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In recent time a’ lot of work has been done to understand
the short and light-like distances behaviour of operator products in
field theories(l),

The original Wilson's idea of broken scale invariance at short
distances has been later clarified and extended to the whole light—cone(2
In this connection the role of conformal symmetry has also been inve
stigated and it has been recognized that this stronger symmetry puts
additional constraints on the underlying theor‘y(3 , and in particular se
verely limits the operator form of Wilson expansion, this fact beeing
deeply related to the uniqueness of the 3-points conformal covariant
Wightman functions'4),

This last observation has been used by many authors to ob-
tain an improved perturbation theory and to write down bootstrap equa
tions for the anomalous dimensions(5),

In this note we emphasize that a conformal covariant Wilson
expansion cannot be done in Euclidean space in the usual sense and
we findithe correct conformal covariant prescription which has to be
used in order to obtain the operator product expansion in the pseudo-
-euclidean space-time,

We remind that, in space-time, the confor;nal covariaht'contr_i_
bution (of a scalar for simplicity) to the bilocal operator A(x)B(0) is
of the form(6)
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The generalization to general tensor operators is straightfor-
ward,

Note that A, B and O are assumed to be conformal irreduci-
ble scalar operators in the sense that

(3) , fa0), x, ] =[ B(0), X, | =[0(0), K, ]=0.

The simplest way to derive this formula is to use the '"Ver-
tex Graph Identity'"(7) and the selection rule for conformal invariant
two point functions, which readsin the Euclidean space
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OX(t) is a so-called '"shadow'' operator, namely a conventional operator
of dimension 1¥=4-1,

Using Eq. (4):q.(5); can be translated in operator language by
4 ‘
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which gives the contribution of a scalar operator Of{t) to the product
A(x)B(y).

However this is not the:right result in space-time, since equa
tion (8) is definitely different from eq. (1); in fact, after some simple
calculations, we get from eq. (8)
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so we see that eq. (9) is different from eq. (1) for the replacement of
the Bessel function Ji_og with K 9.

Note that
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and, for 1%2, formula (9) gives rise to unwanted "shadow' singulari

ties of the form
lasig*
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in the operator product expansion,

The origin of the shadow singularity lies in the fact that the
singularity of eq. (6) is not, for 1»2, the naive one
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because of the distribution character of eq.(6), as can be easily pro
ven applying this distribution to a test function.

This implies that the conformal covariant Wilson expansion



in the Euclidean space must have these ''shadow' singularities to re
produce the three point function,

Note that the conformal covariant operator expansion derived
by Bonora, Sartori and Tonin coincides with this last expression, so
it is not correct when used in space-time 8 .

The situation is quite different in Minkowsky space; in fact
in this case the operator product expansion is connected to Wightman
functions better than to T-ordered vacuum expectation functions.

In fact Wightman functions do not have 'shadow" singulari-
ties and therefore one can build up an operator expansion in the form
of eq. (8) which, in this case, exactly reproduces the original expan-
sion eq. (1).

For this purpose we note that the correct implementation of
eq. (4) to space-time is
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which can be graphically represented as
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Using now the general cutting formula( we get
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where arrows mean taking only positive frequency part of the propaga
tors. h

However _the 3-point function (13) coincides with the Wightman
function for (x-y) £ 0, which can be also written as Fourier transform
with respect to the point 2 as (we put y=0)
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since, from the analitic structure of Bessel functionS(G): one easily
recognizes that ''shadow' singularities have no imaginary part in p
so they do not give contribution to the Wightman functions.

Moreover one still verifies that the Fourier transform of
eq. (14) indeed coincides with the conformal covariant prescription gi
ven by eq. (1), so that we can write
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when x2< 0; .analytic continuation can be then used to define the
operator product in the whole space,

As a last point, note that the Wilson expansion in eq. (15)is in
deed an operatorial statement, if it is intended to hold only for positive
frequency (this is why eq. (15) is applied to the vacuum state).

This last statement is indeed a conformal invariant statement
(under the algebra) as it is equivalent to consider a general Wightman
function with all points space-like to each other,



We then have shown that the expansion given by eq. (1) is the
unique conformal covariant expansion on space-time which satisfy the
right constraints due to unitarity in the sense that the corresponding
(thee-point) Wightman function is a discontinuity of a conformal cova-
riant quantity.

We finally point out that the interest of having a correct Wil
son expansion is connected to the program of calculating n-point con-
formal covariant functions by appropriate insertion of operator expan-
sions,
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