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ABSTRACT

Arguments are given to show  that a strictly conformal invariant
skeleton theory is compatible with the observed scaling only if it
possesses an infinite number of local tensors of spin n = 2,4,... and
scale dimension 1n = 2 + n, which are all conserved., The conclusion

suggests that conformal invariance is spontaneously broken,

In this note we want to point out a remarkable conseguence of
scaling, as observed at S]L.AC(l), and of a hypothetical conformal co-
variance(2) of the so-called skeleton theory(3), The argument runs as
follows, It is well-known that the observed scaling implies canonical
dimensions for a family of symmetric traceless tensor operators con-
tributing to the expansion of the product of two electromagnetic currents

near the light-cone. Within the currently accepted theoretical frame(S)
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one is dealing in such a limit with a scale invariant operator scheme,
the skeleton theory. Such a scheme might exibit conformal invariance,

beyond scale invariance(4’ 5, 6).

A sequence of general mathematical properties (to be reported
below) of an exact (not spontaneously broken) conformly covariant
theory then shows that each of the tensors of the above family is diver
genceless, That is, the skeleton theory possesses an infinite number
of local conservation equations, to which one can think of associating
an infinite number of conserved charges, Or, alternatively, strict
conformal invariance does not apply to the skeleton theory.

In trying to make this note self-contained, as much as possible,
we shall first review some of the basic properties of a field theory co
variant under the conformal algebra of space-time, We briefly recall
that the conformal algebra is a 15-dimensional Lie algebra, isomorphic
to the orthogonal algebra 0(4,2). Its generators are the Poincaré gene

rators, PH and M the dilatation generator, D, and the generators

Py’
of special conformal-transformations, KH’ defined as KH = RP‘MR'1

3 3 ‘)
where R operates an inversion, x, —» ~xp/x“,

M
The commutation relations are : those of the Poincaré algebra;
those specifying the scalar and vector nature of D and KpL respectively;

[KH,»K,”] = 0, obviously following from the definition; and

(1) D, Kp] =iK,. [D. PH] = -iP,
(2) [PM’ K*’] " -ilg,,D - Mpw) ’
We consider irreducible conformal tensor fields ‘00‘1 “n(x) which

behave under the stability subalgebra at x = 0 as:
I LS =

(3)
[ Oy(©)- K, K 0



where 1 is the scale dimension and X is an irreducible tensor repre
sentation for Mpv' The irreducible representation to which Oal a,
belongs is thus characterized by n and 1. We now state the following

theorems(5),

a .
a) Degeneracy theorem : The divergence, 0 1 Oal ay of an irre
ducible conformal tensor field Oa_l an of order n and scale dimen-
sion 1, equalto 2+n is an irreducible conformal tensor field(x),
Proof : Since Oa1 an is symmetric and traceless one obtains that
_ ay ceee VN
L0 70a;  ay0: Ky

and thus vanishes for 1, =2 +n,

is proportional to (1, - 2. - n)O (0)
n pao . oy

Corollary: A conserved irreducible conformal tensor has 1, = 2+n,

b) Orthogonality theorem : The vacuum expectation value of the product

of two irreducible conformal tensor fields

(m)

“ Way . Bm®™ T <olo(§1)_'_ an¥ OBy Bm(o)\ 0

vanishes unless n = m and 1, = 1, in an exactly (not spontaneously
broken) conformal covariant theory.

Proof: From L:KP_, O(oxcll)

. N - (m) i .
(induced representation) and f_z‘om LKH, 051 o B (O)J = 0, taking the

. n m 1
vacuum expectation value of _KI_L, Oal N an(x) O 81 Bm(O)_l one

a‘n(x‘)] as calculated from (1), (2) and (3)

obtains :
(n)
v

B

(2% x5 - x29 +21 x -2ix?3 ) W(x) = 0

P M R
which can be seen to require n =m and 1, =1.. A more direct proof
follows from the isomorphism of the Minkowski space with the homo-

geneous space 0(4,2)/[10(3,1) @ D], but requires additional notions'5).

Froma) and b) one derives the following corollary:
Corollary : Anirreducible conformal tensor field Oal an with

1, = 2 + n is necessarily conserved,



a
Proof: Froma), & ' Oal @y, satisfies

[aal Oa;  apyl®): Kﬂ =0

and has dimension 3 + n. Then, from b),

<°l aaloaL..“n(X)OBl.... Bn(Y)|°> =0
Therefore, <0I aaloalman(x)aleBlmBn(y)‘0> =0 and, more

a
generally, <0| ) 100(1 an(x)A(y) Z(t)‘ O> vanishes for arbi-

trary local operators A(y) :-++ Z(t) which behave as irreducible con-
formal tensors, On the assumption that from such fields one can build
up the entire Hilbert space, one then obtains, by causality, the result
3%1 Oal an(x) = 0. A direct proof based on the vanishing of the
Green function for 2"1 Ogy @, Would require assumptions of posi-
tivity, which we have avoide.é: |

It is now straightforwardto.applythe above results to the physical
situation. The set Oal _ap of dimensions 1, = 2+n, and Kyq =0,
is required from the observed scaling(s). Namely, the most singular

2> 0 canbe expanded in terms

part of the product jp(x)jv(o) when x
of such operators., From the assumption that the skeleton theory is con
formal invariant it then follows that &° 1 Oal an(x) = 0 for each n,
The conclusion of an infinite set of local. .(;onservation equations
for the skeleton theory might turn out to be physically unacceptable,
or in any case too strong a limitation, Among the various alternatives
that one can take in such a case, one which seems to us rather sugge-
stive is that of a spontaneously broken conformal invariance of the
skeleton theory, We have stressed that the failure of the orthogonality
theorem in this case unvalidates the conclusion on the infinite conser
vation 1aWs_ On a still more conjectural ground one may imagine that
SU(3) x SU(3) remains spontaneously broken in the skeleton lirnit, im-

plying spontaneous breaking of scale in that limit,
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(%) - We call this theorem "degeneracy theorem" because it originates
from the degeneracy, for 1, = 2 +n, of the representation of the
stability algebra from which the irreducible tensor representation
is induced. Namely, Oq; g, and %o, L ay behave irredu-
cibly under the stability subalgebra (but not under the full algebra)
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