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The causal Meyer~Suura structure functions are projected into irreducible representations of the Lorentz
group. A clarification of the connection between light-cone singularities and Lorentz poles is obtained: We
find that in general a light-cone singularity of the type 1/(— x2 + i€xy)®, in the operator product of the hadronic
electromagnetic current, is built up from a sequence of Lorentz poles at A, =1 + a — n whose residues are
polynomials of order » in the virtual photon square mass.

1. INTRODUCTION

In this paper we study the connection between scaling
properties (light-cone singularities) and Regge-like
behavior (J-plane singularities) of the off-mass-shell
Compton amplitude. Recently many authors! suggest-
ed that presence of light-cone singularities in the
commutator of the hadronic electromagnetic current,
which are responsible for the scaling properties of
the structure functions in the Bjorken limit, could
imply the existence of fixed poles in the off-mass-
shell forward Compton amplitude. To study this
phenomenon, it is necessary to develop the harmonic
analysis with respect to the Lorentz group in configu-
ration space, showing explicitly how Lorentz poles
contribute to build up light-cone singularities.

In Ref. 2 the Wick-rotated imaginary part of the off-
mass-shell forward Compton amplitude has been sub-
jected to an O(4) analysis and the connection between
its Lorentz.pole content and light-cone singularities
has been investigated by performing a Sommerfeld-
‘Watson transform. The authors were able to relate
the behavior of the O(4) partial waves at small dis-
tances to the scaling properties of the Compton ampli-
tude. These techniques were used to study a wide
class of light-cone singularities suggested by ladder
models,

In this work we discuss two kinds of expansion of the
Compton amplitude; the first one, which is relevant
in the Bjorken limit, is given by an integral over all
possible light-cone singularities. This expansion is
more transparent in momentum space where it
appears as an expansion in terms of homogeneous
functions of the variables ¢2, v, i.e., over irreducible
representations of the group of projective transfor-
mations on the complex variables ¢2, v.3 The second
one, relevant in the Regge limit, is obtained by pro-

jecting over the irreducible representations of the
Lorentz group.

We find in general that an infinite number of Lorentz
poles “conspire” to build up a light-cone singularity,
more precisely, a term like 1/(— %2 + jex,)® related
to the sequence of Lorentz poles which are located at
A, =1 + o — = and whose residues are polynomials
of order # in the virtual photon mass. The possible
nonpolynomiality of the residues should be interpret-
ed as an indication that an infinite sequence of light-
cone singularities contribute in Regge limit.

We point out that these poles have nothing to do with
conventional Regge poles, i.e., with the behavior of the
“structure functions” f;(x*p) in configuration space
for large x°p, but have a pure kinematical origin, in
the sense that they reflect the presence of a “power
type” singularity (x2)-« of the current commutator
near the light cone. In particular, if these poles

occur at integer points, because of the Regge signature
factor, they cannot contribute to the imaginary part

of the off-mass-shell Compton amplitude. However
they do contribute for nonintegral values, so these
singularities could be physically relevant as a mani-
festation of noncanonical light-cone singularities.

As is well known, such singularities would correspond E i

to renormalization effects of dimension in the opera-
tor product of the two currents.

FinaZy we remark that the techniques we develop may
also be useful for studying dynamical situations sug-
gested by some ladder models, in which these kinds

of singularities are realized.

Sections 2 and 3 are devoted to studying the pro-
perties of the integral transforms we are led to in-
troduce in order to derive the previously mentioned
results, In particular the connection of the expan-
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-sions in momentum and configuration space (related
‘by a Fourier transform) is given. In Sec. 4 the de-
_-composition of a light-cone singularity in terms of
Lorentz poles is carried out. The proofs of the main
formulas we use are collected in the Appendix.

2. CONFORMAL TRANSFORM

. ‘Let us consider the functions4
Vi(g?,v) = (/2 Wy (g2, v) + (12/q2)Wa(q2, v)], (2.1)
Volg?, v) = — (1/q2)Wy(q?, v), (2.2)

.~ linear combinations of the structure functions
- Wilg?, v), Wy(q?, v) defined by the equations

1
(27)4

q,49,
:—éﬂu_ 22 >W1(q2,u)+<Pu—

Jatxeiax(p|[4e(x), J21(0)]Ip)

14
)

(2.3)

‘ Wpy(qu) =

x (pv ~ qu q,) W, (g2, v),

where J“el(x) is the hadronic electromagnetic current.

For the Fourier transforms (k =1, 2)

WE(x2,x-p) = [diqeie*W,(q2, ),

2.4
VE(x2,x-p) = [digeie=VE(g?, v), .4

the following relations hold:
Wi (22, x-p) = —0 VF(x2, x-p) — PP, 303V VF (22, x- ),
WHF(x2, - p) =0 Vy(x2, x- p). (2.5)

Experimental data suggest the following asymptotic
behavior:

lim  V,(g2,v) ~ vek2F,(w)

w=-q2/2v fixed

(2.6)

withay =1, @, =0,

A typical contribution v *2F(w) (we shall omit the
--index k from now on) to the structure functions in
the Bjorken limit corresponds in the Fourier trans-
form to a term of the type [x2]~2 f(x. p) near the light
. cone (where we indicate by the symbol [ x2]-< the
discontinuity of 1/(— x2 + i0)®), The scaling be-
havior in momentum space has an interesting geo-
metrical interpretation. Let us consider a function
V(q?2, v) defined on the (four-dimensional) complex
affine plane ¢2, v, This space is homogeneous with
respect to the group SL(2, C) of projective trans-
formations, i.e., it is equivalent to the quotient space
SL(2, C)/Z where Z is the group of matrices of the
form (} £). A representation of this group is defined
on these functions as followsS:

T,V(g?, V) = V(ag? + yv, Bg2? + 0v), 2.7

where g = (‘;‘ 8) with a6 — By =1,
We observe that the homogeneous functions play a
special role in this space, as they form an irredu-

cible subspace for the representation, The theory of

‘J.Math. Phys., Vol..13, No. 4, April 1972

harmonic analysis on homogeneous spaces gives the
following expansion formula:

+ o0

Vg2, v) =

t00
I davig?, vn, @),  (2.8)

(27)2¢  n=mo “rico

where n; = (n + @)/2, ny = (—n + «)/2,and V(q2,
v; n, &) is the Mellin transform of V{(q?, v) defined
as follows:

V(g?, v;n, @) = & [dndin ' 2 Ving2,mv).  (2.9)
Equation (2. 8) is only valid for L2 functions, while
Eq. (2. 9) can be used to analytically continue the
Mellin transform in « so that, for non-square-sum-
mable functions the expansion formula reads

1 + o0

(g2, v) = (2.10)

where C is a suitable path in the complex a plane.

If we introduce the Fourier transform as

VP2, u) = [diqeit*V(g?, v), wu=x-p, (2.11)

then from the previous analysis we obtain in con-
figuration space the expansion formula

1

1 2 —— F(s2 o

VE(x2, u) = EeE Zn; fcdaV (%2, u; n, ), (2.12)
where

Vit W= [anam it vEma2, u).  (2.13)
If we perform the sum over xn, we get

. 1 ~
VE(x2, u) = 3.7 fc daVF(x2, u; o), (2.14)

with the definition
VE(2,u0) = [ ALt VR, u), . 15)

Using the causality of the Fourier-transformed struc-
ture functions, we can write

VP2, u) = Zlﬁ J, do[ 2] e (w; a), (2. 16)

where we have introduced the “conformal transform”
of V¥ (x2,u):

Flu;a) = —-73.——— [ doo1VF(o,u) (2.17)
27 sinra ¥0
and
[x2]e = disc [1/(— 22 + i0)°] = — 2{ sinma(x2) <,

We have called the transform defined by Eq. (2. 17)
“conformal transform” to emphasize that a term like
[#2]-2f(x°p; @) is related in the corresponding light-
cone operatorial expansions to an infinite set of ten-
sor operators Oal_ .oa (0) classified according to a
ladder of irreducible representations of the confor-
mal algebra whose spectrum is given by the eigen-
values of the nonvanishing Casimir operator:

oM, M + 2P, K\ — 2D2 + 8iD
=4n(n — a — 1)+ 202 — §,
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and M,w, P,,K,,D are the generators of the con-
formal algebra.®

In momentum space we can write the expansion

Vg2, v) = — [ dave2F(w; a), 2.18)
27¢ Y€

where the scaling function is expressed in terms of

the conformal transform f(u; @) as

Flw,a) =

(27)? Na) 0 (2.19)

To obtain the complete diagonalization of the ex-
pansions (2. 16), (2. 18), we define the Mellin trans-
form with respect to the u variable of f(u; @);

fle, 1) = j;o duumY (u; o), (2.20)
so in configuration space we have
1 C +io0
2 y) = — da dr[x2Teu 7f(a, 1),
Vi, u) (274)2 Jeda Jo , arlx?] A (2-)21)

and in momentum space

1 . C+i o0 _ ., »

V(g2, v) = i fcda jc_ioo dr22-2a g-ito/2 prin1/2

x ST 1o o ) ¢2)2wif(a, 1), (2.22)

Ir(a)
where we have used the relation
F w, &) = 2-a e—iwu/2 .Slﬂc_! wo2
(10, @) (27)3 T (a)
C+i } .
X [, dre 2T @ —a—eTf(a, ). (2.23)

3. LORENTZ AND WEYL TRANSFORMS

In this section we will expand the amplitude in confi-
guration space directly into irreducible representa-
tions of the Lorentz group. The complete diagonaliza-
tion will be obtained inthis case by means of the Weyl
transform which is defined as the product of the
Lorentz and Mellin transform in the x2 variable.
These transforms obviously commute. We start by
projecting out the dependence of V7 (x2, cosh¢,) =

VEF (%2, xp) on coshl, = (xp)/Vx2 by performmgr the
usual Lorentz transform7

foco VF(a2, cosht,) T, (cosht,) sinh2¢, d¢, = V{(xé)

as defined by Eq. (Al).

The Plancherel theorem gives

VF(x2, cosh{,) =;i f_z dM2VF(x2) D_, (cosht,),
(8.2)

where the path has to be suitably shifted for non-L2
functions. Possible behaviors of the Lorentz trans-
form V¥ (x2) were studied in Ref. 2 in connection
with simple structures suggested by ladder models.
The corresponding expansion in momentum space is
obtained, by computing the Lorentz transform of the
Fourier kernel e7*9* [see Eq. (A5)], by means of the
formula

V,(q?) = (3.3)

—oprim e/ 2 .S_IP_.H_(_IJ du eiwuyl- F(u;a),
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where K, (x) is'a modified Bessel function of third kind
(Hankel function) and R = vx2. The inversion for-
mula reads

V(g?, v) = 4ni [ d2T, (42) G, (v, ¢2), (3.4)

where @,(v, ¢2) is a second kind matrix element on
the Lorentz group defined by Eq. (A7). We note that
the partial wave V,(q2) defined by Eq. (3. 3) could in
principle have X singularities originated by the
Hankel function. This phenomenon is more trans-
parent if we perform the complete diagonalization by
means of the Mellin transform in the variable x2, We
define the Weyl transform as

VE = [[ 772, cosht,) D, (cosht,)
X sinh2§ dg (x2)r-1dx2

according to Eq. (A9). We call it a Weyl transform
since it performs the diagonalization with respect to
irreducible representations of the Weyl group. The
inversion formula is given by

VF(a2, cosht,)

1 ) ~ ;
= o faMz fdp(xZ)-p D, ('costh)V{IJ (3.6)
and in momentum space, via Eq. (A12), we have
4
V(g?, v) =~ [ax [dpr222eT (31 —p + %)
XTl=3~p+3)(=g2)r2a,(,)VE. @37

We observe that the paths of integration in the A and
p planes are along the imaginary axis for L2 func-
tions and they have to be suitably shifted for non- 12
functions.

The Weyl transform is simply connected to the con-
formal transform introduced in the previous section.
To see this, we start by rewriting Eq. (2. 21) as

[ Jaaap]x2]-»

(coshg, )2 *2ef(a, 2p — 2a)

V(x2, u)=

(2 i)?
3.8)

after the change of variable 7 = 2p — 2«. This con-~
nection clarifies thekinematical origin of the Lorentz-
pole content of a light-cone contribution; this will be
shown explicitly in the next section.

4. DECOMPOSITION OF A LIGHT-CONE SINGU-.
LARITY INTO LORENTZ POLE CONTRIBUTIONS:

In this section we want to investigate the connection
between the two integral representations for the
causal structure functions V¥ (x2, u), (2.21) and (3. 6)
[and their related momentum space versions (2. 23)
and (3.7)]. If we remember the structure of the Eq.
(3. 8), we see that the transformation function which.
relates the two expansions is nothing but the Lorentz .
transform of the power (cosh¢ )2¢-2%, Its Lorentz.
transform is given by Eq. (A13). So we have in terms
of irreducible Lorentz representations,

92p-2a-1

(z I'(2p — 20)
X f(a, 2p—2a)1“( 7\—2+p——a) :

X T(— 32— +p—a)[#2]+ D, (coshy,)

VF(x2, cosh{ )} =

4.1)
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a:nd in momentum space, by means of Fourier trans-
“form,

2
(27)2¢
X f(a,2p — 2a)(— 2i sinma)

XT(3r—3+p—a)T(-=3r—3+p—a)

XT(EA—p + 3)T(— 31 —p + 3)(—¢2)P"2 @,(v,42)

(4.2)

Comparing Egs. (3.7) and (4. 2), we have the connec-
tion between the two previously introduced conformal
and Weyl transforms:

. 92-2a
2 —
[Jf aadparx T —33)

VieE, ) =

o~ 2p-2
V{;}:.L ao ._—___zp ¢ 1"(—;-)\_._

i+p—a
8ni T2 — 20) etp—a)

X T(—3x—3+p—a)f(o,2p—20)—2isinra).
(4.3)
This result clearly means that a Weyl contribution is
in general built up from an infinite sequence of light-
..-cone singularities. In order to study the matching
- between light-cone singularities and Lorentz poles,
we change the order of integration in the integral
representation (4. 2) and perform the A-integration
explicitly by means of Cauchy's theorem. We get

(—1y-1
n—1)1 T(@2p—20a)
X (— 2¢ sinna) f(a,2p — 20)T (20 — 20 — 1 + %)
XT(—a+1+ (e —2p0+2—mn)
X (20— 2a — 1 + 2n)2(— g2)e-2 (?sz_z‘x_hzn(l/, q%)
FE L oy EIT 2
n=0 (n—1) T'(2p — 2a)
X fla,20 —20)T(—~a + 1+ n)
XT(—a +20—2—n)T(—2p + 3 + n)

X (_ 2p + 3 + 2”)2 ('— qz)p—z @_2p+3+2n(u, q2)9
(4. 4)
where we have taken the contribution of the Lorentz
polesat A =2p — 20— 1+ 2n, A=—2p +3 + 2x and
closed the integration path in the right half-plane,
where the functions @, (v, ¢2) go to zero.

92-2a

, © 1
| (g%, v) = nZ:}O;T— [ [dadp

(~ 2¢ sinma)

To see the Lorentz pole content of a light-cone con-
tribution, we assume that the p integration can be per-
formed by an appropriate deformation of the integra-
tion path in such a way that the Mellin transform is
analytic in the corresponding region of the p plane.
This corresponds, in Regge pole language, to consider-
ing the Compton amplitude with true Regge poles sub-
tracted.l Note that a conventional Regge pole would
correspond to a pole in the Mellin transform and
would give rise to a different behavior in ¢2 of the
residue function,

Performing the integral, we get

© (_._ 1)n~1 (__ 1)m~1
Vet = 2 4J o n—11 (m—1)
2-2¢ ginra

X o, —a +2-—-n+m
I'—a +2—n+m)f( )
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XT{—a+1+n)l(—a+1+m)
X{—a+1+n+ m)2 (— q2)[(a+2-n+m)/2]~2
(~ 1y
(n— 1)

00
X G’—cx+1m+m (V, q2) + Z; 4fd0£

rn,m=0
(—1)m1 2720 ginya

X
m—1)! I'—a +2+n—m)

Xfla, ~a+2+n—m)T'(—a+1+n)
XT'—a+1+m)—a+1+n+m?

X (— qZ)[(OHZm-m)/Z]—Z @’-a+1+n+m(y9 g%), (4. 5)

where we have taken the contributions of the poles at
p=(—a+2—n+m)/2,p=2+a +n—m)/2 in
the first and second integral of (4.5), respectively.
The integral has been closed in such a way that the
background goes to zero by moving the integration
path at infinity.

Formula (4. 5) can be rewritten as

% 4fdoz<f(a’ —a+2—n+m)

Vg2, v) =
T—a+2—un +m)

n 0

(— 1)y
(n— 1)

X (— g2)le2Z-nrmy21-2 4 2m>

(_1)m—1
X o
(m — 1)
XT(—a+1+m)—~a+1+n+m?

X O gitimem (s 4°)-

22agingal'(— o + 1 + m)

(4. 6)

To see the behavior of a light-cone singularity, we
pick up a contribution to the integrand in (4, 6). In the
Regge limit we have

i _4<f(a,——a+2—n+m)

Vg2, v) =
% a I(—a+2—n+m)

V=>c0

n,m=0

(=1ppt (—1)m2
— g2\m prd
X tn m)(n——l)! (m — 1)

x 22« ginfaT(—a +1 + #n)
X T(—a+1+m)(—a+1+n+m)

X efn(2-arn+m)/2 pa-2-n-m 4.7

where we have used the asymptotic behavior of the
functions @,(, ¢2) defined in Eq. (A7). In particular
we observe that the I" functions exactly cancel each
other for o = negative integer, corresponding to the
case of a derivative of a § singularity on the light-
cone, In particular the leading pole corresponding
to the a-light-cone singularity goes as

v, (q%, v) ~ const ‘y*2
v oo

with residue independent of ¢2, In general the residue
of the nth nonleading poles is a polynomial in ¢2 of
order #. These results establish that a light-cone
singularity (x2) ¢ in the current commutator corre-
sponds to a sequence of poles at J, = o —n whose
residues are polynomial of order » in the photon
square mass.

(4. 8)



LIGHT-CONE SINGULARITIES AND LORENTZ POLES 503

APPENDIX

In this appendix we recall some formula which we
need in the text, We start by recalling that the

causal structure function VF(x2,x-p) = VH(»2, coshg,)
(cost, =x+p/Vx2) can be considered, for fixed x2,

as a bicovariant function® defined over SL(2, C) (the
universal covering group of the Lorentz group) This
means that it is a function V(x2, a), a € SL(2, C), which
satisfies the covariance relatlon V(x2 a) =

V(x2, hyahs) for by, hy € SU(2). 1ts Lorentz trans-
form is given by the formula

k

2 0 6q = 473 F(x2 )
SL(2, C)(x ADPool@)d®a = 47 f VP(x2, cosht

X D,(coshg,) sinh2¢ d¢, = 473V F(x2), (A1)
where

D, (coshg,) = dJyo(cosht,) = (sinhag,)/(A sinht, )(
A2

is a matrix element of an irreducible representation
of the type (0, A). This function is called an element-
ary spherical harmonic of SL(2,C), The Plancherel

theorem gives

77(x2, cosht ) = . f AMZTR(x2)D (coshe,) (A3)

for funections L2 over SL(2, C). For non-L?2 functions
the integration path must be suitably shifted.

Computation of the Lorentz transform of the inverse
Fourier transform

Vg2, v) = [ emia* VF(x2, x-p)dix (A4)

requires the knowledge of the Lorentz transform of
the Fourier kernel ¢~i¢**, This has been evaluated in
Ref, 9, and we get
Jemia-xD8y o0 (a)d8a

= 272(1/RV— ¢?)K, (RV— q2)D,(v, ¢?),

where K, (x) is a modified Bessel function of third
kind10 and

D,(v, ¢2) = dQo(v/Va?)

(A5)

(AB)

is a matrix element of a (0, A) representation of
SL(2,C) continued to imaginary values of coshf, by
means of the formulas
D,(v,42) = a,\(v, ¢ —G_\(v,q 2)
1

G\ (v,q3) =< (v + V2 — g2

AV by ‘/———fq—
X (— g2)L-A)2 gin@-0/2, (A7)
At this point we have to make a remark: In principle
the projection of the Fourier kernel ¢4+ % which
acts from a homogeneous space of the kind SL(2, C)/
SU(2) (x2 > 0) to one of the kind SL(2, C)/SU(1, 1)
(g? < 0) receives contributions also from irreducible
representations of the type (M, 0). Nevertheless, as

explained in Ref. 11, the Plancherel measure in the
inversion formula in momentum space has a support

which is the intersection of the supports @, Q,
of tixe Plancherel measures on the two different
homogeneous spaces so

Qx,q = Qx al Qq = (0, AN [(0,7\) + (M, 0)] = (0, ).
We then obtain the Lorentz expansion in g-space in
the form

V(g2, v) = 27 [da27,(g2)D, (v, ¢2),
where

(A8)

= [dRr R3{{K,(RV=q?))/(RV=¢2)} 7F(R2) .
and we have used the formula
6(x2)6(x0)d4x = (1/7)R3dRd3X,

where d3X is the invariant measure over SL(2, C)/
SU(2) and is defined by the formula

d3ud3X = da,

d3u, dba being the Haar measures over SU(2), SL(2,C),
respectively.

We observe that, to obtain complete diagonalization of
the Lorentz expansion, we have to perform the Mellin
transform in the variable R = vx2, If we define the
Weyl transform as

4n3TF, = [ 7R(x2, cosht,)D,(a)(x2)P~1d6a dx?, (A9)
we get
VF(x2, %)= f a2

xf C+.i dp(x2)~,D,(cosht, ) V%, (A10)

C-ioc0
and the corresponding expansion in momentum space
is

2 © C+joo -~ .
2 =2 2 -2p(— g2)p-2
Vig3,v) == ] dhfc_m dpr2V{,272p(— g2)e

X F(%)\ - p + %)F(_ %A —p + %)'(’D)\(V’ qz)- (All)
To derive the last equation, we performed the Mellin
transform of the function2 K,(x)

&X y-2043K () = 220710 X — p + H)T(— 3

—p +3).
(A12)

Finally we perform the Weyl transform of a light-

cone singularity contribution. This is necessary to

relate the expansions introduced in Secs. 2 and 3.

We getl3

J@/x2)ef (xp, 0)D,(@)w2)P~1d Sadx?
=2 [dx x~2e21 f(x, a)f(coshtx)Za'2P:D)\(a)d6a
= m3f(a,—2a + 2p)[22-2¢/T(2p — 201)]

XA —3+p—a)T(— A —3 +p—oa). (Al13)
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