COMITATO NAZIONALE PER PENERGIA NUCLEARE
Laborstori Nazionsli di Frascati

LNF-73/2
22 Gennaio 1973

G, Parisi: DEEP INELASTIC SCATTERING IN A FIELD THEORY
WITH COMPUTABLE LARGE-MOMENTA ‘BEHA‘[?IOURW

Servizio Documentazione

dei Laborsteri Nazionsli di Frascati del- CNEN

Caselle Posiale 70 - Frascati {(Roma)



Laboratori Nazionali di Frascati del CNEN
Servizio Documentazione

LNF-73/2
22 Gennaio 1973

G. Parisi: DEEP INELASTIC SCATTERING IN A FIELD THEORY
WITH COMPUTABLE LARGE-MOMENTA BEHAVIOUR.

In a recent paper(l) K. Symanzik has shown that in a theory
characterized by a g#* interaction with a negative coupling constant the
behaviour of the Green's functions in the deep Euclidean region 2) canbe
directly computed in a perturbative fashion: the dimensions of all the ope
rators are canonical; the corrections to the leading terms are a factor
1/1g g% smaller.

The aim of this note is to prove that in this model also the deep
inelastic structure functions can be directly computed in the Bjorken li-
mit(g). Some general statements can be done: Bjorken s:caling(3) and the
parton model(‘l: 5) are canonical'realized(s), e. g. the total cross section

for ete’ annihilation into hadrons is the same as in free field theory(7).

As a simple application we compute the structure function Fg(w)
for deep inelastic scattering at the first ocrder in the coupling constant g.
It is amusing to note that in standard perturbation theory no diagram con-
tributes to Fo(w) at this order,

We briefly resume the results of ref(1).

In a charged g @4 field theory, if 0> g> g,,;, the asymptotically
stable fixed point(B) is located at g=0 and the effective coupling constant
g(},)(z) which appears in the solution of the Callan-Symanzik equation(gﬁlo),
is asymptotic of order -1/log(i). The renormalized Green's functions of
the fundamental field § and of the other local operators are asymptotical
the same as in free field theory, apart from a multiplicative factor. This
last factor can be easily obtained from the knowledge of the various ‘}’O(g)
functions which appear in the Callan-Symanzik equations for the Green's
functions of the various o;peratoxr“s(ll’ 12)

In the case of the renormalized field ¢R one finds:
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The current propagator is asymptotically the same as in free
theory: the relevant yj(g) function is identically zero as a consequence
of the Ward identities( 0). The total cross section oT(E) for ete™ anni-
hilatig_{ns into hadrons satisfies asymptotically the parton model predic-
tions'' /.

The vertex of the electromagnetic current and of two renorma-
lized fields is equal to Z for large enough current mass and for arbitra-
ry but fixed masses of the two fields(13, 14),

In ete™ collisions the two particle final state gives a contribu-
tion to the total cross section equal to Zon(E)(7). It is a simple task to
show that the parton model diagram
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gives a contribution equal to the total cross section ¢ T(E) and therefore
all other diagrams do not contribute to the total cross section.

If we consistently assume that also production amplitudes are
dominated by diagram (2), we find that the produced hadrons cluster in
two jets; the mass distribution of each jet is proportional to the Kallén
Lehmann spectral function as discussed in ref, (7).

We recall that the spectral function @ (3) of the unrenormalized

field ¢g = z-1/2 ¢R is for large values of the mass independent of the cou
pling constant and equal tol1)

1

Parton model predictions are clearly satisfied(7),

Let us now study the Wilson expansion of two currents(IS). For
simplicity we first consider a scalar current namely ER

We can write the following light cone expansion:
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The functions EN(XZ, m?, g) and Fp(x2, mz, g) satisfy the Callan Syman

zik equation( 11)
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where g and y are C® functions in the coupling constant and can be com-
puted in perturbation theory.

In the small x2 limit the solution can be found to be
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From eq. (4,5,6) it follows that:
f_(x)0_ (o) 0_(x) @_(o)
2 . .2 _ R R BB
(8) 37 (x) 67 (0) 3 Z Z¢2 % Z¢2 >

which is the parton model result(16),

One finds a similar result for the Wilson expansion of two cur
rents: the only difference is that now ZJ = 1. The cross section is longi-
tudinal and the transverse cross section goes to zero like 1/1og(p2).

The only contribution to the total cross section is given by the
=
parton model diagrams(")
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The function Fo(ew) = lim wvwz(qz,a)) can be computed

2 =
2v =
@ —> -® /4
using the sum rule:
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We have normalized the operators O'u’l’ wy 0 such a way that
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An interesting consistency check can be done: the first diagrams of (9)
gives a contribution to Fg(w) equal to Zd(w- 1). On thf other side eq.

(10)
implies that the coefficient of ¢ (@ -1)is equal to Zéoz = lim AYE:

It follows that
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Eq. (12) must be valid for arbitrary g in the range 0> g> gin
and this is possible only if

%
(13) 27(g) = Yoo(g)

It is interesting to note that relation (13) can be proven using
the same methods as in ref, (17).
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From the knowledge of the functions B and Yy at order g
the function F9(w) can be computed up to the order g

Using the known results(z)(lg)
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one finds:

00 N e .
(15) fl Fy@ o d =1+ 4%2[5 N—(ﬁiﬁ]

Solving the simple momentum problem the function Fo(w) is
obtained at order g:



(16) Fz(co) =0(w-1) - Z}.—O_%Z_ [(w- 1) -

6w - 1]

1) The function Fg9(w) is analytic in the whole complex plane: we assume
that its analytic continuation is equal to the structure function for deep
inelastic annihilation(1 9)

2) If the analiticity continuation ansatz is true the particle multiplicity
for ete- annihilation into hadrons is finite (The result is not trivial as
far as the first order in g corresponds to the sum of an infinite num-
ber of diagrams);

3) The total annihilation cross section obtained from the energy conserva
tion sum rule(4)(20) jg equal to the right one; _

4) The Gribov Llpatov(zl) reciprocity relation Fy(®) = --co3F2(1/w) is sa
tisfied.

[« R

We note that:

The g ¢4‘ theory with a negative coupling constant is therefore
an example of a renormalizable theory where all predictions of the parton
model are true. However these predictions should fail for positive cou-
pling constant,

It may be interesting to note that in a theory like the gluon mo-
del the situation described in this note can be realized only at the price of
taking an imaginary coupling constant, giving up the positivity of the Hil-
bert space of the states,

The author is grateful to K. Symanzik for having communicated
his results prior to publication., Thanks are also due to G. Altarelli for
useful discussions,
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