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ABSTRACT. -

We show that the anomalous dimension of the fundamental field
is connected to the anomalous dimensions of the high spin bilinear
operators, The dimensions of these operators can be determined
looking to the violations of Bjorken scaling law in deep inelastic
electron proton scattering., The structure function at field w near
to one has a power dependence from qz, the exponent beling the

!

anomalous dimension of the ''parton' field.



1. INTRODUCTION, -
In these last years many speculations have been done on the
possibility that the short distance behaviour of an interacting theory

(1)

is different from that of a free theory " ': the dimensions of nearly
all the operators are different from the canonical one the Green func
tions of the renormalized fields are more singular at short distances
that in free field theory; canonical commutation relations are there-
fore destroyed,

This very interesting conjecture must be tested looking to
off mass shall quantities, and this can be done only using currents
coupled to leptons. One can measure only the dimensions of those
operators which contribute to the leading term of the Wilson expan
sion of two currents near the light cone; the field is not one of the
se operators; it seems therefore impossible to measure the dimen
sion d¢ of the "parton' field.

The aim of this paper is to show that the situation is not so sad:
'd¢ cannot measured directly, but it can be connected to the obser-
vable dimensions of other operators,

In deep inelastic electron proton scattering we define in the

standard way the function

Fz(w,qz) =y Wz( v,q2) (0=-=—)

If anomalous dimensions are present, Bjorken scaling is

no more valid, but each of the following integral has asimptotically

(3):

a simple power behaviour
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Ay is the anomalous dimension of the spin N operator an can deter
mined from a careilul analysis of the experimental data.

We prove that ina Z‘¢4 theory in four dimensions

(2) A = lim A_=2{(d,-1)=2A
oo N 00 N. ¢ ¢
and
-H
(3) A -A_=G'N G>0 H>0
o N

We note that the dimension dN of the operator

' + &3 &3
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is equal to 2+N+Ay; the physical interpretation. of formula (2) is that

the dimension becomes additive in the case of high spin operators.
Additional interest in this fact comes from the observation

- that for high N the integrals (1) are dominated by the region at @ ~1.

This implies that(4)

2 Ag
2 M-, ¢
(5) (0,4 )= (0) (5)
-q
for fixed ® such that 1> (w-1)#0.

The anomalous dimension of the fundamental field is thus
simply connected to the breakdown of Bjorken scaling at ® near to
one,

The difficulties to extend the proof to more realistic situa-
tions like the ¢ model are due to the more complicated structure of

the Dyson equations in presence of more than one fundamental field.



In the second section of this paper we discuss the scaling
properties of the zero mass limit and the Dyson equation for the
vertex .of the O operators with two fields ¢.

In the third section we study the properties of the Bethe
Salpeter Kernel and we present a detailed proof of formulae (2, 3).

In the last section we discuss our results and some possi

ble extensions,

2. THE DYSON EQUATION, -

The best way to investigate the dimension spectrum of ope-
rators is to study the solution of the Dyson equation for the vertex
of these operators. To simplify the computations we restrict our-"
selves to a zero mass scale invariant theory., This restriction yelds
no problem because the dimensions of the operators are mass inde

(5) (6)

pendent and it has been shown by K. Symanzik that the Gell-Mann
Lew limit of a renormalizable quantum field theory exists and it is
scale invariant, provided that a certain function B(g) has a zero,

We are interested to operators which gives the leading contri
bution on the light cone: they must be simmetric traceless tensors
transforming like the (n/2, n/2) rapresentation of the Lorentz group:

they can be defined as in (4).

They must satisfies the following Dyson equation:

where G is the propagator of the field §, V is the ¢¢ O

y’l’ ‘UIN



vertex, and K is the Bethe Salpther Kernel which is the sum of:
all two particle irreducible graphs. The inomogeneous term: cannot

be present because it transform itself under scale transformations

in a different way from the other Lt.e_x:rm(?’g),

If we introduce the Fourier transform of the functions into

the Dyson equation can be rewritten as

v 4"‘q v (g+K, -g+K)G(q+K)G(-g+K )

w N

wo,ow

(p+K, ~p+K)=fd
4 - 1,,

1 M
)

K(g+K, -g+K;p+K, - ptK)

The scale properties of the functions involved in the Dysont

equation are:
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This equation must be satisfied at arbitrary va:'l.ues of:the
external momenta; we study it when K is equal to zero,

The existence of the Fourier transform of the vertex*ina this
particular situation, i.e. the absence of infrared divergences; can®
be proved when the diimensiona of O oW is greater th#n 2 4sing
the Araky—Haag-Ruel‘le("g) theorem o,n: cluster decomposition in zero
mass: theories,

From eq. (8)
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The constant of proportionality is of no ‘interested, eq. (8) being omo

‘geneous in the vertex,
We introduce an arbitrary vector ty
d +-= (d_-N)
2, ¢ 2N

v (p, -p)t

(10)
Bl by

where CN is the Chebyshev polynomial of order N,
The Dyson equation at zero momentum transfer can therefore

rewritten as:

-0 4 = -0
a9 cN(p~t)=j a*qk (p, -psa, ~a) (a®) Cylat)

where
=K (p, -p;d, -q)=K(p, -p;q, -a) G (q)

— __1__ = - ___1_
6 d¢ 5 (dN N),_A¢i 5 AN
(12)

~K{(Ap,-ADP;AQ, -AQ)= l_4ﬁ(p, -p;q, -q)

The possible valuies for the dimension of a spin N operator are obtal

ned improving the validity of (12).
In the next section we shall prove that irrespectively.of'the

detailed form of K,equation (11) admits solutions in which Ay goes

to 2A¢ when N go to infinity.

3.- THE SOLUTIONS OF THE DYSON EQUATION, -
The key ingredient we need to prove our ‘statements, is the

fact that K (0,0;q, -q) is free of infrared divergences also in a zero

mass field theory. This fact was firstly recognized by Baker Johnson



7.

and Wiley in their fundamental paper on zero mass electrodynamics.
There proof can be extended without difficulties also to the case of
}.¢4 theory. This result united with the scaling properties of the
function K tell us that

— 9 -2

K(p, -piq, -q) ——>(q")

q 300
i.e., . the short distances singularity of the kernel are logarithmic
in the x space.. |
We can use this information to write a Deser Gilbert Suder

shan representation for spacelike p of the form(lzs’ 1‘3):

(13)  K(p,-q;q, -q) / ap =T 220
v o [a+K +p +2pr]

The limit of integrations are fixed as usually by the spectrum con
dition..

We insert this representation in the Dyson equation and we
make a Wick rotation on the internal integration to avoid any possible
convergen&: e problem,

It is know c¢lear that if K would be a singular function, at
fixed AN the r.h. s, Vwould* go exponentially to zero, sothat the Dy
son equation could not ever being satisfied unless we chose values
of A'¢ such that the Q2 integral becomes singular: this happens just
go to

for AN=2A¢"' This would imply that in the large N limit AN
A¢‘ in exponentially rapid way. The real situation is different: K'is
not a completely - regular function, but its singularity can be control
led using the D.G.S. representation; the final result will be that a
AN' to to A¢ with a speed that it is proportional to some inverse po

wer of N, the power being fixed by the treshold behaviour of the



Kernel,
To proceed further we exchange the D,G.S, representation
with the q integral, The q integral can be performed using the follo

wing formula:

5 -
d4q,(q ) CN(tq) 5 9 -0 N
f =% "(a+p”) b B(N+2-4,4 )

[p2+q2+2bpq+a]2

(14)

2
F_ (o, N+2- 6;N; 2Eyc_ (pt)
1 : 2 N
a+p

2

(we use now the euclidean metric),
This formula reduce itself in the large N limit to

-0
(15) “21‘(6)].\T_6bN[p2(1—b)+a]

The self consistency conditions deduced from the Dyson equation can

be written for large N in the following way

_ 00 1 - -0
(16) NZF(O)N éf da f dbG(a, b, ;)2)bNL1-b+EL/gp2] =1
0 -]

The r.s.d. of (16) must go to zero at fixed 6 when N goes to infi
nity; both the factors N—d and lo'N go to zero. A 6(b-1) singulafity
cannot be present without producing a too singular behaviour of
the Kernel at treshold,

The conclusion is that for iarge N and small ¢ the r.s,d. can
be approximated by GN—H/(S where H and G are pbsitive numbers
connected to the treshold singularity of the Kernel, Solving for 0

and recalling definition (12) we find the result:



(17) 2A -A._ wwe—y GN
N
N~3 o0

4. - CONCLUSIONS., -

We have just found that the anomalous dimensions of the
high spin operators are connected to the anomalous dimension of
the parton field. A= A§¢—GN—H

Unfortunately present SLAC experiment do not pose relevant
restrictions on the valpe of the index Aoo: one should know the be-
haviour of the' structure functions at @ near to one but outside the
resonance region and this implies an enormeous value of q2: future
experiments will hopefully yeild more- stringent limit on Aod'

A by product of our analysis is a new proof of two different
known result: Bjorken scaling (AN= 0¥ N) can be valid only in a
asymptotic free theory (A¢=O); if Bjorken scaling is not valid all

(1)

the integrals in must scale with a different power,

As a final remark we note that our results can:be readly
extended buth to a A ¢3 theory in 6 +é& dimensions andtoa A ¢'4
theory in 4- ¢ dimensions, They agree with the explicit calculations

of Mack(17) and Wilson(lg).
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