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Summary. — Using conformal symmetry for the operator product of
the hadronic electromagnetic current and the pion interpolating field,
at lightlike distances, we connect the behaviour of the structure func-
tion in the scaling limit to the on-mass-shell asymptotic behaviour of
the electromagnetic pion form factor. Our results are based on the analy-
sis of the dimension spectrum of local operators appearing in the operator
product expansion and on the assumption of precocious scaling. As an
application of our results, predictions on the asymptotic behaviour of
the e.m. pion form factor as well as for the threshold behaviour of the
structure function for the singly inclusive = production in e+e- annihila-
tion, are given.

1. — Introduction.

It has been recently suggested () that there is a simple relation between
the asymptotic behaviour of the on-mass-shell form factor and the dimension
of the interpolating field.

This result seems at first sight to be wrong: the interpolating field (%) can
be chosen arbitrarily, provided it has a nonzero matrix element between the
vacuum and one-particle states, and on-shell quantities cannot depend on its
dimension.

(*y This research has been sponsored in part by CNR-GNSM.
() A. A. Miepar: Phys. Leit., 37 B, 98 (1971).
() H. Araxy and R. Haae: Comm. Math. Phys., 5, 77 (1967).
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In this paper we present arguments suggesting that the asymptotic behaviour
of the on-shell form factor depends on the dimension spectrum of the operators
of the theory. We find that the old naive result is incorrect for too high values
of the dimension.

If we assume that the spectrum of the dimensions is the one suggested by
the naive quark model (%), we find, as an example, a definite prediction for
the asymptotic e.m. pion form factor.

To derive these results we assume that the Wilson (*) expansion for the
product of two operators on the light-cone (%) is conformal () covariant and
moreover that the structure funections for fields of low dimensions satisfy pre-
cocious scaling (3).

From the first assumption we derive a threshold theorem for the behaviour
of the structure funetion near w —1.

The second assumption enables us to saturate sorme mass dispersion rela-
tions with only low-mass states and derive & relation between the asymptotic
behaviour of the form factor and the thresheld behaviour o — 1, as suggested
by BRANDT and PREPARATA (). The arbitrariness of the interpolating field
does not affect our results. We are making the assumption of precocious scaling
only for low-dimension fields, not for arbitrary fields. This seems ressonable
since high-dimension fields excite many more states from the vacuum
than low-dimensicnal fields, so that the asymptotic regime starts 2t a2 much
higher energy and one cannot saturate a m-ss dispersion relation with only
a few low-mass states.

In Sect. 2 we derive the general form of the off-mass-shell form factor
using conformal invariance on the light-cone.

In Sect. 3 we relate the w =1 limit to the asymptotic behaviour of e.m.
form factors.

Finally some formulae needed in the text are collected in the Appendix.

2. — Conformal algebra on the light-cone and off-mass-shell form factors:
threshold theorem.

Let us consider the off-mass-shell three-point structure function related to
the electromagnetic vertex of the w-field

(2.1) W,(p, ) = Tm [d% exp [ig-aKOIT(T (@)p(0))Ip ,

(®) C. A. Orzares: and P. D. RaSKIN: Left. Nuovo Cimento, 1, 331 (1971).

(® K. WiLson: Phys. Rev., 179, 1499 (1969).

(°) R. Branxpr and G. PREPARATA: Nucl. Phys., 27 B, 541 (1971); Y. FRISHMAN:
Phys. Rev. Lett., 25, 966 (1970).

(®) 8. FERRARA, R. GaTro and A. F. GRILIO: Phys. Lett., 36 B, 124 (1971); Nuel.
Phys., 34 B, 349 (1971).

() See ref. (°) and also G. PREPARATA: Riv. Nuovo Oimento, 1, 423 (1971).
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where |p) is a one-particle state (p®=m2) and ¢ 2 local interpolating field,
i.e. <0]p(0)]p> #0.

We study now the structure function W,(p, ¢) in the scaling region which
corresponds to the light-cone limit of the matrix element

(2.2) lim <0|T(J,,(#) p(0)1p>

This matrix element can be evaluated by using & conformal covariant operator
product expansion (°):

-7p)
@8 T =, 07— I (= g)

- % |- 1€

1
T f duf (1) O, 4, (i)
where

(2.4) f"(u) — G”u(d,.—l)lz . (1 _ u)(dn—l‘)lz

and 7,=1l,—n, d,=1,+n, F=4—1.
Note that eq. (2.3) takes automatically account of current conservation.

0;, .., areaset of local tensor operators of given dimension I, and irreducible
under the conformal algebra, i.e. (°)

(2.5) [0% (0), K,]=0.

trroesinl
The advantage of the conformal covariant prescription is that the contribu-
tions of higher-order tensors such as

arx,,H A azxm al...oc,.(w)
are given from eq. (2.3) in terms of tensors of the type (2.5).
Inserting eq. (2.3) in (2.1) we get, after some computations shown in the

Appendix,
(2.6) lim Wy(pa q) = Dy Walg% v) + 4, Wilg? v) =

—q¥—>0 ; y=p-g—>0
w=2mpy/—gfixed

= (Puq®*— P 99) EGn 2) -T2 )~ %(z+m(w_1)z—z.

d, d,— 1
<O —1),.F, (T +1 1— 1;1——6) .

If we consider now the threshold behaviour o —1, we get

(2.7) 11m W (p, q)N(qu —p- Qqu)(w 1) - 220 %(;_1") s
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as

lim,#,

_ T

’
2

We note that the threshold behaviour of the structure funetion depends only
on the dimension of the field ¢(x).

3. — Asymptotic behaviour of electromagnetic form factors.

In this Section we connect, using the hypothesis of precocious scaling, the
threshold behaviour of the structure function to the asymptotic behavicur of
the on-shell electromagnetic form factor.

Let us consider the threshold limit w—1 but s = ¢*(1—w)— co: we get

(3.1) Wa(g?, s) = g2 z Cn(qz)l—%(l+tn) ,
8o the electromagnetic form factor is given by

(3.2) F(g?) Im G7(s) Wy(g?, s) ~ z(qz)1-é(z+z,.> ,

?—>® ,w—>1

where the imaginary part of the inverse propagator G (s) of the virtual =-meson
exactly cancels the s-dependence in eq. (3.1). If we now assume that eq. (3.2)
still holds near s~mZ, we get that eq. (3.2) defines the asymptotic behaviour
of the on-shell e.m. form factor.

This result may be obtained, in 2 more refined form, by using a mass disper-
sion relation approach as pointed out by BRANDT and PREPARATA (.

From eq. (3.2) we see that the leading term is obtained by the contribution
of the g-field itself only if 7,>>1. However, as the twist is not less than
two we get that for 1 <1< 2 the form factor decreases as

. 1 -1
(3.3) Ee) oz (3)

However if one assumes that the dimension spectrum is the same as for the
canonical quark model, one finds I=% + 2 =3 and 7,=2 for the minimum
twist (e.g. the axial current), so that F_(g®) becomes

(3.4) Fo(g®) ~ ()7 = (g2,

g?—>c0

A consistent check of this approach can be given in the framework of the renor-
malization group.
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GELL-MANN and ZACHARIASEN (8) found that, if ¢(x) is the fundamental
field, then
3.5 lim —L =1
(3.5) A T g
where F(q?) and G(q?) arerespectively the on-shell form factor and the propagator
of the field, and we see that (3.5) is nothing but eq. (3.3).

However we agree with this result only for 1<l<2. This is clear from
the fact that eq. (3.5) is derived from a perturbative approach where ! —1
is small.

Ag a final remark we note that the asymptotic behaviour of the = electro-
magnetic form factor can be related, by using duality (°) arguments (or also
the parton model (%)), to the threshold behaviour of the structure function
F,(w) for the inclusive process ete”—m + anything.

In fact we get
(3.6) Fy(w) ~ (w—1)""3,

w—>1

In particular, in the canonical quark model, eq. (3.6), becomes

(3.7) Fow) ~ (0—1)2.

w—>1
ook

We are indebted to R. BraANDT, C. OrZALESI and E. ETiM for discussions.

APPENDIX

Let us consider the T-operator product expansion of a conserved vector
current with a scalar field on the light-cone. Current conservation together
with the general form of the operator product expansion of any two tensors
on the light-cone, derived in ref. (*!), gives the unique solution

1 -0
(A1) T(J.(2)9(0) =, g (0, 0*—g.0) (m) :

g . g j At f (1) Oyt (00)
0

when
Faltr) = €, u@n—112(1 — u)@n=inre

() M. GELL-MANN and F. ZACHARIASEN: Phys. Bev., 123, 1065 (1961).

(®) E. Broom and F. GirMaN: Phys. Rev. Leit., 25, 1140 (1970).

(®) 8. DrELL and T. M. Yaw: Phys. Rev. Lett., 24, 181 (1970).

(1) 8. FERRARA, R. Garto and A. F. Griiro: Frascati preprint LNF-71/70 (1971);
Phys. Rev. D, 5, 3103 (1972).
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and
To=1Uln—mn, dv=1,-+n, =4 7.

The structure function in configuration space turns out to be

(8.2)  OT(T@)PO) ) oz, (000, —p, ) T (__1_)

o \— o e
1

“(@p) | duf, (w)exp [iux-p].

0

As eq. (A.2) is Lorentz covariant, we can put p = (¢, 0) and write eq. (A.2) as

(A3)  LO|T(J,u(@)@(0)) [py ~ 3 t»* (p-00,—p, L)

o1

: 1 3Hi—7n) .
. (:?m) dufu(u)ut—"exp [tuw-p].
) 0

From eq. (A.3) we can easily compute the Fourier transform and the structure
function in g-space, in fact we get (apart from some inessential multiplicative fac-
tors) in the limit — ¢%*— co, v = p-q — oo but w = — 2mv[q? fixed (1<w<oo)

(Ad)  Wup,q)= Imfd% exp [igz]<0|T (T, () p(0)) Ip)> o,

, ~ Q-1 s 1 o~3(1—7 )
0 (P 99— pu0?) ;t" 1 atn—1fduf”(”)“ = disc [(g n ’lTPF] =

0

= (p- 99, — P ,9%) z Gn(qz)lz‘""")(w)lf(l“’"’“z .
1 n
1 #Hi—dn)~1
. f dopf@n—Dia(1 — 4) @102 dige (M_ — u) —

w
]

= (P99 — Pp0®) 2, 0a(4?)30-3() 07020 (0 — 1) -

n
@

. fdu(l — )12 gy BN (g ) EC-dn)—1 (w =1 l)

0

= (D@ — P 49u) (0 —1)72 > 0, (q2) it =2 ) =Htte (g9 — 1) -

" I—d, d,—T* 1
)Fl( 2 ' g +1§l“"151_'5)7

where the last integral has been computed as it is 4 Riemann-Liouville frac-
tional integral (12),

(**) Bateman Manuscript Project, Tables of Integral Transform, Vol. 2.
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® RIASSUNTO

Usando la simmetria conforme per il prodotto sul cono di luce della corrente elettro-
magnetica degli adroni e del campo interpolante del pione, si connette I'andamento
asintotico del fattore di forma elettromagnetico con la corrispondente funzione di strut-
tura. Il nostro risultato & basato sull’analisi dello spettro delle dimensioni degli operatori
locali che compaiono nell’espansione operatoriale e sull’ipotesi di precocitd delle
leggi di scala. Come applicazione del risultato si fanno alcune previsioni sull’anda-
mento asintotico del fattore di forma del pione e sull’andamento di soglia della funzione
di struttura relativa al processo inclusivo e*e~— 7 +adroni.

Kondopvaan cummveTpusi Ha CBETO-NONOOHBIX PACCTOSIHUAX M
ACHMITOTHYECKOE NOBEACHHE DJICKTPOMATHUTHBIX (hopM-paKTODPOB.

Pestome (*). — Vcnone3ysd KOHOOPMHYIO CHMMETPHIO IJisf TPOM3BEICHUILS ONEPaTopOB
aJPOHHOTO 3JIEKTPOMATHUTHOIO TOKAa M MUOHHOTO MHTECPIOJSIMOHHOIO IOJS Ha CBETO-
OMOGHBIX PACCTOAHMAX, MBI CBSI3LIBAEM IOBENEHHE CTPYKTYPHOM (YBKIMH B MacIITaOHOM
Tpenene ¢ aCHMIOTOTHICCKIM TOBENECHHEM Ha MAaCCOBOM MOBEPXHOCTH JICKTPOMATrHUTHOTO
dopm-daxropa muona. Hamm pesynbTaThl OCHOBAHEI HA aHAIN3E CHOEKTPA Pa3MEPHOCTH
JIOKAJIBHEBIX OIepaTOPOB, TOMBIISIONIMXCS IPY DPA3TIOKCHHE TPOU3BEICHUS OIEpaTopoOB,
¥ HA IIPESIOIIONCHAN TpeKIeBpeMenHoro 1moaobus. Kak npuMeHeHne HalllmX pe3yibTa-
TOB, IIPUBOZATCS TPENCKA3aHUA MJIS ACHMITOTHYCCKOTO IOBEICHUS DIEKTPOMArHUTHOIO
dopm-pakTopa MHOHA, a TAaKXKe K IS IOPOTOBOTO IIOBEACHHS CTPYKTYDHOM GYHKIHH
JUIS T-POXACHUS TP aRHUTHIIANNE ete™,

(") Ilepesedeno pedaryueii.
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