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1, - INTRODUCTION, -

In the present work we have made a new analysis of the physical pro
perties of a type I superconducting cylinder. The calculation are developed in
the following manner. In the first paragraph is calculated the dependence of the
order parameter on the external magnetic field and on the quantum number n.
The expression for the induced current density, as a function of the order pa-
rameter and thus as a function of the external magnetic field and of the quantum
n, is found in the second paragraph. Finally, in the third paragraph the case
has been considered in which we study the properties of a superconducting cy-
linder using the tunnel effect technique. We have therefore computed the depen
dence of the zero-bias differential conductance on the external magnetic field
and on the quantum number n, for a tunnel junction of the "'superconducting me-
tal-insulator-normal metal" (S-1-N) type, in which the superconductor has a
multiply connected geometry.

Some of the expressions obtained here have already been reported
in the literature(l + 4), but in a more approximate form than we use, In the
present work we have reconsidered and modified the usually accepted approxi-
mations (which in certain cases have a very small validity range) thus obtain-
ing formulas with wider usefulness.

2, - THE GINZBURG-LANDAU EQUATIONS AND THE ORDER PARAMETER
IN THE CASE OF A SUPERCONDUCTING CYLINDER. -

The calculation of the dependence of the order parameter on the ex-
ternal magnetic field and on the quantum number n can be developed in a rela



tively easy manner using the theory of Ginzburg-Landau which is valid in the
limit T~T,.

Let us consider a superconducting cylinder im
mersed in a uniform external magnetic field parallel to
the z axis. Let the internal radius be rq1 and the thick-
ness of the wall be d (see Fig. 1). The equations of Ginz
burg-Landau are written:

o ieXe 2 2

(1) (v+%%K)QP+EEU—IWP)w=O

) V'K =2BC (pXF g _yTeH) . Iv|2 LA
2e¥% )2 A c

with the boundary conditions given by:

\\/ (3) (i'ﬁ%W—-ei"PK)l=0
C

I
|

P op b d
(4) VA = Hg,
FIG.1 - Schematic -
drawing of a super (5) ,‘62’ _2A (ry)
conducting cylinder, ry

where Y= Y(T, A)/ ¥ (T,0). We recall that the penetration depth 4 and the
parameter K are given by the equations:
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where the function X, which gives the modification of the penetration depth
due to collisions, can be approximated within 20%(5) by the expression:

(8) X (1+ Eg /-t
With the geometry considered, one can write:
(9) Y= ¢ exp (- in©)

We will be dealing with the case in which ¢ is independent of the position which
corresponds to the condition that d is much less than the coherence length g(T).

Introducing some hypotheses which follow from the symmetry of the
problem (A(r) = Ag(r), j(r) =jg(r), div A =0, 0/ 92=0), equation (2) in cylin-



drical co-ordinates reduces to:
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Making the substitution A'=A - (hc/eXr) n, equation (10) becomes a Bessel
equation for A' whose integration gives:
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where I and K are modified Bessel functions of the first type(e). The constants
of integration C; and Cy are determined by the boundary conditions:
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On the other hand, the magnetic field is given by the expression:
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_ A self consistent solution for ¢ can be obtained from (1). Using
Y= e N0 and having Vg =(1/r)(8/0 0), equation (1) becomes:
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This relation can be written in the more compact form:
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or, analogously,

(17) §°=1-a

where the spatially varying terms have been properly averaged so as to sa-

tisfy the imposed condition, valid in the limit d<<§, that ¢ is spatially con
stant. Consequently, a is defined as:
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while the average value of an operator S is defined as:
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We will not show in detail the calculations made for the explicit dependence
of ¢2 on the external magnetic field and on n, We wish to point out, however,
that in accordance with what has been mentioned in the introduction, there ha
ve been found, and then eliminated, some errors in the development of formu
las reported by other researchers. Furthermore, the validity of some appro-
ximations has been re-analyzed. Therefore, our expressions will be different
in some cases from those previously known. On the other hand, this permits
a more consistent treatment of the correlation between the quantized parama
gnetic current and the order parameter.

In the limit d <<}, A<<ri@, equation (11) becomes:
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where Hy is the external magnetic field. With the same limitations as used
in (20), the explicit expression of ¢2 is given by:
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Let us note that (21), despite the limiting conditions with which it has been
deduced, can be used for the calculation of the critical field (that is, thefield
for which the value of the local maximum of,¢2 is zero). This gives the sa-
me result as in the case of the simply connected thin film. In Fig. 2 is shown
a graph of 2 given by equation (21) as a function of h, and for different va-
lues of n. The values of the %arameters which appear in (21) are respective-
ly rq{ = 1. 5x103 g , d=500 A, and }'2 = 0, 53 where we have considered
aluminum for which A= 2.660 & for T/T. =0.97, Ap(o)=157 }1, and §O =
= 16, 000 K The effects of the mean free path (1 ¥d) on A have been taken
into account through the usual expression A * Ay, V1i+Es/L

(x) - With the further limiting conditions that (hy -n) <<1, (7 nd/r) <<1, and
putting ¢2 = 1 on the right hand side of (21), one obtains a second
approximation for @2,
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Equation (22) describes a set of ''parabolas'’ as a function of h and with

n as a parameter. These curves intersect each other and their maxima
lie on a quadratic envelop. given by the expression (23).
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FIG. 2 - Oscillatory behaviour of the order parameter as a func
tion of the reduced magnetic field. For the actual values of the
parameters see the text,

3. - THE CORRELATION BETWEEN THE EXTERNAL MAGNETIC FIELD
AND THE CURRENT DENSITY IN A HOLLOW SUPERCONDUCTING
CYLINDER,. -

The current density for a superconducting cylinder can be derived
immediately from equation (2) (the second Ginzburg-Landau equation) once
#2 is known. With some simplifying assumptions, namely d << ri, j(r)=j(ry),
the magnetic field inside the hole of the cylinder constant and equal to its va
lue for r=rj, and the flux of the magnetic field through the walls negligible
with respect to the flux through the hole, one arrives at the following result:
1 y 22
2 he
(=7 2)“}'{*(n-ho)
mrod 1+57 gc e

(24) j=

On the other hand, if one employs this procedure and uses (21) for ¢2, a phy
sically absurd result is obtained. We find, as expected, that j is a periodic
function of h, with the successive periodicities corresponding to various va
lues of n. However, we also find that j shows an envelope curve increasing
with applied magnetic field. The origin of this absurdity comes from thefact
that the expressions (21) and (24), for ¢2 and j respectively, have been de-
duced with certain approximations. Even if these approximations don't con-
tradict each other, they contain an unavoidable arbitrariness and therefore
may influence expressions (21) and (24) in a different manner. Furthermore,
we can see that the absurd result is caused analytically by the fact that inthe
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expressions of ¢.2 and of j as a function of hy, the local maxima of ¢2 corre-
sponding the various n do not lie at the same field values as the zero values
of j. Consequently, we tried to eliminate some of the approximations made;
in particular, we did not require that j= j{r1) = constant in the entire thickness
of the cylinder. Rather, we imposed the condition that in correspondence to
the values of hy for which $#2 has a local maximum, the distribution of super
currents in the cylinder wall be such as to minimize the associated kinetic
energy. Without presenting all the details, let us mention that even in this
case we found some physical incongruities, In fact, there is an asymmetry

in the dependence of j on n such that the positive maximum values of j are
smaller in absolute value than the corresponding negative ones, despite the
fact that they occur at lower fields.

At this point, we changed the scheme of calculation adopting the fol
lowing procedure, We first introduced a position dependent current density
starting directly from the expression which expresses the quantization of the
fluxoid:

(25) ¢=S_I:I>Hds+c¢_/\_5)(ﬁ=n<po
. .

where /\_= m/nseK2 and @, = hc/eX, From (25) it is possible to obtain for

a cylindrical geometry

(26) ()= g )

with

r
@(r) = J‘ H (r') r' dr!
o

If we now put into (26) A= 4m2 2/e2¢2 (a relation which is derived immediately
from the definition of in the Ginzburg-Landau theory where the density of
superelectrons in a magnetic field is ng = ¢2/y (T, 0)/2). We then obtain:

2
1) == g g
8 mw2 Alr 0
Obviously for (27) to be used in practice, we must know the distribution of the
magnetic field on the inside and'in the wall of the cylinder. Adopting then the
same approximations with which we obtained (24), we find for j the following
expression:

2
(28) i = CPs ¢
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Equation (28) is quite similar to (24) reported above mainly with
respect to the dependence of j on ¢2. It is obvious that we cannot introduce
the expression (21) for ¢2 into (28) without running into the difficulties men
tioned before.

Now it is useful to remember that problems in correlating ¢2 and
j arose analytically from the fact that the local maxima of ¢2 were at values
of h, different from those for which j was zero,

On the other hand, from a physical point of view it is reasonable,
at least for small values of hy and n, that the correlation between #2 and
j be such that the local maxima of #2 occur at the same values of hg for
which j is locally zero,

With regard to this point, we should recall that the presence of a
superconducting current different from zero increases the free energy of the
superconductor towards the value which characterizes the normal state. Ac
cording to this criterium, then, we have modified the expression for j simply
by imposing the condition that the local maxima of ¢2 occur for those values
of hy for which j is locally zero, Analytically such modification has been ac
complished by trasforming the factor (n-hg) that appears in (28) into (bn -hy),
where b is a number near but less than 1. The analytic expression of b is
the following:

d 2d 9 142 2 1 d& .4
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Using the parameters already employed in the calculation of ¢2,
whose graph is shown in Fig. 2, we found b = 0. 93.

Finally the expression for j becomes:

j = C Po ¢2
82 22ry (1+ (1/2) y292)

(30) (bn - h,)

The dependence that ohe obtains for j as a function of h, and n by substitu-
ting the expression (21) for #2 into (30) is perfectly consistent from a physi-
cal point of view. Fig. 3 shows the graph of such an expression with the va-
lues of the parameters used previously.

‘Before concluding this paragraph, we wish to mention that, al-
though the adopted procedure gives results which are physically consistent,
it is subject to the reservation that it has been introduced "a posteriori' in
the equations, But we recall that the Ginzburg-Landau equations, the starting
point of all our arguments, cannot be resolved in practice without introducing
suitable approximations which can easily give rise to the analytical anomalies
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FIG. 3 - Oscillatory behaviour of the superconducting current density
as a function of the reduced magnetic field.

between the expressions (21) of ¢2 and (25) of j.

It is worth mentioning, finally, that our assumptions are partially
confirmed by the fact the critical field for the cylinder can be obtained by cal
culating the magnetic field for which the value of the local maximum of j is
zero. This value of H; is again the same as the one deduced from the usual
expression for the critical field of thin films.

4. - THE CORRELATION BETWEEN THE MAGNETIC FIELD AND THE ZERO
BIAS CONDUCTIVITY OF A TUNNEL JUNCTION FOR A SUPERCONDUC-
TING CYLINDER, -

We consider now the case of a tunnel junction of the S-I-N type whe
re one of the electrodes has the form of a super conducting cylinder. Fig. 4 11
lustrates schematically the experimental situation we will examine. Pre01se1y,
we want to determine the dependence of the initial conductivity:

dI dI
o(0) = [(dV )Ns/(W)NN] V=0

of a tunnel junction on the external magnetic field, taking into account the ef-
fects introduced by the quantization of the fluxoid due to the multiply connec-
ted geometry.
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Supercon du cf/hj
cy/l'n der

First we recall how ¢(0)
depends on the current flowing in the

superconducting part of a tunnel junc
tion in the case of a simply connec-
ted geometry(7). As is known, the ef
fect of such a current can be introdu
ced by treating the current as one of
the many deparing factors which can
exist in a superconductor. The re-
sults of the theory are not expressi-
ble in analytically simple terms (for
more details on this point see ref.(7),
but it is possible to compute numeri
I cally the dependence of ¢(0) on the
ratio j/jmax. Such a dependencere
flects the modifications induced on
the state density and on the excita-
tion gap by the superconducting cur
rent. Furthermore, we recall that
the presence of the depairing factor
can be described by a parameter Z that, in our case, is linked implicitly to
the supercurrent by the relation:

Tnsuls 7‘/'173 /d’)’ﬂf/'

Normal metal

To detection af:,oardfu:;s

FIG. 4 - Schematic drawing of a tunnel
junction suitable for an experiment with
a multiply connected superconductor,

3/4 gc_zs/z)exp(_ 3 1732

(31) J'/jmax 8

=0.947 Z27 (-

valid in the limit Z < 1(8). Also, the structure of the theory is such that when
there are several depairing factors present in the superconductor, their to-
tal effect is taken into account by introducing a parameter Ziq¢ which is equal
to the sum of the single parameters due to the various depairing agents. Re-
turning now to the calculation of ¢(0) as a function of H for the case of a su
perconducting cylinder, it is reasonable to think that there are two depairing
factors present: one due to the persistent paramagnetic current associated
with the successive values of n, and the other due to the external magnetic
field. We notice that the expression (30) for j represents the total current
density (paramagnetic + diamagnetic), and so it is perfectly consistent that
this current goes periodically to zero with increasing h. It is practically im
possible to extract from (30) the only paramagnetic contribution since ¢2,
too, depends both on n and on h. As a reasonable approximation, which is
certainly valid for low fields and for very thin wall thickness (which means
we can neglect the diamagnetic contribution), we have assumed that (30) de-
scribes the only paramagnetic current. The parameter Ziot then becomes:

where Zj is given by an expression analogous to (31) in which Jmax assumes
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successively the values of the local maxima of j corresponding to various n,
while Zy, takes into account the depairing action of the external magneticfield
and is given by the e:xpression(g):

(33) h/h, = /2 zi/4 exp (- i nzf’l/z)

which is also valid for Zp < 1.

We want to point out that the situation we are considering is rather
unusual in the study of depairing phenomena, for we have the superposition of
two factors: one that increases in a2 monotonic manner, as well as one that
oscillates and periodically goes to zero, This behaviour of the depairing fac-
tors is peculiar to the problem we are treating and is a consequence of the
multiply connected geometry.

Inserting now the parameter (32) into the various equations that ap
pear in the depairing theory and following the same procedure used in other
cases, we have computed numerically the dependence of ¢(0) on h, thus ob-
taining the graph illustrated in Fig. 5, As one can see, ¢(0) has an oscillato
ry dependence with successive minima lying on an increasing envelope that
reaches the value o¢(0) = 1 (corresponding to. the situation when the junction
is completely in the normal state) just when h = he.

AG in srbitrary units

11

0,95+

P

09 z s 4 ~
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FIG.5 - Oscillatory behaviour of the zero-bias conductivity as a func-
tion of the reduced magnetic field for the situation shown in Fig. 4.



12,

It is possible at this
point to summarize graphically
our results by making a three
dimensional representation of
the following quantities: tempe
rature, applied magnetic field,
and initial tunnel resistance
for a S:I-N junction (Fig, 6).
Clearly in the H, T plane one
firds the well-known curve show
ing the periodic dependence of
Te on He, Furthermore, if one
considers the intersection of an
isothermal plane (that is, apla
¥ ne parallel to the H, Rg axes),
for a temperature near T, with
the three dimensional surface,
one observes the oscillatory de
pendence of Rg on H which is
practically the same as that re
ported in Fig. 5. As T decrea-
ses, the separation between the
various periodicities tends to di
sappear, mainly due to the fact
that the parameter },2, depen-
ding on the temperature through
A , increases to values greater

FIG, 6 - Qualitative three-dimensional re- than 1. Therefore (see ref. 1)
presentation of the zero-bias tunnel resisti this implies that all of the oscil-
vity as a function of the temperature and latory parts of the various quan-
magnetic field, tities we have examined (§2, j,

and Rg), gradually overlap.
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