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ABSTRACT, -
It is proven that, using reducible scale invariance at short
distances, conformal symmetry implies canonical (Bjorken) scaling
provided diagonal dimensions of dilatation multiplets occuring in the
operator product expansion of two electromagnetic currents havethe
canonical value 1 =2+n, If the electromagnetic current itself belongs
+

to such multiplets then the hadron production cross section in e"e”

annihilation falls off faster than 1/s at asymptotic energy.



(1)

Very recently some authors discussed ' compatibility of lo
garithmic singularities in operator product expansions under the as
sumption of approximate scale (conformal) invariance at short-distan
ces,

(2)

In this connection it has been argued ™' that, provided the

local fields of the theory belong the reducible (indecomposable) repre
sentations of the dilatation group, canonical dimensions 1,=2+n for
the symmetric traceless (observable) operatorg O ay .. an(x) appea
ring in the operator expansion of two currents Jy (x)J, (0) are in
agreement with an interacting scale invariant theory.

(2) (

In fact, if a selection rule is operating as a consequen-

(2)

ce of a new symmetry sometimes called R invariance ') in such

a way that the product of two currents only couples to lowest compo

(3)

nents of such representations, the Wilson dimensional rule still
holds and naive canonical scaling can be restored,

In this note it is proved that, as a consequence of confor
mal symmetry at short-distances, a selection rule holds which avoids
logarithmic singularities to be present in the operator product expa
nsion of two operators of definite dimension sothateducdible operators
do not occur in the short-distance expansion, As a consequence, it
is possible to prove, without additional assumptions, that exact Bjor
ken scaling is compatible which such representations provided the

tensor fields Oal (x) are identified with the lowest components

..%n
of (finite dimensional) indecomposable representations of the dilatation

group., On the other hand, if the electromagnetic current itself be-

(4)

longs to such multiplets the disconnected piece in the expansion

(s)=0

vanishes in the scale invariant limit so lim Sq -
S —p 00 ete--a H

Let us consider a multiplet of local fields Oi(x) (for sem
plicity taken to be Lorentz scalars af the beginning) which belong

(4)

to a representation of the dilatation group



(2 1x) (A3 0)

: 1
(1) U%Oi(X)U}‘ —Ti.j'(‘a')oj

where, without any loss of generality the matrix can be taken as NxN

of the form

1 N-1
]
1 logp.e.... N-1)1 log” "4
0 1
] ®
3 2' .
(2) 1 loga
0 1

It is well known that any representation of the ditatation group is equi
valent to a direct sum of such matrices, The representation is com
plitely specified by 1, to be called the diagonal dimension and by its
dimensionality N. These representations according to Ref.(4) can

be enlarged to conformal group representations acting on SU(2, 2)
spinors wia(n) defined on the hyperceone 9 A 'l)A=0 in a six dimen-

sional space O(4,2) which satisfy the covariant equations

A a _ a -
(3) 1 ‘aAwi (m)=-L; ¥ ;(n) i=1,...N
where
_ad »
Li=ar Ty,

Local fields on space-time are given at x=0 by

a, a
(4) 0f (0) =T, (K) ¥ (m) _,

where

- 21
K-TIS"‘ "?6, X‘u," K nl.b .



Constrairts from conformal symmetry on general n-point functions

are given by the set of equations

A v o
N 2A< Olwill(’n ooy

an =
1 i (m )l o>
(5)
a a
=-1)"1, . L _ <olv (n)...v%(g )|o>
i e inip Jy 1 In n ’

where, as a consequence of SU(2,2) symmetry the spinor functions
on (6) depend only on invariant functions of variables 7)1. .o ﬂh.
For n=2 (propagator) the most general SU(2, 2) invariant so

lution is the following (Loorentz scalars):

N-1 h
‘ 2, 11 (-1) h 2 .
(6) FN(x )=(5—) 2 o leg xC (131)
X h=0
where CN-h is the common value of coefficients Cij such that i+j =

=2N -h which gives the homogeneous contribution to

| _ 1.1
(7) 4 o|oi(x)oj.(0)|0> "Cij(xz Y+,

and

C..=0 if i+j<&2N-h,

Two-point functions of representations with different diagonal dimension
vanish. Note that the V,E.V. of the diagonal component always vani-
shes (C11=0) unless N=1 (irreducible representations). This implies
that the V.E,V. in the short-distance limit is less singular than it
would be expected by the Wilson dimensional rule (its scale invariant
contribution vanishes), As a consequence the skeleton theory cannot

(5)

have positive metric Hilbert-space (like Q.E.D.) because if this



5.

would happen representations of this kind (N >1) could not exist as a
consequence of Federbush-Johnson theorem,

Generalization to spin-labels is straight-forward due to the
structure of the group.{Theruleis the following: if the structure of

the V,E.V. of the N=1 (irreducible) representation is

1 1
(8) < o|o x)oﬂ(o )jo>=C_. (—~-2—~ aB
X

(we alfeady assumed [Oa (0), Kl] =(0) where Saﬂ(x) is an adimen
sional spin matrix (e, g. Sa"g(x) =g0f2x%x B/x2 for vectors, x -

.y @ B/l’ x2 for spinors and so on), for Na 1 one has

o B g@ B
(9) <0jog(x)og (0)]o> = FN
Consider now three-point functions (vertices). It is better to work

in six-dimensions, then

<0lwil(n1)w. (n,)®, (M3)]0>=F, (M, My M, Mg My M) =

12 lg iy .2 3
(10) 2
=F (K, K, Ka; (xq-%9)°, (x1-%2)2, (x,-x,)7)
i1igig 15231722 o ML 0 Mg T g
one can drop the space-time indices and formally write F111213(K1K2K3)

instead of (10). We are already interested ini;=ig=1 and general

i3=N(11=12,13=1). One gets from (5)

° -
K FinKiKyKg)=-1 F (K K

1Z)K 11INT17273 1 Kg)

23

< -
s 2K, (K K Kg)= -1 (K Ko Ky)



L)

(11) K, _3—1%; P& By Kg) =1 Fy (K KoK F e B Ky Kp)
These equationgcan be easily solved by iiteration

(12) o TNy 0

and

13)  FKOIRIIR (g exp), (g -xg)%, (p-x,)%)

In fact, as a consequence of SU(2, 2) symmetry F (K. K_K_) must

11IN71 273
depend only on Kj Ky, K; Kg, Ky K, respectively (9; 13 =-1/2 K. Ky x
2
x(xi—xj)) Then
21 -1
< LT
:):: ——— —_—
(14) ¢0jo,(x)0, (T ()|0>=C (-2 [ ]
X z (x-2)

and this is all one needs.
Consider now the operator product expansion in the short-

-distance limit (g number terms)

0,(x)0,(0)=C, (") (0)+C, ()T (0)+...C

(15) X0

2

(inequivalent representations)

and the €-number term in the short distance expansion

~ e~ 9
(16) 3 N('Z)=ij(Z' JI+.. ... (q number terms)
16 X

Z-30 )

we have that in the sequence of limits x-30, z—0 x/z -0



(17) 0.(x)0_(0)0 () = <¥50211_1 L2

1 X 1 L J Z y x ( 7 jN .......
consi‘stency(G) of this sequence of limits implies Cz(xz). .. CN(xz) =0
Y =Cl ClN where V¢, Cl’ CIN are the hormalization of the three-point

function, the coefficient of the o.p.e. and the normalization of the
two-point function ¢ Olgl(O)gN(z)IO) respectively.

Note that the previous analysis does not prevent in general
to have SU(2,;2) symmetric logarithmic singularities. For example the

vertex associated to higher components is

21 -1
o~ 1. 2 1 1/2
2010, (x)05(0)0, (2|03 =Cy 5 (=5 [_2_——'2-] i
b z (x-2)
(18) 21 -1
L 1/2
¢ togly T [l
"h112708% T
X z (x-2)

la%s
In general vertex of the formyg OION(X)ON(O)OI(Z) 'O > contains terms
' 21
1

21
f~[_Z;_F}W2

Z \X-2

like iogN"l X2 (—1—2~)
X

As a final point one must stress that if such dilatation mul

tiplets occur in nature then

(19) <OlOa1.“an(x)Oﬂl.“Bn(O)EO>=O (n=2,4,..,0)

x-—0

in the short-distance region, i,e. the V,E,V, vanishes in the scale
invariant limit (as defined by Wilson dimensional rule)., In particular

if the electromagnetic current Ju (x) belongs to such dilatation multi

5
plets then ¢ OIJM (x) Iy (0)I0>=0 as it happens in finite Q. E.D. ( ).

x-3 0



This would imply that

im o 4 _ (s)/ o 4 _ + -(s)=0
N eTe -3 H e'eT.p u o w

at very high energy. This situation would, as expected, invalidate

(7)

parton model results
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