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ABSTRACT. -

Using conformal symmetry for the operator product of the
hadronic electromagnetic current and of the pion interpolating field,
at light-like distances, we connect the behaviour of the structure
function in the scaling limit to the on-mass shell asymptotic behaviour
of the electromagnetic pion form factor. Our results are based on
the analysis of dimension spectrum of local operators appearing in the
operator product expansion and on the assumption of precocious scaling.
As &n application of our results, predictionsonthe asymptotic behaviour
of the e, m. pion form factor as well as for the threshold behaviour of
the structure function for the singly inclusive Tv-production in ete~ anni-
hilation, are given.

1. - INTRODUCTION, -
(1)

It has been recently suggested that there is a simple rela
tion between the asymptotic behaviour of the on mass-shell form fac-
tor and the dimension of the interpolating field,

This result seems at first sight to be wrong: the interpolating
field(2) can be chosen arbitrarily, provided it has a non-zero matrix
element between the vacuum and one-particle states, and on-shell quan
tities cannot depend on its dimension,
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In this paper we present arguments suggesting that the asymp
totic behaviour of the on-shell form factor depends on the dimension
spectrum of the operators of the theory. We find that the old naive re
sult is incorrect for too high values of the dimension,

If we assume that the spectrum of the dimensions is the one
suggested by naive quark—model(l-’ 3) we find, as an example, a definite
prediction for the asymptotic e.m. pion form factor.

(4)

To derive these results we assume that the Wilson expansion
for the product of two operators on the 1ight—cone(5) is conformal(6) co
variant and moreover that the structure functions for fieldsoflow dimen
sions satisfy precocious scalin{3),

From the first assumption we derive a treshold theorem for
the behaviour of the structure function near¢w =1.

The second assumption enables us to saturate some mass
dispersion reldtions with only low mass states and derive a relation
between the asymptotic behaviour of the form factor and the treshold
behaviour Wy =» 1, as suggested by Brandt and Preparataw)';.“Theza‘rbitra’f'_i_
ness of the interpolating field does not affect our results, We are ma-
king the assumption of precocius scaling only for low dimension fields,
not far arbitrary fields. This seems reasonable as far as high di-
mension fields excite many more states from the vacuum than low di-
mension fields, so that the asymptotic regime starts at a much higher
energy and one cannot saturate a mass dispersion relation with only
a few low mass states,

In section 2 we ‘derive the general form of the off-mass shell
form factor using conformal invariance on the light-cone,

In section 3 we relate the =1 limit to the asymptotic be-
haviour of e.m. form factors.

Finally some formulas needed in the text are collected in
the appendix,

2.- CONFORMAL ALGEBRA ON THE LIGHT-CONE AND OFF-MASS
SHELL FORM FACTORS: TRESHOLD THEOREM., -

Let us consider the off-mass shell three-point structure func
tion related to the electromagnetic vertex of the W -field,

(2.1) Ve, (8, ) ‘=1m5 d*x ' 1L 0T, () §(0)) I p)



where | pp is a one-particle state (p2= m%\
field, i.e. <01¢(0){ p> #0.

We study now the structure function W (p,q) in the scaling
region which correspondsto the light-cone limit of the matrix element

) and § a local interpolating

(2.2) Lim OIT(J a(x) #(0)) ) p 3
x2=p 0

This matrix-element can be evaluated using a conformal covariant ope-
rator product expans’ion(a)
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and € =1p-n, d,= 1tn, 1¥=4-1,

Note that eq. (2.3) takes automatically account of current con
servation,

01;‘1. .. dn are a set of local tensor operators of given dimen
sion 1, and irreducible under the conformal algebra i.e.

n —
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The advantage of the conformal covariant prescription is that the con-
tributions of higher order tensors such as
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is given from eq. (2.3) in terms of tensors of the type (2.5).



Inserting eq. (2.3) in (2.1) we get, adfter some computations
shown in the Appendix

2 2
Lim W (p,q)= W (q",¥)+q W (q ,¢) =
tm Wy, (@)= P, Wy LWy
- g = 00; ¥ = peq = 00

W =2m,_¥/-q” fixed
|

(2.8)
2 S 1/2(1-%,) 1/2(1+T 1-2
=(p_q —p-qc,l')Z‘Cn(q2 /2 (W)/ )(w—l) .
M &
n
l-d, d,-1%
~"%n %n 1
B-1) F (5, o+ 1-151- )

If we consider now the treshold behaviour (-pl, we get

(2.7)  lim W, (p,q)~(p qz—p»qq )(w—l)l_zzc (qz)l/z(l"‘:"m)"2
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We note that the treshold behaviour of the structure function
depends only by the dimension of the field @f(x)

3.- ASYMPTOTIC BEHAVIOUR OF ELECTROMA GNETIC FORM FAC-
TORS. -

In this section we connect, using the hypothesis of precocious
scaling, the treshold behaviour of the structure function to the asymptotic
behaviour of the on-shell electromagnetic form factor,

Let us consider the treshold limit 1 but s =q2(1-t) =oo,
then we get

1 e
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so the electromagnetic form factor is given by

1
1-—(1+%.)
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2
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where the imaginary part of the inverse propagator G 1(s) of the vir-
tual j{ -meson exactly cancels the s-dependence in eq. (3.1), If we now.
assume that eq, (3.2) still holds near S ~mi we get that eq. (3. 2) defi
nes the asymptotic behaviour of the on-shell e, m. form factor,

This result may be obtained, in a more refined form, using
a mass- dls%ersmn relation approach as pointed out by Brandt and
Prepara‘ta

From eq. (3.2) we see that the leading term is obtained by
the contribution of the ¢ field itself only if T, » 1. However, as the
twist is not less than two we get that for 1(1{2 the form factor de-
crease as

1
(3.3) i (@O~ (5
q™»
However if one assumes that the dimension spectrum is the same of
the canonical quark model one finds 1=3/2+3/2=3 and T, =2 for the
minimum twist (e.g. the Axial Current) so that Fw(q ) becomes

2, . 2.-1/2
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A consistent check of this approach can be given in the framework of

the renormalization group.

(8)

Gell'Mann and Zachariasen found that, if ¢(x) is the funda

mental field, then

(3.5) lim 9 =1
2
qwm Q0
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where F(qz) and G(q2) are respectively the on-shell form factor and
the propagator of the field, and we seeithat (3.5) is nothing but eq. (3. 3).



However we agree with this result only for 1g 1£2. This is
clear from the fact that eq. (3.5) is derived from a perturbative ap-
proach where 1-1 is  small,

As a final remark we note that the asymptotic behaviour of
the #-electromagnetic form factor. can be related, using duality(9) argu
ments, (or also the parton model(10)) to the treshold behaviour of the
structure function _]3‘—2(@») for the inclusive process e+e“-pﬂ +anything,

Infact we get

pu— +% -
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In particular, in the canonical quark model eq. (3.6) becomes

(3.7) 'fz(m)w(w-l)z
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APPENDIX. -

L.et us consider the T operator product expansion of a conser
ved vector current with a scalar field on the light-cone. Current con-
servation together with the general form of the operator product expan
sion of any two tensors on the light-cone, derived in ref, (11) gives the
unique solution

- )
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The structure function in configuration space turns out to be
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As eq. (A.2) is Lorentz~-covariant we can put p=(t,0) and write eq. (A.2)
as
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From eq. (A.3) we can easily compute the Fouriertransform and the
structure function in q-space,in fact we get (apart some inessential mul



tiplicative factors) in the limit -q ~» 00, Vv=pq =200 but = —Zm“f))/q
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