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Abstract: The general constraints of “full conformal symmetry”, on n-point correlation func-
tions are discussed.

An identity for the three-point correlation function is derived from conformal sym-
metry, which allows to derive an integral representation for any “irreducible” conformal
graph. The connections of these results to conformally covariant “generalized Wilson
operator products expansions” are pointed out. Arguments which suggest locality proper-
ty of a conformal covariant expansion for the #-point functions are discussed.

1. INTRODUCTION

In the recent years the importance of short distance and light-like distance behav-
iour of local operator products in field theories have been widely recognized.

In particular a method of investigating these behaviours has been proposed by
Wilson [1] with its theory of broken scale invariance at short distances. Generaliza-
tions of Wilson’s ideas to light-like distance have already been pointed out by many
authors [2-7]. The cross sections of deep inelastic electroproduction observed at
SLAC emphasize the relevance of asymptotic scale invariance in the light cone region.

Recent work suggests that, in this configuration space limit, the stronger conform-
al invariance should be relevant too [8-11]. In fact extending Wilson analysis, the
conformal algebra seems to be particularly powerful in deriving a class of properties
of the so called skeleton theory and also in deriving additional properties of operator
expansions generalized to the light cone. The aim of the present note is to derive and
to summarize some properties of a supposed fully conformal invariant field theory.
We remark that these properties should be valid in any “skeleton theory” at least
from a lagrangian point of view. In fact, under quite general assumptions, scale in-
variance already implies conformal invariance.

The main results of this note concern:

(i) A simple connection between conformally covariant three-point correlation
functions and conformal covariant O.P.E. (Operator Product Expansion) and a simple
understanding of some properties of the latter;

(i) An interesting set of properties and identities between conformally covariant
graphs;
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(iii) A demonstration of the consistency of the conformal covariant O.P.E. with
the locality property of fields.

Finally we point out that some of these results may be relevant to build up a
class of physically interesting models for scattering amplitudes in high-energy limits
and perhaps to a more comprehensive understanding of the observed scaling law of
SLAC inelastic electroproduction experiments. In fact we emphasize that, also if
our results strictly apply to a fully conformal invariant (non physical) world, some
of the derived properties could still hold in the real physical situation.

2. CONFORMAL COVARIANT n—POINT FUNCTIONS

Let us start by remembering the constraints of conformal symmetry on the
general n-point correlation function

Old (xp) - - -4, Cx, IO &)

where the operators 4,(x;) are conformal scalars (for simplicity) i.e. they are Lorentz
scalars and satisfy the equations

[4,0),D] =i [, A, (0) , [4,0),K,1 =0 . )

These operators transform according to irreducible representations labelled by only
one non-vainishing Casimir operator whose eigenvalue is [9]

C=MWM‘“’+2P-K—2D2+8iD=2l(l—4) , 3)

! being the scale dimension (in energy units) of the field. Note that C is invariant
under the substitution / =4 — [ so these two dimensions are associated to equivalent
representations. We call [* =4 — [ the dimension conjugate to /.

It is a simple task to prove that conformal invariance puts n additional constraints
on the n-point correlation function (which depends on £ n(n — 1) independent var-
iables from Poincaré invariance) so this function depends on an arbitrary function
of N =% n(n — 3) independent (adimensional) variables, the so called harmonic ra-
tios. This implies that:

(i) The conformal covariant two-point function is over determined (N=-1), in
fact dilatation symmetry alone fixes its form to be

U, +)
ol (x)B(y)|o>=cAB[ ! } ATE

DS s (4)
-y

but conformal covariance implies the additional selection rule
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OUAEBOIO=0 if I #1, . (%)

The selection rule (5) admits the following generalization to irreducible conformal
tensors of order n {12]

<0|0a1 . an(x)Oﬂﬁ o Bm(y)|0>= Ounless/ =1 , n=m . (6)

We call eq. (6) the “orthogonality property” of conformal irreducible operators.
(ii) For the three-point function one has N= 0; such function is then completely
determined, apart an overall constant factor, to be [12, 13]:

1 ] 2 Uy *lg=ic)

Ol ) B() C@2)I0) =Cy - [(—“’)E
X=y

Ll — 1) Ll Hlp—1,)
X[I:ICAB[I]CBA‘ 7

(x—2)? -2y

For the two, three and n-point correlation functions we use the graphical representa-
tions:

I OAE)BO)IO): x(1a) Y(1s)

x(1a)

Il  (OlA(x)B(¥) C(z)I0) : A
z(l) y(ls)

x(h)

IL 0l Geq) .. Ay(x g0 X4(le) x,(12)

x3(13)

and similarly for
IV Ol (xy)...4,(x,)I0.

The following interesting vertex graph identity is a consequence of conformal sym-
metry:



284 S. Ferrara, G. Parisi, Correlation functions

0|4 (x) B(y) C(2)I0 =f d*1 €014 (x) B(y) C*(1)I0¥ COIC(r) C(2)]0) (8)

(from now on the equality symbol is only meant apart from a multiplicative constant
factor on the right-hand-side) where C*(¢) is a “conventional operator” carrying
scale dimension /§ =4 — [ conjugate to the dimension Ic of C(z).

The jdentity (8) is a consequence of the following integral representation proven
in ref. [14]

/ d4t[(r—lx>2] a [ (rjy>2] 6[<r-lz>2]

e R ®

valid fora++vy=4.In 0urcasea=2+%(lA_lB 'ZC)>B=2+% (p— Ly — 1),
v =1Icand eq. (8) stands for

Y

[ 1 ]%(IA+15~ZC)[ 1 %ty ]%(’c”A“’B)
() 2 [y

[ g [ e

¥y (t-x)?

" [(r—ly)ZT(IC*HBwlA)[ (zjz)z] ‘. (10)

Eq. (10) is graphically represented as (integration over internal points is understood):

y(le) y(ls)
v =
z(le) 12y z(c)
x(1y) x(la)

obviously the following identities hold
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y(le)
y(1g) y(ls) t(i2)
v >t(|:) z(1¢) = 200" z(le)
x(1) i) X(1a)

x(1a)

3. GENERALIZED CONFORMAL COVARIANT O.P.E.

We consider now a fully conformal covariant O.P.E. [15]

Yi-e Yy : 9
Oal. . an(x)oﬁl‘ om0 = 2 Dal. W (x~y’$) 071 '7J(y)
(11)
where the O, are irreducible con'formal tensors of order n, m, J respectively and
Dg% anﬁl 8. . (xky, 3—5}) is a differential operator, which depends on /,,

Lyl n, mandJ, wh1ch sums infinite towers of “derivatives” of the 0 s» giving
the contribution of an infinite-dimensional representation of conformal algebra in
the decomposition of the product Ou1 ... an®)0g . . gm (V) As a consequence
of the selection rule of eq. (6), multlplymg both sides of eq. (11) by Osy. . . s;®
and taking the V.E.V. we get

©l0a, ..., ()0 . 5 OOy 5 IO

_1)71 anﬁl ((x y),za )(0[0 ...71()’)061...5](2)‘0) (12)

which gives the general relation between three-point correlation functions and O.P.E.
To see the connection of eq. (12) with the previously derived vertex graph identity
(see eq. (8)) let us consider, for simplicity, conformal scalars (n=m=J/=0) so eq. (12)
reads as

OIAE) BG)C@I0 = DS, ((x gy ) OICH)C(2)I0) (13)

and

©ICH)C(2)0) = [(y 1 } I

_ 2)2

(see egs. (4) and (5)).
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From the vertex graph identity (10) we have:

1 130,+p-17)
2
)

014 (%) BOY) C(z)l0)=[(
AX—=y

1 (sas+l,—1 30+ Ip=ly)
x[ d4t[—2:|_ Uerly~1p [—J—] CBAT OIc(Hc@Ior (14)
(t—x) (t-p)*

s0, by comparison of egs. (13) and (14) we get

((x . ay) [(x_ly)z] L+l

U+ —1g) L Sl
de4t[ ]C B[ l]CBAet.a

(t-y)

which exhibits manifestly the non local structure of an irreducible representation
of conformal algebra in the O.P.E. [16]

AG)B() = [(x_ly)z] % WB*ZC*)f ate [ (t_lx)z] e

1 S (U g-1y)
X[(t_y)2] c(H+... . (16)

However we still remark that eq. (16) is only a formal device as it is not a true ex-
pansion 2 la Wilson. In fact there is not in eq. (16) an explicit factorization of the
C-number light-cone singularity which, by dimensional analysis, must be

[(x;)z] 5 (Ly+g—1c)

and an operator part finite at (x—»)? = 0. The complete conformal covariant solu-
tion of this problem was found, by a general method, in ref. [15], to have the form

(15)

(t-x)?

(l +l 1)
A(x)B(0)=(-12) ¢ fdu us a-1B¥le) (1 _y)s Up-la+io)-1
X

X ofy Uo =1 = u (1—) x* D) C @x) + . .. Qa7

where oF) (a, z) is an hypergeometric function and we have puty =0.
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In particular, in the light-cone limit x2 - 0 eq. (17) reduces to [10, 17]:

1
1 Uyt
A(X)B(O)N(—z)

- Fy GUHg—1e)i 13 x-3)C(0) +... (18)
x2>0

in terms of the confluent hypergeometric function

1
1L @e;2) =T @/ T @7 (c-a) [ dua! (1-u)=o= 1 et2
0

It is a simple task to derive eq. (17) from eq. (16) i.e. to regularize & la Wilson the
O.P.E.in eq. (16). For this purpose we perform on eq. (10) a Riemann-Liouville
fractional transformation {15, 18] (we puty =0)

2

( 1)’3(1/1”3‘13)[(14;[ 1 ]%U*CHA_B)( 1)‘5(10*’“13‘1/1)
X

(t—x) 1

] L1y L _
Xl: 1 ]C=(_}_)2 AT Cfduu-z(lA—lBHC) 1
0

(t~z)2 x*
X (1 —uy B U0 [ 4y L
f [+ x%u(1-u)] e [u(1-u)x?] 2
1 le
X — , 19
[(ﬂux - 2)2] 19

which allows us to rewrite eq. (16) as:

2

Ll -1y 1 L1, B
48O =( ) [ aw o
X 0

X (1 — u)T(lB_M+'lC) = 1(44; 1

(12 + x2u(1-u)] e [u(1 — u)x?] fe=2

X et C(ux) . (20)
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The equivalence of eq. (20) with eq. (17) is easily achieved by noting that

4 1 td - 3
fd t T © —fdaoz c
2+ x2u(l-u)] € ¢

de4l' ea(t2+u(1—u)x2)+ 9 =fda a?’“’lc o0 w(l—u)x?
¢ @1

Xf ool T 100 2 fda Ql-IC qeu(1-0)x" — Of4a
a

= (1 —wx2) €D @Oy @ ~wat o))

where the last equality is a consequence of the fundamental integral representation
for the Bessel function [19].
Inserting the result of eq. (2) into eq. (20) and using the identity [20]

—Lvni tni Gzy .12
2 2 = —— wv+1;3z2 22
e J(ze'") fw+ 1) of1 G iz%) (22)

we obtain the O.P.E. (17) as derived in ref. [15].
Let us now consider the more general situation concerning the conformally co-
variant n-point correlation function

OlA; (x)-.-4, x IO . (23)
We will widely use the formal device (see eqs. (8) and (16))
AX)B ()= [d* OB () 0* N0 0 (1) (24)

which gives the contribution of the local field O (¢) to the O.P. 4 (x)B(y) and is a
consequence of the vertex graph identity (8) and of the orthogonality property (6)
(spin complications are not essential in the present discussion). Note that the sub-
stitution of (24) for any couple A4;(x;)A;(xy) in (23) can be graphically represented
as (n= 4 for example)

xly) xql4) x{ ) Xq{la)

VI =

x,(02) x4(ly) X,(la) X3(13)
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and reads as
OlA; Gey) - A;() - Ap(xg) - A (x)I0)
= [[d* £ Ol4,(x) 4, () O (D10 Ol (x() - . A (%) .. (25)
X . A x) . A (x,)0(DI0);
we call this operation graph contraction as it allows to write a n-point graph in terms

of a vertex and a n-1 point contracted graph. By iteration of (25) to any chosen pair
of operators we obtain, for each chosen configuration, the factorized expression

Ol (x) ... A, (0= [ds b, s
X (Ol (x, )4, (x,) 0(£)I0) 010, (¢ )45 (x;) 052,10 . .. (26)
X .. 010,_5(t, DA, (x,_ DA, (x,)I0

which is graphically represented as

Y AVANVAN JAVAN
Xp ‘i—___tQ 3] Xy

tn-3

We call a graph of the type VII a conformal irreducible graph. An interesting prob-
lem is the locality property of the O.P.E., i.e. the property that each conformal ir-
reducible graph satisfies the Wightman [21] axioms concerning locality.

It is clear that the two and three-point functions give no problems: they are
analytic at space-like distances and with cuts for time-like distances.

Also the n-point function should satisfy the linear part of Wightman assioms be-
cause they are constructed from “good” two and three-point functions with rules
which resemble the standard perturbation expansion.

It is possible to obtain a more general demonstration starting by time-ordered
functions. Their Fourier transforms have standard analyticity properties. From a
general theorem of Ruelle [22] it follows that the corresponding Wightman functions
satisfy the Wightman axioms and in particular the locality condition.

Finally we stress that such graphs depend on the particular chosen coupling scheme
(particular configuration of the external points) and on n-3 arbitrarily chosen dimen-
sions, which are the conformal quantum numbers of the operators appearing in the
multiple O.P.E. Obviously the most general n-point correlation function can be ob-
tained as a sum of (infinite) irreducible graphs of the kind VII, corresponding to all
possible spins and dimensions of the internal points. Note, however, that any irre-
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ducible graph is a well defined expression. It reads as a #-3 multiple integral of a
product of 3n-8 powers (it is in fact built with sequence of n-2 vertices).

We are indebted with Prof. R. Gatto for many interesting descussions.
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