pathologies and with the cau-
tions we will discuss in the next Section, there are other transformations
that can be symmetries for the theory, namely the conformal transfor-
mations(6-9), Again, for an exact mathematical definition we refer to the
Appendix; it is however interesting to note that dilatations and conformal
transformations, together with Poincaré transformations, form the largest
group that leaves the light-cone invariant,

The full conformal group puts more restrictions on physical quan
tities, such as matrix elements and so on, than only dilatations, so one
can hope to derive much more informations on the structure of the theory
we are considering, And in fact this is the case: vacuum expectation va-
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lues are severely constrained ), and in some cases uniquely determined,
in terms of parameters such as anomalous dimensions and normalization
constants,

These quantitites are in principle fixed by the dynamics, so their
computation is in general impossible; but conformal invariance allows to
make statements also on these,

In fact it has been noted that the Bethe-Sapeter equations that
contain the dynamics become purely algebraic equations (at least in so-
me cases) in these parameters, Being non linear, one can hope that they
have at most a discrete set of solutions: this is the aim of the so called
bootstrap approach(ll‘m), where the name means that self-consistency
of the two sides of B.S. equations fixes the value of physical constants.

We have however to pay a very heavy price for thig, for, as soon
as we allow dimensions to be anomalous, we find that the LSZ limit no
longer exists: in fact we loose the particle descrlptrl,on\”}, and, since

scattering states are not present, also the S matrix cannot be defined.

In particular there is no hope of obtaining informations on the
matrix element

Lpl3, (x) 0, (0)]p>

which appears in deep inelastic scalttering.

One way for circumventing this difficulty is that of applying con
formal invariance to matrix elements of off-shell operators, such as the
electromagnetic currents in x%s yy (18) or ete s e+e"+anyi;hing<19)s

The other way out is to not consider conformal invariance for
the whole matrix elements, but only for products of operators and expan
ding the products in sums of local oper'ators(g’ 21-25) so obtaining confor
mal covariant operator products expansions which exibit many interesti?xg
properties,

All we have said for conformal invariance is implicitely assumed
to hold in a zero mass theory: however the relevance for the physical mass
ive theory can be examined at the same level as for dilatai;ions(8:9).

‘In the following Sections we will consider more in details these
aspects,

9. - CONFORMAL INVARIANCE AS AN ASYMPTOTIC SYMMETRY IN
QUANTUM FIELD THEORY. -

In the following Sections 3 and 4 a number of results will be de

rived by assuming the validity of Conformal Invariance right from the be
ginning,
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It is then necessary to justify the assumption, since it is easy
to check that dilatation (and also conformal) invariance cannot be valid
in the presence of masses: in fact, since (see Appendix)

(2.1) [p%, D] = 31 P

no mass eigenstates can exist in a dilatation invariant theory,

The problem then arises of understanding in what sense results
concerning an unrealistic invariant theory can reflect themselves in the
(massive) real-world physics, We want to present here only the relevant
results, without giving any derivation.

Consider a definite theory, e, g. the self-interacting g¢4 scalar
theory. Formal manipulations, namely the use of canonical commutation
relations for the interacting field, led to the proof that it is possible, at
least in not too complicate cases, to redefine the energy momentum ten
sor @, ~insuch a way that(27)

W
(2.2) D=J Do(x)d3x; K, = | Kou (x) d%x
and
- - Ao B4 2
(2.3) D, =x GML KM (2x“x g " x%)8,,

In order to generate a symmetry these currents have to be conserved
v A A
(2. 4) @ Ky, m2x,0 2% (9 D, )

so that in a conformally invariant theory the energy momentum tensor
has to be traceless,

At the same level one can show that

(2.5) 0," (x)~m? g2

so that in the naive Ward identities following from egs, (2.2) and (2. 3)
the Weinberg power counting argument enables us to neglect the "soft'
breaking term 2,5 at very short distances in the Euclidean region, The
behaviour of Green's functions is then fixed, in the same limit, to be



(2.6) G _(#x,,... a% )= <OJT [#(A5p). .. 60 ()]0 0y 4Gy x)

» 00 n 1 n

the dimensions of fields having their canonical value and all things beha
ving canonically.

Equation (2.6) should be valid order by order in perturbation
theory: it is however a well known fact that, on the contrary, logarithmic

terms appear that invalidate eq. (2.6) in every order of perturbation theo
ry(s‘s, 28)-

The reason of this clash is quite evident: the formal manipula-
tions used in deriving eq, (2.6) are valid only in view of the fact that the
theory has been cut off to eliminate divergences, Now, a cut-off is a large
mass, that largely breaks dilatation invariance,

So we do not expect that the renormalization procedure will main
tain the canonical dimensions of fields or that the naive Ward identities
continue to be wvalid.

‘ For dilatational invariance the new Ward identities havebeenfo
und®) by Callan{14) and Symanzik(‘l‘, 5).

o @ D
151[}{}1’/7;(?_ - (1+ Y (g))J '\OST ,«¢(Xl) ¢(Xn):! ’ 0)_:
(2.7) . (

where 6(x) which is a sort of effective breaking term

(2.8) 0(x) =-1(g) m? ¢ (x) - B (g) ¢*(x)

depends, through the functions y(g), B(g), n(g), on the detailed dynamics
of the theory.

If the r.h.s. of equation (2,7) would have been negligible at short
distances, then the anomalous dimension of § could have been defined as

(2.9) d=1+7(g)

(%) - Obviously this is the form of the naive W.,I. when B(g) = y(g)=
1(g) = -1 which would have been obtained by using formal manipula
tions,
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In general this is not the case, since 0(x) is quadrilinear in ¢
and then the Weinberg argument no longer holds,

If however the physical value of the coupling constant g were
at a zero of B(g) (perhaps for some self-consistency reason, as proposed
by Wilson(29 ), then the theory would asymptotically be dilatation invariant
with anomalous dimensions given by eq, (2.9)., This hypothesis turns out
to be too restrictive: we do not need to know if the real world is actually
sitting on a zero of B but simply that such a zero does exist(4. 5), even if
it is different from the actual value,

From the explicit solution of the Callan-Symanzik equation (2, 7)
it is then possible to see that inthis case the asymptotic form of G
approaches the solution of the homogeneous equation, which scales with
anomalous dimensions fixed by the position of the zero,

As a remark, we note that it is possible to ac:comoéate in this
scheme also ''dilatation multiplets'(23,30-32) a5 defined in the Appendix:
their Callan Symanszik equation becomes a matrix equation and, interestin
gly enough, allows for logarithmic terms in the solution, without destro-
ying the underlying dilatation invariance, The dynamical requirements
in order to have operators transforming in this way are, however, rather
obscure,

Coming back to the Callan Symanzik equation, it has been no-
ted(4“5) that in the presence of a zero of § its asymptotic form is iden-
tical to the equation derived by Gell-Mann and Low for the renormaliza-
tion group(32),

This in turn implies that the asymptotic deep Euclidean limit is
equivalent to the zero mass Gell-Mann Low limit (i.e. a zero mass limit
performed in the renormalization procedure in such a way that infrared
divergences are not introduced).

The way is now open to give meaning to asymptotic conformal
invariance: the reason why the formal argument leading from dilatation
to conformal symmetry can in principle not to be valid is that it is not
possible to exclude "a priori' that the relation (2.4) is modified by non-
-soft terms, i, e, terms containing the fourth power of the field,

This happeans to be exactly the case: but it has been proved by
Schroer(8) and later by Parisi(g), that one can identify 6(x) with 0 )’,‘W__i_
thout any extra term, and that the "true' Ward identities read

n
. A 20 ’ , -
3 [xipb(xj_ax{»l - T -2 7(@) | <OIT[90x)). .. glx ] 0> -

(2.10)
=2\ a*xx, QIT[dx ). g )0 (0] o)



So, asymptotic conformal invariance is regained in much the
same way as dilatation invariance is: namely only if a zero of B (g) exists,
the zero mass limit of the theory can be conformal invariant, In the follo
wing sections we will always make the more restrictive ‘hypothesis that
we are studying a theory exactly at the zero of f .

3. - SOME RESULTS FROM EXACT CONFORMAL INVARIANCE: WIGHTMAN
FUNCTIONS AND OPERATOR PRODUCTS, -

Consider now a zero mass (Gell-Mann Low) field theory in which
conformal invariance is a”''true' symmetry (i.e. B =0).

The transformation laws of fields are then determined, and this
puts many restrictions on the associated Green's functions(10),

An instructive example comes from the study of two point func-
tions (e.g., Wightman functions)

(3.1) 5o (x, y) = <0l g(x) f(7)|0> =G, (x-)

2 2

Simple algebra, using dilatation invariance, shows that

. -1
{3.2) c{ +18 X5-Y,)

-

_i
1
i
l

with ¢ an unspecified constant, and 1 the dimension of {.

When 1=1, the two point function is the free one, so the field
itself is free(33"‘ we are thus interested in examining the case in
which 141, The spectr‘um condition requires 1> 1: so, in all interesting
cases the matrix elements of fields decrease asymptotically (in the LSZ
sense) faster than the particle factors in the reduction formulas, and con
sequently particle interpretation is lost (infraparticle th@ory( 7) in the
language of Schroer).

Taking the discontinuity of G, we have the V.E.V. of the com
mutator, which, if dimensions are not integer, has the form

: - -1
(3.3) G (x-y)=c (J(X-y)2 €(x4-Yo) [(X—:y)zj

while it is proportional to derivatives of delta-functions when the dimen
sions are integer,

This fact exhibits the most serious difficulty coming from con
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formal invariance: in fact it is obvious that, if it a exists unitary opera
tor U(g) that represents conformal transformations g (which can mix spa
ce-like with time-like intervals) we can have, inthe commutator

(.47 vie) [0, 9] U™ (@) =506, 0508, ) [9e 0, g0 ]

a violation of causality, if 14 integer (i, e, the commutator has support
also inside th light cone),

The conclusion is that no unitary U(g) exists at least in a strict
sense; a more careful examination reveals that what is not left invariant
is the boundary (ieg) prescr‘ipt:ion(%), while the functional form of vacuum
expectation values is left invariant,

The concept of "weak conformal invariance' as proposed by Hor
tacsu, Schroer and Seiler has its basis from this circumstance. They pro
pose not to consider conformal transformations as a symmetry for opera
tors, but rather for Green's functions continued into the complex domain
of coordinates (e.g. by Wick rotation) where no causality problem arises,

The quantities defined in the pseudo-euclidean space-time are
then obtained as different boundary values of the above defined functions,

In the case of operator quantities one has to prove that the ap\pl_i‘
cation of conformal invariance does not lead to wrong conclusions, by ta
king the appropriate matrix elements: in this way one can prove, as we
shall see later on, that in fact the kind of invariance relevant for operator
products is the weak one(36).

With this in mind, we can proceed in the study of the two point
function, Since its functional form is completely determined by dilatation
invariance, the requirement of being also conformal covariant is either
identically verified, or it implies thatc =0,

A selection rule in fact can be shown to hold, namely that the
(conformal invariant) two-point function of every pair of operators is zero,
if they do not belong to the same representation of the conformal group(37, 38),

Translated for Lorentz tensors (i. e, symmetric and traceless)
this means that:

(3.5) <olo a...a (x) 0 g

LI n

Bm(o)]o> =0

if n¥m or L7,



The properties of two point functions are then completely speci
fied by conformal invariance, so also the currents conservation must be
implicit, whenever it is required by the theory. It is a simple matter
to prove that, in fact, the generalized conservation laws(36),

Ty 1 /‘
(3.6) ¢ {010 a...a

(x)O B 8 (y)hO} = 0
n

1..

n

hold, if and only if, the dimensions of the tensor operators are ''canoni
cal i, e,

L7 1 =2+
(3..7) N n

in other words the same dimensions as they have in a free field theory.

Conservation in the operator form then follows(z())
‘ ~ 1 B
(3.8) d 0O (x)=10

if the metric of the Hilbert space of the theory is positive definite; in
the following we will see the implications of this result.

The above relations are a particular case of a more general
statement that can be phrased in the following way: any n-point Green's
function that transformscovariantly under the conformal group, depends
on an arbitrary function(10) of n{n-3)/2 (if n 6) or 4n-15 variables of
the form

(3.9) w.=

The aforementioned selection rule is a particular case of this
result: in fact, for n=2, we have n(n-3)/2=-1, i.e, the function is over-
~-determined,

Analogous, and more stringent, conclusions can be stated for
fields belonging to "dilatation multiplets' from the study of their two point
functions. Even the definition of such fields in fact loses sense, if one
insists that the following conditions be verified: D\D> =0 and K \0} =0
and positivity in the Hilbert space, So one is led to the conclusion that
in this case conformal invariance is (possibly) realized in a spontaneously
broken way.

When n=3 (n(n-3)/2=0) the Green's function is completely deter-
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mined, apart from an arbitrary multiplicative constant: for scalar fields
we have, for example

-1/2

(3.10)  <0lgx )g(x,)dx)]0 ==c'[<x1-x2>2(x1-x3)2<x2-x3>2]

The four point function (n=4, n(n-3)/2=2) is fixed up to an arbi
trary function of two "harmonic ratios"

-1

where the variables 7 , ¢ are of the kind described above.

It is not possible to put further restrictions on F, unless one
makes some dynamical assumptions, i, e, one specifies better the model
one is considering, As an example we can consider the model proposed
by Migdal(38), in which the field ¢(x) is composed by n free fields

(3.11) gx)= 9 (x).... ¥ _(x)

and analytical continuation is performed in n; this model, which is inte
resting for other reasons, is trivial from this point of view; in that the
model is soluble and all the n-point functions are determined,

Another possible approach will be pointed out in the next Sec
tion: we emphasise that a conformally invariant four point function has
no clear cut relation with quantities such as for example the structure
functions in deep inelastic scattering, due to the lack of an LSZ particle
interpretation in all the physically interesting cases.

A bridge to this kind of applications is provided by the well-known
expansion(9, 39, 40) for the product of two or more local operators
2yx 1..x "o o (0)

(3.12) Ax)B(0) ~~ zec (x "
1. .o n

x*=>0 n

where the c¢-number funetions cn(xz) have singularities at short and
light-like distances governed by the dimensions of the fields

1
-—(1,+1_-1 4n)

2\ 2. . 2 A "B n
(3.13) cn(x )~an(x +ie x,)

Conformal invariance can then be required to hold on both sides
of eq. (3.12), so giving relations inside 'towers'' of operators forming an
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41,42)
irreducible representation of the conformal group( )3 i, e, an opera

tor O 4 a (x) transforming as in equation and its derivatives: at

Le- (+)(x)

the leading order in x2 these relations take the form

]_oacr n

1
Q Qa _ _
ABO)~vze (P)x L. .x ”J ar £l o, L (0w
n
(o]

(3.14)

a=~1~(1 -1

1
5 (1, +1n+n), b= > (1B—l

+1_-n)
n

B A

The expansion (3,14) automatically solves some problems left
open by eq, (3,12): for instance that of causality, in the sense that

(X-Z)2< 0

224 0

(3.15) AGIB(O0),c(e) |0 if

on both sides of the Wilson expansion: this is a dynamical requirement
for equation (3,12) while it is automatically verified for every n in the
conformal invariant expression,

Operator product expansions can also be derived that account
for conformal invariant relations between leading and non-leading terms
in x2: their derivation is very difficult, since one cannot use only the co
nformal algebra, but rather the action of finite transformations(44, 45)
or the 6-dimensional formalism(43). The two approaches have been pro-
ved to lead to equivalent results, at least in the Euclidean reg;ion(46); a
lot of care must be taken in order to translate these results into the or
dinary Minkowski space 41 .

: o) ;
The use one can make of these '"whole space' expansmns( ) is

(+) - The validity of the Wilson expansion has been proved also in the Cal
lan-Symanzik framework, if a zero of the ﬂ'(g') exists, Also the equa
tion (3.13) can be verified in this case, as a relation between leading
and next-to-leading terms (in x) when the short distance limit is
approached in the Euclidean region(z‘l: 25),

(x) - The cn(x—z_) have the form (3, 13), note that the constants an are not
specified by conformal invariance, ’

(o) - For the validity of these expansions we have to require that either
the physical world is at a zero of f(g) or that g(g)=0, which happens
to be the case in the two-dimensional Thirring model
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(37)

mainly related to the study of the structure of the four (and higher
order(48)) functions: the insertion of operator product expansions in V.E,V,'s
in fact allows one to reduce a higher order function to a sum of smaller
order ones, However the causality requirements are not easy to verify

for a ''whole space' expansion, so the best one can hope to prove is that

e, g. the four point function is causal(49),

An important feature one can easily check is that the invariance of
the operator product expansions is equivalent to the invariance of the two
resp, three point functions plus the selection rule{43,50). in this sense
Wilson expansions are ''weakly'' conformal invariant,

As a consequence normalization factors are connected each other:
for example, from eqgs. (3,2), (3.10) and (3.13) we obtain

c'=ca
o]
This fact is important for phenomenological applications, as the
se normalization factors can be possibly measured in experiments,

Let us illustrate this possibility by briefly describing the result
derived, in a slightly different framework, by Crewther(18) The use of
Wilson expansions for e, m. and axial currents

2 24 0. 2 4.-1
( | T(J‘w(x)Jv (0))=R(g'u‘vx -2, %, Mwx") +K S v o™ A (0)(Bm"x7)
3.16

T(A

) 2_ ; . . . N
H(O)Av (y))=R I(g‘umy 2y“ y, Y my™) (I is the identity operator)

and conformal invariance for the 3-point function allows one to write
the anomalous Adler's constant (which is fixed by PCAC and sy y
decay: S0, 5)

. 1 2 pvaBi 4 4 : ~A
(3.17)  S=-roa”e d"xd"yx, yp¢017, (93, (074, ()] 0>
as
(3.18) 35 =K R'

where K can be measured in polarized deep inelastic scattering and R!
is connected through asymptotic chiral invariance to the electron-positron
total cross section,

Similar relations can also be found for other off mass-shell pro
cesses(19), like e*e~~> ete +anything.
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Wilson expansion can also be used to transfer properties coming
from conformal invariance to on mass-shell matrix elements such as
the pion form factor(12, 51); unfortunately, application to the most intere
sting case, namely the deep inelastic electroproduction, is hopeless, sin
ce in the matrix, element between equal momentum states all the deriva
tive of operators disappear and an infinite sum over inequivalent repre-
sentations of the conformal group remains

‘ a a
(3.19)  <plJy, (x)J, (0)[p) = zcn(xzm’p\O LI a (0)]p) = x
x>0 n :

n

The observed scaling in deep inelastic experiments implies that
an infinite number of local tensors contribute with ''canonical dimension'
1,=2+n, so that

-1/2(15+1

(3.20) cn=an(x +18XO)

5~2)

Conformal invariance in turn implies that the operators are con
served, We have then this situation: dilatation invariance at short distan
ces implies conformal invariance - scaling plus conformal invariance con
strain the limiting (Gell-Mann Low) theory to posses an infinite number of
conserved tensor quantities, It has been pr()ved(52) that the infinite conser
vations laws in simple models (as the g¢4) mean that the theory, though
formally interacting, is free.

However this is not always the case in more complicated theo-
ries, as the above mentioned model proposed by Migc’lal(38); there the
conservation laws are the consequences of the conservation of the ''type"
of fundamental constituents wn(x).,

It is however necessary to note that we should perhaps have put
a question mark on the statement of the "observed scaling'': in fact recent
semi-empirical(53:54) analysis have shown that the observed data are
also consistent with anomalous dimensions of the type

- 12
(3.21) ln—2+n+a[1 m~(n+l)(r1+2)]

5.
which have been suggested also from theoretical arguments(')b 57),
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4.~ THE BOOTSTRAP APPROACH. -

The considerations developed in the preceding Sections are in
some sense the ''kinematics'' of conformal invariance: quantities such as
anomalous dimensions or normalizations are not specified and not con:
strained by the theory itself.

An interesting tool for studying dynamical properties of the theo
ry is provided for by the bootstrap approach, first proposed by Mlgdal(l-g)
and Polyakov(ll) and by Parisi and Pe11t1(14). We can consider this ap-
proach as complementary to the study of "kinematical' properties of a
conformal invariant field theory, in the sense that it starts from the kno-
wledge of the structure of the Wightman (specifically 2 - and 3 - point) func
tions,

Let us take as an example the case of the 3-point bootstrap equa
tions; closely following the original treatment of Migdal(13).

Consider a theory with a conformal invariant threelinear interac
tion, such as the g¢3 in 6-dimensional space-time (or the ps-n interaction
in four dimensions): two and three point functions are functionally determi
ned and we can make the hypothesis that all n-point functions have a ske
leton expcmsmn( 15,58)

_ —0— —9o—0
s | SHE H s LL

that is an expansion in Feynman diagrams without self energy parts and
vertex corrections, in which propagators and vertices are the "true' con
formal invariant ones,

This kind of expansion can then be used also for the Bethe- Salpe
ter kernel that appears in the renormalized Schwinger- -Dyson equation
for the three point function (inhomogeneous terms are absent since they
would violate dilatation invariance)

(4.2) ~-——o< = _—@Z

o
where ;‘:{ means that the B.S. kernel is two particle irreducible,

We know that conformasal invariance fixes the form of propagators
and vertex functions appearing in the expansion (4, 1) up to normalization
factors., It can bershown that all the normalization factors can be reabsor
bed in the normalization of the vertex function (the "coupling constant''),

So we are left with an integral equation that, whenever the integrals in
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volved in eq. (4.2) do not introduce divergences, so spoiling its meaning,
becomes an algebraic equation in the unknown coupling constant and ano
malous dimensions(16,58) which are the only parameters left: since the
equation is non-linear one can hope for at most a discrete set of solutions,

As for the propagator, since unitarity is not verified term by
term in the skeleton expansion, this requirement can be adopted as a ba
sis for bootstrap equations (note that it is sufficient to know the imagina
ry part of the propaga‘cor)(14):

R
; =5 LS
(4.3) Im -O=———O = L __—g% >.~_
~
(16)

Also a Bethe-Sapeter approach can be used .

The main point for the validity of the previous statements deeply
relies on the absence of divergences: this has been proved by Mack and
Todorovild) for some range of the value of the dimensions. Up to now the
re is no solution of the bootstrap equations in 4 dimensions, whereas so-
lutions have been found in the framework of calculations of critical indi
ces(16), and, through analytical continuation in the dimension of the space-
-time, in 6+ ¢ dimensions%G .

"The other hard problem in this approach is the verification of
the Ward identities when the vertex functions contain currents or the
energy momentum tensor: a detailed treatment of this point can be found
in the paper by Mack and Symanzik(16).

Finally, as has been pointed out by Mack(53)_, the bootstrap ap-

proach is also important because it can be thought as a constructive way
to the Gell-Mann Low limiting zero mass theory: it is clear in fact that
conformal invariance is maintained in every step of the procedure so get
ting at the end a dynamical and self consistent invariant theory.

5. - TWO DIMENSIONAL MODELS. -

Two dimensional field theory has often been used as a laboratory
for the study of quantum field theory: as an example the Thirring mo-
del(59:60), being soluble in its zero mass limit, allows to study many
formal properties of q.f.t.

From the point of view of conformal invariance, such models
stem from a twofold interest: the structure of conformal transformations
is rather peculiar in two dimensions(61) and, secondly, in the Thirring
model it can be proved that the Callan Symanzik function is identically

ZePO(Bz), so the theory is exactly conformal invariant in the Gell-Mann



15.

Low limit,

As for the peculiarity of conformal group in two dimensions we
can see, from the Appendix, that in the defining equations D =2 is an ex
ceptional case (see Eq. A, 3b): in fact A(x)is no longer constrained to
be linear in x, but has rather to verify the equation

(5.1) MOAlx) = 0.

The full conformal group becomes then infinite dimensional: i,
e. every harmonic function can generate conformal transformations, Of
course this algebra contains a sub-algebra which is the restriction of
that in 4 dimensions (0(4, 2)), that is 0(2, 2): this algebra plays a special
role, as we shall see latter,

The structure of the generators, the transformation laws of the
fields and so on, can be eagily derived in general, but are better illu-
strated in the framework of the Thirring model,

Here, as well known, we have a self interacting "spinor" field
with equations of motion of the form

(5.2) A wx) =g: Iy (x) (T =967, ¥ ()

Here the canonical approach, starting from the commutation
relations of the fields can be substituded with some advantages by an
alternative one that uses the currents

. 5. w o
(5.3) J (x) and JM(X) =8y J,(x) =y YV

u y o (x)

w

as dynamical quantities,

The relation between the axial and vector current, which is a
consequence of the fact that the structure of the Dirac matrices is poo-
rer than in 4 dimensions, is an important feature of the model, In fact,
together with the conservation of both currents (which can be proven in
the zero mass limit), it implies that the currents fulfill a free Klein
Gordon equation, which makes fromal manipulations very easy to hand
le, and, more significantely, allows to prove that the C?é%a}n Symanzik
function is zero for every value of the coupling constant . This is a
very crucial point : it means in fact that the short distance limiting
theory is exactly dilatation and conformal invariant. Of course the con
formal group here implied is the "restricted" (0(2, 2)) one, as we shall
better see later,
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Coming back to the ''extended" algebra, simple computations

allow to write its generators in terms of the currents(‘al), via the ener
gy momentum tensor

w

(5. 4) L(f) = ﬁ dsto_ (x) £7 (x)

v
Here f (x) is the generating function of infinitesimal conformal
transformations, connected to A (x) through eq. (A.3a} and:

1 a
(5.5) 0 (x)=:J, (x)J (x):-—¢g x)J (x):

nwv 2 Vv 2 W ] : Ja (
It is easy to see that, using the standard light cone variables

(5.6) u=xO+X‘1; v=x0—x1

the whole algebra splits into the direct product of the u and v part
(in the same way as the 0(2,2) subalgebra splits into 0(2, 1) 0(2,1))
which in a particular basis can be expressed as

{
u 1-n
= o 4
Ln Jdu9+(u)u (9+ Qoo @Ol)
(5.7) | )
L= gdvg v)v- " (0 =0 -0 _)
n - - 00 ol
with commutation relations
(5.8) "Lu, Lu ] =(m-n) Lu +c-number; [Lu, LV }: 0
n m n+m n m

Amusingly enough, this is the same ''gauge' algebra that appears
in the dual models(63),

We have anticipated that only 0(2,2) is the invariance group: in
fact, while the equations of motion are formally invariant under the who
le algebra, Wightman functions are invariant only under 0(2,2), so re-
sembling a situation in which the symmetry is spontaneously broken,

Finally, the fact that B(g)=0, i.e. the exact invariance of the
zero mass theory, allows to write a "whole space' operator product expan
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sion; it turns out that the e}fpansion originally proposed by Dell'Antonio,
Frishman and:ZWanzinger(G‘ﬁ) is-invariant not only under 0(2,2) transfor
mations, but also under the whole algebra,

6. - CONCLUSIONS, -

In the preceeding sections we have tried to illustrate some of the
most relevant results that follow from the assumed conformal invariance
of field theory: they are encouraging, mainly in the direction of obtaining
a self contained theory that can be thougt as a limit of realistic theories,
However the relevance to the real world is not; clear and normally requi
res addictional hypotesi, as for instance operator product expansion,

There are of course many other ways in which this argument
can be studied: as an example we can quote the work presented by R.
Nobili to this Conference(65), in which broken dilatation invariance (i, e,
partial conservation of the dilatation current) is used to derive constraints
an Green's functions,

Beyond these applications, there is a number of purely theore
tical problems left open, and the most important one is perhaps that
of the formulation of quantum electrodynamics in a conformal invariant
way.

In fact, although conformal invariance found its first physical
application as the symmetry group of the 'Maxwell equations, its exten
sion to the quantized theory is very difficult due to the fact that confor-
mal and gauge itransformations are strictly connected.

An important achievement in this direction has been found by
Adler(66)“, with the forrnulation of a conformal quantum electirodynamics
for massless particles, not taking into account photon-self energy parts.
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APPENDIX, -

Conformal transformations are defined as the space-time tran
sformations that leave the metric tensor (in the flat space) invariant
up to multiplication by a scalar function of the coordinates:

W
: . _Ix “Dx .
A1) x> Xy 8, P55 uv” &0 T A g,

Their name comes from the fact that they leave the cosine of
infinitisimal angles invariant,

In the following, unless otherwise specified, we will consider
a D-dimensional space-time: in it infinitesimal transformations

(A, 2) X:u,,ﬁ’ XH'*‘(SX‘LL(X); Alx)>1 -3 (x)

are constrained to obey the equations

(A, 3a) D 0x, +0 6xy= g Ax)

A, 3b -27 + 1 =
(A.3b) [0-2Y0,70 +¢, .10 Jat)=0
which, for D#2, fix their form to be

- v o2
(A, 4) 6XPL-6aM+ (50)‘[“’)( +XM6@+(‘X 60;1,

-2(x+ & ¢ Xy, )

Being dw,,, antisymmetric, dx depends on (D+1)(D+2)/2 para-
meters, which is ‘appropr'iated for a 0(D, 2) group: in the usually consi-
dered case D=4 and the group becomes 0(4,2), An interesting feature
is that 0(4,2) does not act linearly in the Minkowski space, but rather
in a 6-dimensional space(la’ 1b): so conformal invariance can be induced
through a set of linear relations and the results mapped in a well-defined
way into the physical space-time,

Going back to eq, (A.4) we can easily identify the first two terms
as infinitesimal Poincare transformations while the other two correspond
to dilatation and special conformal transformations, that in the finite form
read
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(- : . i1 atatimmn
X, 0%y : dilatations

(A.5) % o x2
= pb M

Xl

s spec. conformal transformation

1-2c-x+c 2X2
Note that all these transformations leave the light-cone (x2=0)
invariant,

Action of transformation on fields is related to the existence of
unitary operators such that

(A. 6) Ulg) §(x) U (g) =S (g, x) §(x)

(g is a member of the group)

with multiplication law
S (gg'.x) =S (g, x) S(g', g"1x)

Here (J(x) stays for an arbitrary collection of fields,

It turns out to be more conveniént to deal with infinitesimal
transformations, i,e, representations of the algebra: they can be found
with the help of the standard induced representations method,

For our purposes we need to consider only dilatations and spe
cial conformal transformations,

For dilatations we have
(A7) [9x), D] = 16 9, +L)Px)

where the matrix L can be put in the block-diagonal form

(A.8) L = il.J_l Lj
Vo |

and the matrices A have the Jordan form



20,

(A.9) A=Y, e

If the rank of the j-th block is 1, i.,e. A,=1,, then the j-th field
is said to have ''scale dimension'' 1.; in the other”case the fields belon-
glng to the block are said to form & ''dilatation multiplet' and 1, is called

'(30-32), i
"diagonal dimension'

For conformal transformations we have:

= A ;L . ~/
(A.10) ¢(x) ] 12x X 9 -X 9 [gMAIJ+1EMl])¢(X)+KM¢(X)

(121 is the spin part of the Lorentz generator Ml“’)

where the form ofK is roughly similar to il’)lat of L; however all the phy

sically interesting cases are that for which K“ 0.

Finally we list the commutation relations of the conformal al-

gebra:
K ) = 3 - . ) =
le] 1(ngKv gy,vKi ); DMyl =0
(A.11) LKM,Pv] = -2i(g,, , D+ M, ); D, P‘uj= i,
'k ,K, |=0; E: = i
Ky, 'v] _KA’D] 1K'1

plus that of the Poincare algebra.
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