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The theory of the emission of electromagnetic waves from an accelerated point
electric charge is based on well established physical concepts. A general and consistent
theory of the electromagnetic field generated by a point charge moving with relativistic ve
locity implies the use of the theory of special relativity, It is obvious that the properties
of the emitted energy are completely different when the values of velocities are low or are
comparable with the light velocity.

In this report we do not write anything new, but we want to have in hands use-
ful formulae andcalculated functions applicable to that particular "lamp" which is a syn-
chrotron or a storage ring. In order to recall the necessary theoretical background, we
shall first repeat concepts which can be easily found in classical books, such as: "the field
theory' by L. Landau and E, Lifchitz. The expressions taken from this book and used to de
rive the formulae obtained in this report shall be indicated with the notation: (L. L., ; formu-
la number). .

The study of the radiation emitted by an accelerated point charge, was initiated
by Liénard in 1898 and by G. A, Schott in 1907; but only in the years ranging from 1940 to
1950 a renewal interest arose in this field, It is also interesting to note that the Schott's
formula, derived in the first decade of this century, is applicable either to the ultrarelati-
vistic case or to non relativistic one,

In the fourth decade the classical theory of the radiation acquires a well refined
theoretical bases with the works by D. Ivanenko, I. Ya, Pomeranchouk (1944), D. Ivanenko,
A, A, Sokolov (1948), J. Schwinger (1949), and with a large number of experimental works
such as those performed by F.Elder, R, V.Langmuir, H. C. Pollock (1948), D. Tomboulian,
P, Hartman(1956), F. A, Korolev, O, F, Kulikov, A,G. Ersov (1960),



2,

1. - INTRODUCTION, -

A point electric charge, with initial velocity, ¥, in a constant magnetic field,
H, described a circular path of radius R, when v. H=0, The radius, R, is related to the
field, H, and to the energy, E=m0e2(1— BZ)-l/Z, of the charge, by the relation:

(1.1) R =~

where B=v/c and € =-e, is the electronic charge. In the case of a relativistic electron,
the component of the acceleration along the radius R and directed towards the circle cen
ter, is so large that the electron becomes a powerful source of electromagnetic radiation.

The loss of energy in unit time.can be determined by using the motion equation
of the electron by including the losses due to the radiation.

This calculation, done by Liénard in 1898, gives the result:

dE 2 Cei 4 2,-2
1.2 - B . - ma
(1.2) Wo=- S T B8P

where the physical constants are expressed in C.G.S. electrostatic unites,

In the ultrarelativistic case, B &1, than (1. 2) becomes:

ce2 4
(1.3) W (g=1)= 2 __ o (_..E__)
05 8 R2 c2

while in the non relativistic .case, B& 1, one has:

2
c6'04
5 B
R

(1.4) W, (B4 1)=2

From these classicalresults, one has that the radiated energy rises rapidly with the elec-
tron energy when g =1,

Then one is forced to pay attention to the higher harminics of the foundamen
tal frequency, given by the rotation frequency of the orbiting electron:

v . _C Wy

(1.5) 2@wR B=1 2aR 2@

Thus the emitted radiation has wave length:
(1.6) A= 2me

where y is the harmonic number,

The radiated energy in fhe interval of harmonics between 107 and 101 gives
wave length ranging from infrared.radiation (18800 A) to X rays (1.88 A), for a 3 m ra-
dius of the electron orbit.

With the Frascati synchrotron, at orbital energy of 1 GeV, one observes a
glow almost white which corresponds, in the cromaticity, diagram, to the point ¢ in
Fig. 1; this fact implies that all colours are present in the luminous spectrum (their addi



tive composition gives white light in the cromacity diagram),

But one also observes the presence of some sky blue-violet cromacity: this fact
implies the presence of some more intense foundamental wave length in the range of shorter
wave lengths, Fig, 1,
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FIG, 1a) - Cromaticity diagram of visible radiation,
Point € corresponds to white light, The opposite pure
colours on cromatity curve which are on a straight
line are complementary, their addition gives white
light; b) - relative sensivity of human eye to colours,

Similarly, in other synchrotrons with lower orbital energies one sees a glow
displaced toward longer waver lenghts, for example a yellow-red glow, An accurate cro-
matic evaluation of the glow requires an experimental study of the photon specirum inten-
sity. Then one has to compare the experimental values with the results of the theory which
predicts the intensity of the emitted radiation as a tunction of the basic parameters of a
synchrotron; such as the radius of the electron orbit, the electron energy, and the elec-
tron total number, We shall deduce the practical formulae and give a graphical method to
obtain all the emitted intensities of energy at all wave length for any value of the radius R
and orbital energy,

Incidentally it is to note that the observation of luminous waves from accelera-
ted electrons in vacuum is the most direct proof of the existance of the electron itself,

2. - INSTANTANEOUS ANGULAR DISTRIBUTION OF THE RADIATED ENERGY. -

The Liénard-Wichert expression (L. 1.5 63.8; 63.9) for the electric field E and
for the magnetic field H are used to determine the instantaneous distribution of the radia- _
tion intensity of a moving electric point charge with velocity Vv and acceleration v = -(v2 /RZ)R.
The Lienard-Wichert formulas are:

_ W = A :(ﬁf-—;’:—R')Ai] ~
(2-1) E:e - (Rv—?R')+eO s H:=

L-RIAE
RV, 2 BT R
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They give the field E and H in the point B of the observer at a distance R' from the point
charge at P; and they are calculated at the rvetandedtime v =t-R'(% )/e (L.L.; 63.1). The
electric field is constitued by two parts: one depends only on the velocity and does not de-
pend on the acceleration, but it depends on the distance as (R')‘z; the other part depends
on the velocityrand acceleration, and also on the distance as (R")-1,

While the part depending on (R')-2 determines the spatial limit of the "wave zone",
the part depending on (R'")-1 determines the emission of the radiation, Indeed the first part,
in (2. 1), corresponds to a field created by a moving charge with uniform motion; then when
the charge is seen in a Galelian reference frame, it is at rest, and cannot therefore radiate.
Let us now study the angular properties of the electric field. Since the scalar terms do not
change the direction of the field E, but change only its modulus, it suffices to analize the
angular behaviour of the vector f=R'g [(.:_E' - (v/e)RA "5] to visualize this property. This
vector, see Fig, 3, is zero when (-ij=(T1_§f=R' -JgV/c)R' is parallel to PD =v | v, inthe plane
formed with the direction of the vector v and v,

&Y

- D

FIG. 3 - Orbital plane x+y formed by the vector PD = v
PC={(v/c)R'. The nodal curve represents the function (2. 8)
when ¥ =0, The intengity value of the back radiation is
2,
9 (mo‘2 )4 2x10” 1%
2 E 4
3 [E(Gev)]

of the total radiation intensity emitted by cne electron,



Thus, § is zero along the direction PM and PN, where | V| =|Wl =|ﬁ" .

The angle between the PM and RC vectors gives the direction along which the
electric field is zero, that is when cos2a = 52 Then, forﬁ’;.‘: 1, one hasga =2V 1- Bz. This
angle rapresents the smallest angular interval around the direction of the velocity Vv in
which the radiation is not zero,

Formula (2.1) depends on the angle between the vector PB and the velocity ¥;
then we can use an axis system with its origin in the point charge P and with direction de-
fined as follows:

oxllv; oyll(-0P)=R; 0Z-0xAT0y.

The angles (a,y ) and the angles (8, ), shown in Fig, 4, are therefore related by the rela
tion:

(2.2) cos @ =cos@ - sin0, cos@=sine" siny

FIG. 4 - Coordinate system used PB =R'; OP=-R

The vectors PB" and PB' are the projection of the vector PB on the plane x+y and x+y
respectively. One can deduce the following relation:

R-R'_ . R'-v .
(2.3) -R—ﬁ“—-sma cos? , W=cosa, d 8 =sin0d0dg =sin gda d ¥



The instantaneous intensity, dWX, of the radiated energy in the solid angl_e, d@ , is the
quantity of energy which crosses the elementary spherical surface, ds=R'R'd @, with
its center at P and with radius PB=R",

The energy flux, given by the Poyntig vector, §=Z%; EAH(L.L., 47) is:
(2. 4) . dW =§-ds= —— [szE‘Z-(ﬁnE)Z] dQ

where E-R' can be zero for some conditions to be determined.

Formula (2. 4) can be written in the form:

2
2
ce 2 ce
4 5 e e 2 4
{2.5) dw™ = °2 B 2R4[R'2E2-<R'~-E)]sz—~—«—°~—2B wla,y)
32 R eOB 32w R

By using (2.1) and Keeping in mind the angular relation (2, 3) one has:

, . (f-cosa )2+(1-Bz)sin2a sin? Y _ 2sina(f-cosa)cosy 1- ;92

1, . R,
’ v(l‘BCOSa)G (1-gcosa ) B R
(2.86)
+ sin’a ( 1—52 _R_)2
(1—ﬁcosoz)6 B R

This expression is useful to analize the meaning of the "'wave zone' both in the ultrarela-

tivistic case and in the non relativistic case. Indeed, when one takes R')}(l—BZ/B YR, the
terms in the first and second order in R/R' are neglected, and the linear dimensions of R’

with respect to R can be seen to depend on ﬂ ::v/c; So, in the case g =0, one has R'M»R,
whereas in the case § =1 the condition R')» R is suffitient to perform the "wave zone" ap-

proximation in both cases,

One deduces that in the ulirarelativistic case a ""wave zone' is obtained of the
order of the orbit radius: i.e. the '"wave zone' is much smaller than the "wave zone' of
the non relativistic case; this fact is just due to the factor 1—52 which compresses the "'wa
ve zone' with respect to the non relativistic case,

This situation is useful in the experiments, since measurements can be perfor-
med relatively near the orbit of the electron, for example at a distance of one radius., Now,
in the "wave zone'" approximation, one can drop the terms depending on (R')"2 and R+ E in
the formulae (2,1) and (2.5) respectively,

By using B =0 in (2.6) and by using the result in (2, 5), the instantaneous angular
distribution of the emitted radiation in the solid angle df is given as:

ce”’ -
(2.7) aw(g=0)= —2% |f%cos’a +sin’a sinzy] aQ

It rapresents the angular distribution of the dipole shown skematically in Fig. 5. In the ultra
relativistic case one has (Fig, 6):

(2.8) aw (B 1) = 0 84(B—COSa)2+(1—B26)sin2asin27 40
47 R (1-Bcose)

By virtue of the high power difference 1- #(R'-v/R'v) inthe denominator of (2.8) one has a
large intensity inthe small angular intervalda; that is when:(1-g8)+(4a /2)2x(1-§)



Lot |

FIG, 5 - Schematic of the spatial
dipolar distribution of the emit
ted dipolar radiation at a fixed
time,

NN
FIG, 6 - Schematic of the spatial \ i \
distribution of the emitted ultra- \\\\\\\\! ’4
relativistic radiationat a fixed time, ' 1\ :f
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or when4 e =(1-8) 1/ (1- {32 1/2 for §— 1. One deduces that the maximum value of the ra

diated energy in along the direction of the velocity of the electron,

Now we can introduce the value (2, 8) in (2, 5), (using the "wave zone" approxi-
mation), and we can calculate the average taken over a revolution of the electron:
c e2
(2.9) dw = 2‘<w>d9
32xR

The average value is taken at the time t at the observer point B:

w T = period

(2. 10) > = 5 via,y)d

(o]

Since the time interval, dt, of the observer is related to the retarded time interval, dz,,
by the relation (L. L, : 73, 10):

dt=(1-Bcosa)dw =(1-fcospsing) dr and @ =W 7
one obtain
27
1 1
?(W(g’q)»:ﬁ/ P(0,9)(1-Bcospsing)dy =

o}

27 5 5
(2.11) =1 f (8- cosgvsmg +(1-B%)cos“a
o]

257 de =

(l—ﬁcosgpsin(-))

L[2+ﬁ2sin29 _(1-32 4+f12sin29)sin29 J

- =
2 (1—;}Zsin‘39)a/2 4(1- f} sin 97/2

Substituting this expression in (2.9) one has:

2 -
€€ 4l 2+ 8% sine (1-82) 4+19251n 0) sinZg
dw(e) = 2 P 5/2 7/2 a0
S8R (1—32sin29) 4(1- ﬁ sin 9
(2.12)
2

c ez 1+coszg - £~ {1+3 Bz) sin4(-)
B o) ; 4 4
B 7 P 2 /2 4

87 R (1- g% sin20)

One has, from (2.12) the average intensity ratio along the directions, 0= ®/2 and 8 =0

) 2
(2. 13) dW(e=s/2) _ 4+3BS/2
8(1-82)

dw(e=0)

This shows that the ratio between the intens 5ity value along the orbital plane to that along
its normal direction becomes extremely large for §—r1, or for:

1—stin292ﬁ 1—@32
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or, for:

(2.14) 40 (1 32 1/2_”,, 0

B—1

3.- AVERAGE SPECTRAL DISTRIBUTION OF THE RADIATED ENERGY, -

As the motion of the charge is periodic we can use a Fourier series analisis
of the average vector potential over a revolution period (L, L.; 74) to obtain the spectral
distribution, which gives the single harmonics of the components of the e, m, field, (L, L.;
74}, Introducing these components in the expression of the radiation intensity (L. L. ;66)
and summing over all harmonics we obtain the total average radiation intensity:

® €% 20 ® 9 9 2 ¥ 2
(3.1) dw(e), .= 3 W(wv,0)=—2> 8 S vicot0I (x)+B° 3 »°Jf (x)}dﬂ
tot 14 p
v=1 27 R y=1 v =1

where x=v § sin® and Jv (%), Jq; (x) are the Bessel function and its derivative of ¢ order.

This formula was deduced the first time by Scott on 1907 and it is applicable
to the relativistic and non relativistic cases, From (3.1) all information are deduced from
the radiated energy. By Keeping in mind the relation: (Watson, theory of Bessel function pa
ge 573)

o0 2 2
2 n(4+
> 1;2J (,‘, 7’): (__%__
V=1 16(1- ")
(3.2)
[o's] 2
AL E
v =1 16(1-77)
formula (3.1) becomes
cez 2 2 2 2 2
aW(o) = o) 84 [cos 0(4+ 8 81;1/‘49) +4+;§B sin 05/2 :ld'g -
32aR (1- B sin?0) /2 (1- ,3 sin”0)
2
ce2 1+cos29—-ﬂ—(1+332)sin419
_ o 134 4 40
2 NE
8T R (1- B sin 9

the last expression is coincident with (2. 12). The first form of this relation ship is consti
tuted by two parts: one is the Bessel function series, the second is the derivative of the
Bessel function both combined with the square of the harmonic number v,

The first term has a zero value when 0= % /2, and the second is a maximum.
That is this last term rapresents the polarized component of the radiation with the electric
field vector lying on the orbital plane; this component is:

€% B4 4+3528in20

(3. 3) Aw(e) 4 =
° gar®  (1- g2 sin20)?

dQ

Then the polarized component with the electric vector lying on a plane normal to the orbit
is:



11,

c e2 2 2
(3. 4) dW(Q)n - 02 BéL co'sQ‘(24 + 52 8;72 Q)
87 R (1- 8¢ sin“g)

This derivation of the polarized components is rigorously valid for 8=4/2 and 8=0, but.
one can show the validity of (3.3) and (3. 4) for any values of 9,

Since each rectilinear vibration {0 orm) is a sum of all harmonics, each har-
monic has the direction of the vibration; and the single harmonic o, (wmw,) is associated to
the derivative of the Bessel function (to.the Bessel function), that is:

2

ce
aW(r,0), = —2- g% v 112 (48 sine) a0
2nR

2
c e
2 2
dW(wv,0), = _,_%« 8% cot?o v? Jy (v B sing)d Q
2R

Integrating over all angles from (3. 3) and (3. 4) one obtains:

2 4 « 2 4
2 %%,8 6+p2 2 ©c,B 2- g2
(3.6) Wy = = — - - -, Wep = o :
o 3 2.9.9 8 3 2.2 2 8
(1-8%)R (1-89)°R
The sum of (3.86) is
2
ce 4
W_=W, +Wn=*§- — —ﬂ~2~
’ (1-8%2 R

which is the classical formula given by Liénard, One may note that Wy =(7/8)WO and
Wg =(1/8) W, while, for § =0 dipolar case, one has:

2 2
. Cce ce
-3 2 "o 4 1 2 "o a4
{3.7) Wa—4 3 5 B, Wy 4 3 Rz B

and one sees that the emitted radiation is always polarized mainly along the orbital plane
and that the intensity of the ¢ component rises as the energy of the electron, From (3.5)
each harmonics appears having a strong dependence on the angle 6, that is the harmonics
have different angular distribution,

4. - ASYMPTOTIC RELATION OF THE SPECTRAL DISTRIBUTION, -

To study the spectral distribution intensity of the radiation in the ultrarelativi
stic case, it is necessary to modify the Schott's formula, Ivanenko and Sokolov (1948)
were able to derive asymptotic formulae of the Bessel functions which are applicable in
the ultrarelativistic case and for very high harmonic numbers, Schwinger (1949) obtained
analogous formulae, Here we shall report only the results.

The argument of the Bessel functions is the variable: x= v B sin@, see (3,1);
for high harmonic numbers, v, the asymptotic relations are:

1 2 1/2 2 3/2
Ty (x)= —==(1-25) 1&1/3[(1-35—.) 2

n‘/’g'  p2 vl 3

2 2 3/2
- =1 X" _x v
y (x)= Vo (1- )2 ) "2{2/3[(1 2 3]
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where Ky 3(x) and K2/3(x are functions related to the Bessel functions which have imma-
ginary arguments:

(4.2) X @ [1/3 }(1x ;7173 }(lx ] ; K2/3 (x)=-:/_vfl: 2/3}(1x —2/3](1:{] ;
3

1/3 3 -1/3 7 1/3 -2/3 " 2/3
and from the properties of the Bessel functions:

4

3 (x)+K

(x)

= 1
(4. 3) K5/3(x)— ”

K2/3 1/3

Once the (4.1) are substituted into the Scott's formula, which is taken with a single har-
monic number, approxn‘nate expressions in the asymptotlc form are obtained: (the approxi
mations made are: g 2 (c0s26/sin%8) = cos?e; g4=1):

ce . ' '
(4. 4) dww,e)=———°—vz{s"K2 (2 63/2), ¢ cosPok? (~”~e3/2)}d9
R26“3 2/3' 3 1/3% 3

where
g = l-tfzsinzg

This formula gives the.radiated energy at a selected wave length A = 2mc/w=2mc /v W=

=(2ac//v)(R/c) and at a selected angle, ¢, between the propagation direction of the radla
ted energy and the orhital plane.

Integrating (4.4) over all angles @ and over all armonics one has the total spec
tral and angular behaviour. This integration implies these integrals (Ivanenko, Sokodov;
Classical Electrodynamics)

2..2 v 3/2 nai/z v
~— & i = +
f'e K2/3(3 ) sin@ d@ \/:_ K5/3(x)dx K2/3(y)]
(o} YvYo
-y
(4.5)
" nes‘/z ©
us .(lea/z)sinecos?'()d@:—‘—*gﬂ—— K (x)dx -K (y)
1/3°3 3 5/3 2/3
[o] yv: y
where m 22
6 = (—=—)
o B
Definitively one obtains:
2 00
2ce \/*—
3 E
(4.6) W(y)= ——2- 2 ) y K_, (x)dx
2 4 2 5/3
TR m ¢
y
where
w moc 3 3
=& O _,2 o W =P =g -2 w=.§_w _E
yw Ww 1’B(E)' . v ’ czo( 2)
c c m . ¢
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Since
16.
7S (2 10
w
° 10

L, R=1m) > 1

the discrete distribution over the harmonics is transformed to a continuous distribution;
and the energy emitted at the harmonic number,  , can be transformed into a differential

energy, dW(w ), emitted in the armonic interval dw =dw/wo; then (4, 6) takes the differen-
tial form:

2
ce 4 o
2 o B 9Iv3

4.7 = : .
(4.7) dW(w» ) 3 3 ( 5 ) s 7 / K5/3(x)dx dy

R m_ ¢

o y

Once (4.7) is integrated over all continuous spectrum one has the total radiated energy,
This calculation is performed by using the integral (Gradshten, Ryzkik, 6.561-16):

O
(4.8) / K, () ax=2H T p AR pAEEEY ) s s
o
that is:
® 2 7 8
2, ly=2 P () Py = 87
(4.9) / Ky v -2 T reg) = 422

(e]

Then from (4,7) one obtains, integrating by parts:

. Vo 9V3 , )
W=W (f=21) g /f ydy [ K5/3(x)dx =
y Yo
(4.10)
2
_ ‘ ~ 9\/3- 2 Z_ieo ___E 4
"W (B=1) S [ ¥ Ks/s(y)Cly 5 gt 2 )
JO R m c

Formula (4..10) is written more correctly in the form:

o Q0 W 2
W= 3 W('u)=/ dW(v)=- °=W0[1+2(1—62)+3-(1-B2) ]:
v =0, 34
o :

that is the asymptotic formula differs from the exact one by high orders terms in
(moc /E). Formula (4.7) can be expressed in terms of the radiation wave length:

1 c:ei 7
(4.11) <:1W(2.)=2 ( ) ¥y p(y)da
24 3 2
R m ¢
o
where
avs [~ he 4nR m e’ 3
(4.12) o@ly)= g y[ K5/3(x)dx; y:—i—‘, ),c—“-—““—g ~ { 5 )
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(4.13) A (R)= 2:59 R(m)3
¢ [B@ev)]

The useful expression (4. 13) gives the displacement towards the wave lengths shorter than
the critical wave length, .., 28 the energy rises, It is similar to the Wien law for the ther
mal radiation, Formula (4.11) depends on the parameter y via the universal function:

o)
G(y)=y3/ K5/3(X)dx
y

which. was calculated and rapresented in Fig, (7). The maximum is for i /A =0.42, and
the band width at half maximum is 44=0.844.. This band width is asymetric, being more
narrow at wave lengths smaller than the critical one, and more broad at wave lengths higher
than the critical one,

The differential photon number over all angles can be deduced from (4, 6) as:

2

2 o ]
_aW(y) _ 4 % B, -1 _5V3% B 3
(4.14)  dnlw)=" P =5 R (T 3)Y 9 Wdy=g R 575 Kgjgx)ax dy
mOC' moe y

After integrating over all harmonics one obtains the total number of photons:

2
. e
(4.15) n-5Y8 Jo E

6Hh R 2
m ¢
o

During a complete revolution of the electron along its orbit, that is during the time inter-
val 2R /c, one obtains the number of photons per cycle:

2aR__ 1 a5y3 B 9
(4.18) n(cycle)—»wc n=157 g 5~ =1.29510° E(GeV)

m,c¢

(o]

the formula (4, 14), written in terms of wavelengths, becomes:

1 e? g 4
(4.17) dn(i) =3 %= () yo(y)dh .
AR mgc

The adimensional function @ (y), normalized to 1 over all the spectrum, determines the be-
haviour of the radiation. Its limit behaviour can be visualized by using certain limit formu
las for the two cases:

y&1; y»1

(see for example Schwinger 1949)

2 2.1
- 2/3r(—3—)y/3 for y &1
S V3

(4.18) 9@ (y)= MS y/ K5/3(x)dx=
v 1/2 ,
y CuRA exp(-y) for yO» 1
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from which one can deduce the limit expression of the spectral distribution as:

2
ce 4
3 V3 2 E 1/3
aWlo,y 1) e pid) —2-(—En) yM ey
2 T R m ¢
(4,19) 0
3V3 ce E 4 1/2
dW(w,y>»1)= — ) y/ exp(-y)dy
5/2 1/2 2 2
2 11 R m ¢

The radiated energy vanishes with an exponential law for frequencies higher than the cri-
tical one, while it goes to zero for frequencies going to zero.

The functions (4.11) and (4.19) are written as follow:

2 @
ce 7
(4.20) dW(}.):i——;— 9‘/23_ g ( E2 ) }y3/ K, q(x)dx d2
8 R m_ ¢ /
(8]
2
-ce 7 003 7/3
dwm,yw)%—-{g‘/g 2 ( Ez)f 2% Vi s g,
16@° R° m_c 1’(—3—)V'3—
(4.21)
-—Cez 7\
={ 9\/?3 o Ez) ;2912 gy 13 a1
167" R mg e
9\/§"ce<2>l E_ N [ s5/2
dW(a,y»1)= 3 3( 2) 5y exp(-y)dA
16w R moc
(4.22)
2
ce 7
=I 9\/_;— . ; ( E,,) ‘1.255xy5/2exp(-y)d}.
16 & R moc“

The three functions, by making their common, factor equal to 1, are shown in Fig, 8 as a
function of y~1= 2 /.

Now we can notice that formula (4.21) is independent of the orbital energy, B,
and the maximum value of (4.20) depends on the wave length, A . both with the same law.
This fact can be used to develop the following graphical method,

Formula (4, 21), written in terms of wave length, is:

2
ce

(4.23) dw(i}’l D - gt/ 375 212 PRLEAa
R

and the maximum of formula {4, 20) is given as:

2
aW(Am) _ . 1/3 %% 0.427/3
(a.24) R CT)) TR ) x1, 22

from which dW(1,y<1)=13,1 dW( Am),
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Furthermore Fig, 9 gives the function Am=0.42 (4w R/3)(mgc2/E)3, that is
it ‘gives the correspondence E(GeV) «>)\m for any radius R; for the moment let us take the
curve for which R =1(m).

By drawing the functions:

dW( Am) dW(l,z«l)
mdl v.s. Am and a3 v.s. A

on the same abscissa, Fig, 10,11, we obtain the points corresponding to the maximum
of the radiated energy for an orbital energy E(GeV) corresponding to a fixed wave length
Am, curve (1) while the curve (2) gives the limit behaviour of the Gly) function,

By superimposing the curves (1) and (2) drawn on a transparent sheet to curve
(1) and (2) of Fig. 10,11, point (A) determines the radiated energy at the wavelength A m,
while the curve G(y) gives, in its position, the radiated energy at the other wave lengths,

By shifting the transparent paper, and by maintaining the coincidence (1)¢(1)
and (2)e(2) one can find the radiated energies for all the orbital energies and for all the
wavelengths when R =1m,

When R #1m one has to do as shown by this example: R=3,6m, E=1 GeV,

- From Fig. 9 the correspondence E(1GeV, 3.6m) e ,‘lmo= 8.7 ./({) is determined,
- In Fig. 10 point A is selected at the abscissa Am=8.7A,

- The point ordinate of A is 4x10~9 Watt,

- The value of the radiated energy is

dW(4i m)
da

_2/3

=R x4x10°9 Watt.

=0.426x4x107Y Watt,

By this graphical method one finds all the values of the radiated energies for
all the orbital radii after one orbital energy has been chosen, This possibility is due to
the property of the emitted radiation that has a limit curve the same for all the orbital
energies higher than the critical one., From formula (4.17) the differential photon number
is deduced for various energies as a function of the wave length, The analogous expression
to (4.20) and (4. 21) are:

— 2 4 foe)
?;M{9@ ‘y:%>}f/ Ky g(x) dx
247° AR® m o
[ y .
(4. 25)
2 )
dn(4,y 1) ={ 9 Vs % B )4} on’ 4 A8
dA 2 2 2
24w AR m ¢ \/'3—1,(_:1)’_)

The function, G(y)y~! is rapresented in Fig. 12a, 12b. One can notice that the photon spec
trum has a maximum for )..:f‘n=0. 70 ;LC; the curve }'rFr; v.s. E is rapresented in Fig, 13
for some orbital dadii, Repeating the same procedure just exposed one finds the photon
number value at different energies and for different orbital radii by using the curve of Fi-
gure 14,15 and the transparent sheet,

The formulae giving the maximum photon number and the limit curve as a
function of 2.11; and 4 are:
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ph 2
d_n_(._}!“)A ..._“:31/6 ‘o (,,(%70,)4/3 e Yoo 70) =
di 21/31v /3 " R2/3 Aph
2.
M3 23 g2/3 b
{4.286)
2 3
an(iy&y) . 3Y% % aa Saoo,ws
da Q13 23 23 .
3 1’(_3*)
2
= 3110 - 2,12 2 Y3
13 523 . 2/3
from which one has
dn( A 1, v 441) 2.12
= — = 5,25
dn( 2 m) (0.70)%% 0. 66

The formula which gives the displacement of the wave length, at which there is the maxi
mum radiated energy as a function of the orbital energy, is similar to the Wien law of the
displacement of the thermal radiation. But the behaviour of the thermal radiation is very
different from the behaviour of the non thermal radiation. The non thermal radiation is
polarized while the other is not. The thermal radiation, as the blackbody temperature chan
ges, is rapresented by a family of curves which don't have a common limit curve as in the
non thermal case, Fig. 16,

\‘% LN L R D S S S M
!
- \;{H e e
T ! ' ’ ' ' ' 10 o | Visible
10%)- 1 :

#
7=106% 1
10~8 "’:
1054 4 -
T \
104} i - 104

(watts o2 Hz ™ perstpradiam

]
1
1
!
!
]
) A
L NN\
{
1p-14 i \\-\
1 102 .\’
10°F . : \ AN i
-0 1 ! . , )
10 I } E
2 ! n \\\\
$071 - .. i R % \\:j
i 4
i R .
10-‘22 \\:\\\ 4
1 1 :
. 3 1 {l 1 i r:ri& g \.& \k
1009 4072 4o 7 70 107 10% Ay i \j
A’W> 1028 S ' 1 3 t I ’ 1 L L L
a) 10710 498 107 1074 1072 1 107

;‘ <§’W .) b)

FIG, 16 - a) The Wien law; b) The -Planck Law.

The particular property of the non thermal radiation of having a limit curve has
practical importance because shows that the photon number emitted in the visible and in
frared spectrum is idipendent (it depending only on the wave length) of the orbital energies
above 0.5 GeV,

It is clear that for theese wave lengths the orbital energy fluctuations do not
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affect the photon emission, which is affected only by the photon number,

For this reason a non distructive accelerator can be an absolute standard source
of radiation, since the number of orbiting electrons are constant. This is true, obviously
within a time interval during which electrons are not lost.

Finally, following Scott (1912), one can do some consideration on the coherence
of the emitted radiation. Let us assume that on the orbit N electrons are randomly distri
buted. Assuming an origin axis, each electron determines an are on the orbit which sub-
tends an angle, Pk, where K takes values from 1 to N,

Then the Fourier components of the vector potential of the »t® harmonic has
a phase factor: exp (i ¥ ). In order to calculate the radiation intensity one must calcula-
te the squared modulus of the product between the vector potential and the electron veloci-
ty direction. Then the formula giving the radiation intensity depends on the squared modu-
lus, Fy , of the sum of the phase of each electron:

N
(4.27) Fy = , 3 expl(iv @)
K=1

then, (3.1) for one harmonic, becoms:

2 .
ce iv®. 12
k
(4. 28) dW(v,G):——O—E—ﬁz{vzcotzg J,‘zl(x)+ y2 53 J'z(x)} 2e l dg
v
2w R
The factor F is written in the form:
N iv(Pk 2 N N
(4.29) l Z e =N+ 3 3 cosv(9® -9 )
K=1 K=1 m=1

now the average double sum is zero when the electron positions are randomly distributed
on the orbit, The intensity of N electrons is just the sum of the single electron intensity,
On the contrary, one can postulate a uniform distribution of the electron on the orbit; then

(])K~ wK‘l B g)m_ (pm-l :T
and the factor ¥, becomes:

N

N 9 N N -
F, =N+ 2 2 cos’vl K—ml—§= zZ 2 cosle—m! -2—1\—1—=
K=1 m=1 K=1 m=1
(4.30) K#m
=N Jfl cosj N 27

If »/N is an integer number, F, is equal to N2; if » /N is a non integer number, Fy is
equal to zero; then there are certain wavelength for which ¥/N# integer, where no radia
tion is emitted.

Finally, for an uniform distribution, one has: (G,H,; 1.342-1,2)



29.
. sin=_+" [ SoFe g
N wwklz ’ =1 2 2 2
e =

(4.31) 3 1
K=1 K=0 v

k3N vi—0

This formula shows that there is in coherence for frequencies we (W, /¢) or s 2md whe
re d is the arc distance between two adiacent electr ons; for example, for N=1010, R=
=3m and 1 =102 wd, one has: 1=l cm.,

It is clear that Fy strongly depends on the spatial distribution of the electrons;
for a detailed discussion see:Ndvick Saxon (1954).

5. - APPROXIMATE RELATIONS OF THE SCHOTT'S FORMULA IN THE ULTRARELATIVI
STIC CASE, -

The Schott's formula (4.4) is more useful written as a function of the elevation
angle, which is the angle between the propagation direction of the emitted radiation and the
orbital plane, rather than the elementary solid angle,

As d@=sind d0d ¢=cosyp dy d¢ , and since pe V1 52'\'0 one can make the follo
wing approximations:

cospPpl; sinypX g ; g=1- stinz():l—Bzcoszwxl~ﬂz+w2

and the relation:

21 3/2
5 (1- ﬁzsin29)3/2=%(1—ﬁzcoszw)3/2=% o {H(L*‘E—« ¥) ]
C m._c¢c
o

After integration on @ angle {4, 4} becomes:

2
ce 2 2 2
Wir,w)=2m 50— (@) Lo YT g2
R” = c 1-8
2 ez 2 2 2
2 P 2 .3 o E W _E 2
{Km( )+ ko )}dwdw— e Tt [1+( : w)] )
(5.1) s Mo
E | 2
(—v)
2 \moc 2
x 2/3( )+ 5 K1/3() dy dw
E
1+( é’*TP)
m ¢
where
3/2
e Lle i (B /
2 A 2
m c
The term K2 {x) in (5. 1) corresponds to the ¢ component and the term K2 x) corre-

sponds to the/n; component, as one can see by comparisionwith (4,1) and (3. é?

In order to obtain the angular distribution indipendently of the frequencies
one must integrate over all harmonics, and then one has to use the integral (G.R.;
6.576-4):
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(e¢) ‘U;-B
p-l ., 2 PEYHQ. | MAV-Q. L f-v4e B-v-o
/KQ(X)K,V(X)X dx F(M)F( 5 Y I 5 ) IT'( 7 ) I'( 5 )
(5.2) vo
wy v +e

So one has:

[o o]
dW(w)=/ dW(ew,p)dw: - dy =
(o]

(5.3) ( E )2
ce n 5 - 97-5/2 m o2
= ) [H( zw)} 745 —— by
I6R m _c m ¢ 14 E zw)z
D.’loC
By separating the two polarized components, one has:
ce2 ce2 2
E 9 7 E 5 51
(6.4)  dW(w), =—25— (~—5) sE s AW s () NE
18R”  mge”  (1+77) 16R  mgec (1+77)
where the two functions of the parameter 9 =(E/moc2) L/
2
7 51
(5.5) Hn)g =—5575>, f(n)y= areryre
2 5 2 n 2.7/2
(1+7 / (1+7 )/
are rapresented in Fig, 17. The (9 )4 function has a maximum for 4 =0 and the f( %)z

function has two maxima for % =+(2/5)1/2 (that is at the angles ¥ = 0+ V2/5 (mge?/E); further
more fMax/fMax = 7/2(1/5)7/2 = 11, 33,

The total emitted radiation is

(5.6) f(n)=1(n), +i(n )y =

From (5.1), expressed in wave length terms, one has:

dW( A,y )= 5
(5.7) 2 (—E )

.21 °% ® 8 E 272 Ac 4 o M ¢ 2

T ) [T G Kk v ad

327 R m, ¢ mg ¢ 1+ 214;])

m_c
which is written as a function of the parameters:
B B
(5.8) n= V= (Gevi v x=1.19 22 (1472) >
mg e 5.12x10°

Then:
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Am 2 -6
A R T Sk Bgev)
dyx d A 32w (5.12 % 10 4)8 RS(m)
(5.9)
a{ 9 2
XA[(an)z (2.38 %’E) {1 (%—)+~"--—212<~};)H
1+ 7 )
where
21 __gw 2
() Kl/k x)

the term in brackets is calculated as a function of the parameter f and at some values of
the ratio Am/j .

The constant value is:

2 . -6
g Ce&,x10 B (Gev) _ -7 ES(GeV)  Watt,
320 48 3 =1.31x10 - = A mrad
(5. 12x10 ) R (m) R"(m)

Then, after fixing a radius and an orbital energy, one can determine Am (also Am/)) b
using the curves of Fig, 9. After choosing a curve of Fig. 18, the elevation angle,y , cor-
responds to a value of 5 given by (5. 8) and tabulated in Fig. 19; then by multiplying the ordi
nate of that # by thevalue of the constant corresponding to the wanted E(GeV), R(m) the va
lue of the radiated energy is obtained,

The polarization of the emitted radiation is defined by the relation:

_ W(o)- W(x)
p W(g )+ W(w)
or
2
2 n 2
o= Koz - Tagz ¥yy5™
2
2 n 2
(x)+ K7, (x)
2/3 1+7 1/3

which is calculated in Fig, 20 for some Am/) ratios,
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Graphycal rapresentation of the adimensional part of the function
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FIG. 18
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APPENDIX. -

The most important functions are those of the radiated energy and the correspon
ding emitted photons,

We write here these functions with the numerical factors,

For the energy one has:

G(A /A )
dw(i) _ 1/3 7/3 c
i (47)7 7 (0. 42) e, TS s

R A,m

(A=0.42x 2 )
dW(Am) _ 1/3 /3 G c -
a1 =(4m)"7(0,42) " ce 32/3/17/3

m

=5.4x10 " [R(m)]_z/s [xm (/‘{’)]“7/3 sz“

dW(4d,4 » AC)

=7.3x1078 [R(m)] -2/3 [,1 (X)]'W3 —Vzgti
A

where the universal function G(A /Ac) is tabulated in Fig. 7, and :

AW(A =4 15 A )4 )
C dW(A )

=13,1

For the photons:

SIYN

m

dn(a) _ 3/
da 21/3n2/3

ap

(0.70)

e, $(a=0.702 )

LN E
m

dn(lg]) _ 31/6

- 4/3
dA ,1/3_2/3

(0.70)

=8.42x10° [R(m)] "%/3 AT &) -af3
(o] |

0]
A sec

dn(2,a%2,) 416 2 #
_ - o 1 9 -2/3 0. -4/3
v NTERCTE 2.12 T =4.55x10 [R(m)] [A(A)] 5

where @#() /2 .) is tabulated in Fig, 12a and

dW(A =1 ;l»).c

= 5,25

dw( i )

g =8 =
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