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Indecomposable representations of dilatations allow for logarithms in scale invariant operator product expansion.
We prove that in absence of spontaneous breaking, they are incompatible with conformal invariance and positivity.

It has been pointed out that logarithmic singulari-
ties in Wilson expansion may occur in dilatation in-
variant theories under spontaneous breaking [1], or
through occurrence of indecomposable representations
of dilatation [2]. Here we prove a theorem which states
the incompatibility of such representations with exact
invariance under conformal algebra and positivity. The
theorem applies to the skeleton theory, in Wilson’s
sense [3], assumed to be invariant under conformal
algebra. If indecomposable representations of dilata-
tion occur in the skeleton theory (and therefore loga-
rithms appear in the light-cone expansion) spontane-
ous breaking must take place.

We shall first describe indecomposable representa-
tions and the appearance of logarithms; then enlarge
to conformal invariance and prove the theorem stated.
We shall also discuss the inclusion of such representa-
tions in the conformal covariant operator product ex-
pansion [4] also in connection to causality. The mani-
festly conformal covariant description in six dimension
will also be reported.

Indecomposable representations of the dilatation
algebra. The study of the representations of the dilata-
tion group is elementary. Under dilatation x - ox the
local operators 0{;‘} (x) (i runs within the representa-
tion and {u} summarizes the Lorentz indices) trans-
form into Dj; (¢) Oj(0x). The infinitesimal law is there-
fore (O(x) is one-column vector)

[04} (x),D] = i(L +x23,) 08} (x) (1)

where D is the generator and L is a numerical matrix.
A finite dimensional L can be reduced to diagonal and
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Jordan matrices, corresponding respectively to (one-
dimensional) irreducible- and indecomposable-repre-
sentations. The Jordan matrix of order n is the nXn
matrix

12

L = . (2)
o 1 !

where 7 is a real parameter (*“diagonal scale dimension”).

Indecomposable representations (n, I) are spanned by

“dilatation multiplets” O {u} (1 <i< n)satisfying (1)

and (2). Irreducible representations may then be con-

sidered as particular cases (n = 1).

Dilatation invariance at short distance is convenient-
ly studied & la Wilson. Suppose 4;(x) (i=1,... ,ny )
belongs to (n4,14), Bj(x) to (np, Ig), and Oy (x) to
(rg, lp)- The leading contribution from O(x) at short
distance is

4,(x)B;(0) = (3)
= (const.) (x2)—% Ca+lp=l0)(10gx2y*/*m0=30,(0) + ...

The remarkable aspect is the appearance of the loga-
rithm whenever any of i, j, ng is > 1, i.e. whenever a
truly indecomposable (n > 1) representation contri-
butes. Eq. (3) follows from commuting both sides with
D, according to eq. (1). Logarithms also appear in the
Wightman functions Wii{“”’ x)=( {IH} (x)o {].V} (0))0_
One finds (we abrreviate x2 — jex0 as x2), e.g. for
scalar fields,
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Wiy o2) = oy (2! (4a) K100 =0. (7
Therefore non-validity of eq. (5), or of eq. (7), or of

le(xz) = (—% o log(x?) + 1) 2y (4b) both would invalidate the proof (and the vacuum would
not be invariant).

Wzl(xz) = (—% o log(x?) +o3) x2)~! (40 A conformal covariant light-cone expansion can be
derived for multiplets satisfying eqs. (1) and (6), ex-

Wy (x2) = tending preceding results [4]. It must be stressed that,

= [+ €17 10g2(x2) —5 (13 +oplog(x?) +o ] (x2)~! (4d)

etc. where ¢, are constants. This follows by inserting
eq. (1) into{[D, 0;(x) 0;(0)])y = 0=([D, 0,(x)] 0;(0)
+0,(x)[D, 0; (0)])y and solving the resulting differen-
tial equations, where we have assumed

Dl0Y=0 (5

(dilatationally invariant vacuum).

Enlargement to conformal algebra. For Lorentz-
irreducible multiplets [O {u} (0), K, ] =0 (K, is the
generator of special conformal transformations). Be-
sides eq. (1) one now has

(014 (x), K] (6)
= i(2x, x°3 —x28, — 2P E , +2Lx) 01 (x) .

Indecomposable representations with respect to Ky
(for which [0, K, ] # 0) can similarly be treated. We
now show the following theorem,*“Conformally in-
variant theories, with invariant vacuum state, and con-
taining indecomposable dilatation multiplets are in-
compatible with positivity .”

Proving this we first consider scalar fields for sim-
plicity. Egs. (4) follow from egs. (1) and (5). Suppose
[0(0), K, ] = 0. From ([Ky; 0;(x) G;(0)]}g = O, using
eq. (5) one obtains (2x,x*d — x23y +2bx,) Wy (x2)=0
and, comparing with eq. (4b), one finds ¢;y = 0. There-
fore Wy, (x2) = 0 and from positivity one then con-
cludes O; (x) = 0. But then [0 (x),D] =i(l +x3)0, (x)
behaves either irreducibly or as the lowest component
of an indecomposable multiplet. In the latter case how-
ever the proof can be repeated.

Generalization to higher Lorentz tensors (or spinors)
is immediate: it is enough to commute with the longi-
tudinal component (x - K'). Generalization to indecom-
posable representations of K, is also obvious, it is
enough to consider the irreducible component of low-
est scale dimension.

Note that, in addition to (5), we have now used

according to the theorem we just have proved, the oc-
currence of ““dilatation multiplets” in the skeleton
theory (i.e. on the Light-cone) requires either absence-
of positivity or, more physically, spontaneous breaking
of conformal symmetry. Operator product expansions
may loose any sense in such cases. Nevertheless one can
formally obtain a conformal covariant operator pro-
duct expansion on the light-cone, with dilatation multi-
plets, and which exhibits manifest causality.

A manifestly conformal covariant formalism can
conveniently be set up to describe dilatation multiplets.
This is realized with operator-valued representations of
the spinor group SU(2,2) on the 6-dim. hypercone. To
have a well-defined correspondence with space-time
it is convenient to enlarge to representations Y of
SU(2,2) ® Dwhere D is the group of dilatations on the
hypercone. The general correspondence with operators
in Minkowski space O¢ is written in the form (at
x=0)

Ve (0,K) = Tyk=1)0%(0). (8)

We recall that [4] k =n5 +ng, x, = n“/K where
n4(4=0,1,2,3,5,6) are the 6-dim. coordinates taken
along the hypercone nfln, = 0. The indices (e,7) in
eq. (8) belong to representations of SU(2,2) and D
respectively. Irreducible representations of dilatation
are obtained for Y}j(x—l) = 6,-]-I<l, where [ is the dimen-
sion. In general, under dilatation ¥£(0,«) goes into
Ai (o) lllB(O_IK) where‘Ag (0) represents the SU(2,2)
transformation corresponding to dilatation. Therefore
07(0) goes into T; (0)A% (0)0}3(0). Indecomposible
representations of D in Minkowski space are thus de-
rived from the corresponding representation of D on
the 6-dim. light-cone. The direct product form
SU(2,2) ® D thus shows that any representations of
Poincaré ® dilatations, reducible irreducible or inde-
composable under dilatation, can straightforwardly be
enlarged to the whole conformal algebra.
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