Laboratori Nazionali di Frascati

LNF-71/87

S.Ferrara, R.Gatto and A, F, Grillo : CONFORMAL INVARIANCE
ON THE 1LIGHT CONE AND CANONICAL DIMENSIONS

Estratto da : Nuclear Phys, B34, 349 (1971)



]7 A9 Nuclear Physics B34 {1971) 349-366. North-Holland Publishing Company

CONFORMAL INVARIANCE ON THE LIGHT CONE
AND CANONICAL DIMENSIONS

S. FERRARA *
CERN, Geneva

R.GATTO

Istituto di Fisica dell'Universita, Padova,
Istituto Nazionale di Fisica Nucleave, Sezione di Padova

A. F.GRILLO
Labovratori Nazionali di Frascati del CNEN, Frascali

Received 23 April 1971
(Revised manuscript received 22 July 1971)

Abstract: Covariance under infinitesimal transformations of the spinor group SU(2,2),
the covering group of the conformal group, can place significant restrictions on
the Wilson's type analysis of operator products on the light cone. For a discussion
of the expansion it is relevant to analyze under such transformations the infinite
set of local operators providing a basis for the expansion. An infinite ladder of
irreducible representations provides such a basis. The existence of a scaling
function places relations between the dimensions of tensors, belonging to inequiv~
alent representations, which are all annihilated under K), the generator of infi-
nitesimal special conformal transformations. These relations are not deducible
from conformal invariance alone. We establish a theorem which fixes the scale
dimension of an irreducible symmetric local operator which is, together with its
divergence, annihilated by K). The theorem (or some possible extensions of it)
may be useful to build up an algebraic scheme satisfying canonical dimensions.
Finally, as an example of a mathematical mechanism providing for the required
correlation of dimensions, we discuss an algebraic scheme based on enlarging
the conformal algebra.

1. INTRODUCTION

It is well known that the convergence of the Bjorken-Callan-Gross sum
sules [1, 2] provides stringent restrictions on the structure of the underly-
ing theory [3-5]. These restrictions can be analyzed in terms of equal-time
commutators [4, 5] or on the basis of operator product expansions [3, 6;7].

Following Bjorken's analysis [2] one has general sum rules of the kind

* On leave of absence from 'Laboratori Nazionali di Frascati del CNEN', Fraseati.
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where Fy(w) is the transverse scaling function and J“(x) the electromagnetic
current. The positivity of Fy(w) ensures that 0 < f, <2f,_1. Each f, must
be finite and non-vanishing. The matrix element of [8" J,. /3t", J,] carries
n+1 momenta. Therefore, the operator O“1 T which contributes the

leading term of the commutator, must have spin s = n+1 whereas its scale
dimension [3] is I = #+3, providing the relation I = s+2. Canonical dimen-
sions [7, 8] would provide a way of satisfying this relation. The subject of
renormalization of dimensions has been discussed by many authors and it
appears as a very difficult dynamical problem [9-11].

The relevance of approximate dilatation invariance [3, 4, 12-15] has led
to the exploration of the stronger conformal invariance [16-18]. Implica-
tions of conformal invariance in the analysis using equal time commutators
have already been discussed [4]. Covariance under the infinitesimal trans-
formations of the SU(2, 2) group (the covering group of the conformal group
[19]) can consistently be required on operator product expansions on the
light cone of the type first proposed by Wilson [3]. For a discussion of the
ensuing restrictions it is essential to analyze the transformation properties
of the infinite basis of local operators which allow for the realization of the
expansion. We shall be interested in the region in configuration space close
to the light cone (leading singular terms) [7], as it is well known that it is
that region which is relevant for the Bjorken asymptotic limit [3,4, 6, 7].
The imposition of covariance under the action of the SU(2, 2) generators has
been proposed in such a situation and justified under some assumptions (we
refer to Wilson's paper for such a discussion, in the case of dilatation,
ref. [3]).

In[ tile present work we- illustrate the role of an infinite ladder of irredu-
cible representations of the algebra in classifying the basis of local opera-
tors on which the expansion is made. In each irreducible representation a
set of operators which are annihilated by Kj, which generates special con-
formal transformations, contribute to the matrix element defining the limit
of the structure function. The existence of a scaling limit for such function
is equivalent to requiring definite and related dimensions (canonical di-
mensions) [3-5, 7].

The conformal structure is uncapable alone of providing a justification
for such a striking regularity; its basis seems to lie in the dynamics. On
the -other hand, one may base the discussion on introducing indecomposable
(rather than irreducible) representations, as advocated by Mack [5]. Here
again, however, the assumption required to produce the required spectrum
of dimensions goes beyond the assumption of conformal invariance on the
light cone.

In order to understand the possible dynamical content of the fundamental
scaling relation! =s+2 we demonstrate a theorem which shows that, under
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our main assumption of conformal invariance on the light cone such a rela~
tion is equivalent to an infinite set of 'generalized partial conservation
equations'. By this we mean that those tensors which contribute to the
structure functions are such that their divergences are annihilated by Kj.

If such a generalized partial conservation equation is satisfied, the scaling
relation between spin and dimension follows. But it is also true that if the
scaling relation holds there must be such an infinite set of generalized par-
tial conservations. In particular the right-hand side of a partial conserva-
tion equation may vanish giving rise to an exact conservation. The latter
situation obtains if the theory approaches on the light cone a free field the-
ory of massless particles [20] (for instance free quark commutators on the
light cone, etc.). In such a case the scaling relation follows directly. But it
also holds, as our theorem shows, in the presence of interactions, provided
they maintain at least a structure of generalized partial conservations in
place of the original exact conservations.

To gain a different intuition of the problem one can try to visualize the
product A(x)B(0) of two local fields A(x) and B(x) as a non-local operator,
describing a composite system.

One can develop, for instance, an analogy with the hydrogen atom *. The
conformal algebra can then be seen as providing the degeneracy algebra of
the composite system. The Casimir operators have on the system an infi-
nite discrete spectrum. Correspondingly, there are infinite towers of oper-
ators with increasing and related spin and dimensions. Their couplings are
determined by product composition rules. However, different towers (in-
equivalent irreducible representations) are not a priori related unless a
dynamical scheme is imposed. This may be achieved, for instance, by
postulating a dynamical group, like for the hydrogen atom.

In the last section of the paper we shall also examine such a possibility
in a simplest model. We have not, however, carried out a general discus-
sion of possible spectrum generating algebras, in view of the apparent ar-
bitrariness. Nevertheless, we think that further study of these points
should be useful.

2. CONFORMAL ALGEBRA

The algebra associated to the conformal group is a 15-dimensional Lie
algebra with the following commutation rules: the commutators of the Poin-
caré€ algebra among P, and M,,;,, and

[Kgs M) = Uggy, Ky = 8oy K}y [D, M,,] =0,
[K,, P,] = -2ilg,, D+ M,,) [D,P)]=-iP, ,
[K,,K,]=0, [K,, D] = -iK,, . (2.1)

* For a review of dynamical groups and composite systems see, for instance, ref. [21].
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Interms of J 4 g(A,B =0,... ,é),
Iy = M, ,Jg5 = D,Jyg, = %;(Pu— KM),JGM = %(Pu +Ku) , (2.2)
one has
[rr o] = “Cxny Lt 8L mxn~8xm? v BnTrMr -
gaq = (1)
g45=0, A=#B. o (2.8)

Eqs. (2.3) are those of the orthogonal algebra O(4,2). The Casimir opera-

tors are
B B CD _EF AB D
CI=JABJA e ABGCDSEE o f JBCJC I, - (2:4)

I~ “ABCDEF 11

In particular,
Cp= M, MPY +2P-K+8iD-2D? . (2.5)
On the Minkowsky space, special conformal transformations

- 2
Xy =€y

Xy = WA

=t (2.6)
1-2c¢c-x+cx

can map finite points to infinity; they can violate causality. The action of
the conformal group in Minkowsky space is equivalent to that of the con-~
nected part of O(4,2)/Co (where Cg = (1,-1) on the cone in six-dimensions
(i.e., the homegeneous space O(4,2)/I0(3, 1)). The transformation which
maps the six-dimensional cone in MinkowsKky space is a projective trans-
formation and some points are mapped to infinity. The conformal group is
locally causal: for each x in Minkowsky space, there is a neighbourhood of
the identity for which causality is preserved. The conformal algebra is the
algebra of the covering group of O(4,2), the spinor group SU(2,2). We are
interested in covariance under infinitesimal SU(2, 2) transformations.
Therefore, multivalued representations of the factor group O(4,2)/Cg are
a oriori allowed and can be related to physical quantities.

3. LIGHT-CONE EXPANSION AND REDUCIBLE LADDER
REPRESENTATION OF THE CONFORMAL GROUP

For simplicity we shall confine our discussions to the expansion of the
product of two local operators A(x), B(x), which are Lorentz scalars, have
well defined dimensions 4 and Ip and satisfy [A(0), K] = [B(0),K ] = 0.
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We assume the existence of an infinite set of Hermitian local tensor opera-

tors O(x) = OZ’i"l‘ - am(x) which transform according to

[O(x), Py] = %3, O(x) ,
[0(x), D] = (ix,0" +A)O(x) ,
[O(x), Muv] = [i(xyau- xuav) +Z,,]0(x) ,

[0(0), Ky ] = {i(2xyx,8Y - 23y - 2i5” [gy A + Ty DKy JO@) ,  (3.1)

where Z,,,, A, K, form a representation of the stability group at x = 0. The
index 7 (to be called principal quantum number) labels an indecomposable
infinite-dimensional representation of the stability algebra (Z,,, A, Ky).
Within the representation,Oé”ll_ .. a,,(0) is the tensor of lowest dimension

(= 1)) and satisfies

nn
[0y ...apKr] = 0. (3.2)

Under K, which acts, as well-known, as a dimension lowering operator,

01" . .a,, goes into a suitable superposition of O’&’l’:”.'.lam_l, implying
nm . nm oy
[0qy...0,,(0),8] = il +m=-n)0q, ", . q, (0) - (3.3)

Using conformal invariance it can be shown (see sect. 4) that, by possibly
redefining the operators in terms of suitable combinations, P can be taken
to act as a rising dimension operator within each representation. As a con-
sequence each string of operators Og’i”_ .. ay, (abelled by the principal

quantum number # and the starting dimension 7,)) realizes an irreducible
(infinite~dimensional) representation of the full conformal algebra.
For definiteness we take

) nm+1
S i[0ay...a,, Pa,,,1] = Oay.. oyt (3.4)

{og oy}

In sect. 4 we shall give explicit examples of such families of operators.
We write a generalized Wilson's expansion

o0 e
JM ABO) = 2 2 FAB a1l gy . . ap©) 5 (3.5)
x4 =0 nm m
n=0 m=n
Onm

where Q... ay, are completely symmetric. After commuting with D one

obtains by a simple argument
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s+ -1, )
Biay.. Qe _ _1_2(A B™"'n
Fﬁm, (x)-<x2>

[+t AB 2%k a
X 2 C g g (92" xPR+l | yPm 3.6
£=0,2... nmk Sa1dg. .. ap.10p ( (3-6)

[

In the leading contribution on the light cone the terms with & # 0 can be
neglected and we have

con Higtglm)
pABiag.. .oy <~1_>2 A*B™'n AB o1 gt (3.7)
m Coam
where CAB CAB Thus only the irreducible (37,%m) highest spin part

of O 1 .y enters at the leading order in x2. The [m] traces are irrel-
evant

A(x) B(O)—( latin) 3 <L)§(n-l”) > B omal

2
(3.8)

n=0 ¥ m=n
After translating eq. (3.8) of -x and by taking the Hermitian conjugate of
both sides one has

sa+lp) & 1 3Dy 2
BWAO - (&) (axis 2( D T . B LT Lo
m=n

_ (_1_) (la+lp) E (_)% (n-1,)

x2 n=0 x2
0 m=n
x 2 ( (-1)"”‘}}, e P P e . (3.9)
me=n h:o s 1--- am
We thus obtain
w-n
BA m-h 1 AB
Coo= 2 (-1) 7o (3.10)
7=0
and, in particular,
By ok (3.11)

From eq. (3.8) we also obtain (L = ~iD)
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(-D)[A(%)B0), K, ] <2> :(la+lp) % <2> L(n-1,,)

n=0 X
S AB
-1 - a1 U
X 20 Cnm{Z[lA+m Z(ZA+ZB+n ln)]x RN
m=n
2 & 4 o o a nm

2 g)\tx Loox% . m}O 0y, (8.12)

T - Oy

i=1 a1 -
(the notation x% means that ¥% is to be left out in the product). The coeffi-

: AB
cients C,,, are thus determined from the part of [OZ;%. oy K,] propor-

tional to 8 which we write as

nm . 1
[Oal...am’K)\] = ib(n, m) S Era; O Zm L.
i 91
{a1...ay,

for m=un+1, (3.13)
=0, for ms<smn. (3.14)

in terms of known coefficients b(n, m).
Eqgs. (3.12) and (3.13) give

B;. - ip
CA (3( l +l +n) +m-n) = 3b(n, m+1)CA ol (3.15)
or
B B i, . )
Cﬁm_ Y 2(B l +l +n)+m-n (3.16
= vy ]
CBA CBA ?(A B+l +uy+m=-n’
nm nm+1
and by iteration
AB AB
B(z(l -1, +1 +m),m-n)
nm A m (3.17)

CBA CBA B (A lB+ln+n),m-n)
nm nn

where B(x,y) is the g function. To derive eq. (3.17) only the tensor proper-

ties of O”’i” . under the stability algebra at x = 0 have been used. By

combining eqs. (3.10) and (3.16) one also has
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AB n BGUp-14+1L,+n), m-n) M m~h 1 AB
=0 pE - 1pel v, mmny o D ArC
nm (g~ lg+l,+n),m=-n n=0

il Cumen (3.18)

Knowledge of b(n, m), after computation of the commutator

nn

{0,

0), K, ]==(m-n)(2l +m-n-1) S g O
() )\] ( )( n ){a} am)\ d1---an,an+1"'am'1

- (m~n)(m-n-1) S (g
( ( o 0 S S - R N I S |

-g 0
dm_ldm al...an,an+1...am_2’;\

+2(m-n)n S (g O
{a} Oy Oy O - v Oy, Oy e s Oy

- 0] ) (3.19)
g)\al O v Uyl Oy -+ e Ay
allows us to rewrite (3.15) as
B AB
CA niK-1 A l +l +n)+K=-1) = n n+K'K(ln+n+K) (3.20)

and to obtain by iteration the solution of (3.18) as

CAB. = CMB Ty -1l o) )DL o) KT (10 =g ) T )

(3.21)
Using (3.21), we sum over m in (3.8) and obtain
1
1\z2(a+lp)
A()B(O) = (—2)
X
x°—0
[ee] 1
1\z(""ly) AB « (e
Xn?o (ﬁf n cﬁ L ALy -Lpel, ), 1 s )0, (0)
= (3.22)

in terms of the confluent hypergeometric function ®(a, ¢, 2). The improved
light cone expansion in eq. (3.22) has the advantage of explicitly satisfying
causality and translation invariance.
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4. SOME CONSEQUENCES OF CONFORMAL INVARIANCE
ON THE LIGHT CONE

When A = B, eq. (3.11) implies C;;, = 0 for odd #n. In such a case, only
those irreducible representations which start with an irreducible tensor of
even order #, which is annihilated by Kj contribute. Tensors of odd # ap-
pearing in the expansion must not be such as tobe annihilated by Ky ; thus
they will belong to some irreducible representation which starts with a ten-
sor of even order.

As a consequence of eq. (3.19) we observe that, when m-n=1Ig-1ls-1,,
only the first m-n Clebsch-Gordan coefficients CA of the correspondmg
representation are different from zero. Then, in the case of 'correlated
dimensions', only the first n = Ig~ 14 - I representations have a finite num-
ber of terms.

With 'correlated dimensions', I, = [+n, translation invariance could, in
principle, give rise to relations between irreducible representations of dif-
ferent 'principal quantum number' #. This phenomenon can never happen in
other cases; translation invariance tells us that P, is a rising operator in
each inequivalent representation; in fact, this operator cannot connect with
different » as they have a different overall power in %2,

In the first case, translation invariance gives

n
» [CBA +(__1)n+1 AB On-mn

mop  HTM,N cn—-mn] 0. .. 0y
%} (-prm EWLCAB n-m=h, n-m 4.1)
=1 my ho0 N=M=Ry =AY e o OQggugyy v+ Oy )
Eq. (4.1) can be solved by induction. One has
AB BA
%00 = o0 °
AB . 00 AB A BA AB 01
col 10", Pay] = (€5 B Clo *+ 10 )0y (4.2)

etc.
Commuting eq. (4.2) with K) one sees that the commutators of [O00 Pal]

and [Oal, Pal] are both proportional to the same operator 090, m fact, oll

does not contribute since [Oall,K;\] 0. One can, therefore, always define

011 and 09! such that
[6a ,E,]=0, (4.3)

where [521,K>\] gives gy 090 and [000, P, ] gives Ogl Extending such a

procedure to the higher tensors one concludes that it is always possible by
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means of translation invariance to redefine the basis such that P, acts with-
in each inequivalent representation as a step-up operator.

Eq. (4.1) becomes an identity for A = B and even n. To diagonalize the
corresponding even operators one can use the equation for #n+1 and commute
both sides with K).

The above discussion shows, in particular, that a single indecomposable
representation (representations which cannot be separated into irreducible
components but having invariant non~trivial subspaces) is not sufficient to
expand a product of operators near the light cone. In such a case, con-
formal invariance would tell that it must also be irreducible. An infinite
set of operators, each annihilated by K, occurs in the light cone expan-
sion. The coefficients C, .~ cannot be derived from conformal invariance.
The condition 1, = [+ # assuring scaling of the measured scaling functions
is not to be considered as a consequence of conformal invariance alone.

In connection with the problem of 'correlated dimensions' or, particu-
larly, of 'canonical dimensions' (I = 2) we can add the following remarks.
For a tensor (37, %n),TO[1 ...a, satistying

[Taq...0y Pagl =0, (4.4)

and annihilated by K, use of the Jacobi identity tells that

[[Tal coe Oy Poq]’ K]
is proportional to (I,-%n-2) TA, as...ay From eq. (4.4) one has
Ly=n+2. (4.5)

Eq. (4.5) follows from eq. (4.4) but the reverse is not true: it is sufficient
that

Cog...ap " Tay. .. ap Paql (4.6)

realizes an irreducible representation of the conformal algebra™ (K =0
and well-defined dimension). Note that some care has to be exercised in
the application of these results. For instance, for the e.m. field one would
derive [ = 3 from BAAA =0 and 7/ = 1 from Ay = 0. But both equations are
not conformally invariant and they must be replaced by the Maxwell equa-
tion written in a general gauge so that conformal invariance holds.

In conclusion, we can mention that the above results can easily be ex-
tended to examine the implications of conformal invariance to expansions of
more complicated operators, belonging to more complicated representa-
tions of the stability algebra (at x = 0).

* This is a particular case of the requirement that a local operator, in order to sat-
isfy a conformal invariant equation, must have a well-defined relation between
spin and dimension,
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5. EXPLICIT REALIZATIONS IN FARTICULAR MODELS

We first discuss the explicit operator basis in terms of which products
of a (supposed conformally invariant) scalar field theory. A set of opera-
tors of the order # is provided by the expressions

00y ... 90y, (PBay_ 0 1. B0, @) (5.1)

Such a basis is neither Hermitian nor does it exhibit simple transformation
properties. We, therefore, define

00

O " =:90:
01 .. .
Oal-—-aal(ww).

11 A
Oal =3 ([7aa1§0 :

02
Oyag = +Pa1%ag(#9)
12 —
0 = 8 10y(@ge@):
“1% {ajep} T
22 . —
oy = S [ aalaaz(gaqa) i- .guaalaach ] (5.2)
{109}

ete.
The set 0271”_ Ly, symmetrized and made traceless provides us with a

ladder of irreducible representations of the conformal algebra with the
properties we have requested. The spectrum of the Casimir operators Cy
and Cypy is given by

iCim) = n(n+1)-2, Cypn) = n(n+1)-3, (5.3)

where we have inserted the canonical value I = 2 (e.g., free field theory).
At each # a new operator comes in, which is annihilated by K;; in fact, un-
der K every choice of n+1 independent operators of the order » goes into
linear combinations of # operators of the order »n-1, implying that one lin-
ear combination exists which is annihilated by K). The operators

Gal ...q, Seeeq. (4.6), are annihilated by K), since eq. (4.5) holds.

It is useful to refer to the triangular scheme in fig. 1. The tensors 000,
ol , 022, ... on the lowest diagonal are annihilated by K. On the vertical
lines are the towers of irreducible Lorentz tensors which build up irredu-
cible representations of the conformal algebra. In-such representations
other tensors are present, according to the discussion of sect. 3, but they
contribute non-leading terms on the light cone. As noted by Mack [5] there
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33 23 13 03
Oa\"-zaa 0‘11 Xply Oa1°‘2“3 0“1 Ayl

22 12 02
Oa1 Ay Oa1ag OOH g

11 O1
oR of

OOO

Fig. 1. Triangular scheme classifying the set of operators forming a basis for light-
cone expansion.

are, besides irreducible representations, also indecomposable representa-
tions (i.e., representations with non-trivial invariant subspace, but which
cannot be reduced) which can be used to provide a classification of the sets
of operators providing a basis for light~cone expansions. One might think
that the set of irreducible representations of the conformal algebra, rele-
vant on the light cone, constitutes an indecomposable representation of the
little gorup. One can show that this is not the case. The constraints implied
by translation invariance, see eq. (4.1), cannot be satisfied in such a case.
Nevertheless, the whole analysis could be reformulated in terms of an infi-
nite set of indecompensable representations. However, the correlation of
dimensions required from conformal invariance would in any case have to
rest in the dynamics alone.

As an illustration of some of the stated points let us consider in mass~
less free field theory the expansions

: ¢)3(x) HHOI() %’z—c‘“__ (l)'Z(x) .
-x4 +iex,

: <b2(x) Hi9(0) ;= —26;— 10(x) 9(0) : + c-number +h.c. ,
-x4 +i€x,

where ¢ is a constant. The left-hand sides behave undistinguishably under
dilatations; however, commuting with Ky brings in the difference I4 - Ip.
On the right-hand sides, one hasa single representation, in the first case,
a ladder, as those we have discussed, in the second case.

One can develop a similar discussion of the basis starting from spin-3
fields. The lowest spin interesting representation starts with the operator
Wyuw: (which is annihilated by K)]. For what concerns the second-order
symmetric tensors, K acting on '

S Py W)
fou}
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leads to Say :Ey;\w: while

S Wy, 50,
{au}
is annihilated by K.

Otherwise we could interchange v u with v, vg and obtain similar results.
Correspondingly, one has two different types of representations (distin-
guished by parity). For the rest, no essential differences arise.

Expansions of more general products are easily discussed. For exam-
ple, one could expand products of operators with Z,,, K # 0. For in-
stance, for the product of a conserved current and a scalar operator, one
has

o0

o0
\ nm 711
J (0)e0) = 2 F (x)0
H h=1 m=n Mag...qy %1%

nm
F (x) = S (8,0, =&y DF2)x, .. %y Cpm »
Fag...om {ag...au} wer ey 2 "

r) - ()07,

where l¢,l are the dimensions of ¢ and 000, respectively. Conformal in-
variance implies in this case the absence of the #» = 0 representation.

6. EXAMPLE OF ALGEBRAIC REALIZATIONS
OF CANONICAL DIMENSIONS

In this section, we shall discuss the possibility of connecting the occur-
rence of canonical dimensions to a possible algebraic structure of the non~
local operator A(x)B(0) = Y(x). As remarked in sect. 1, the convergence of
the Bjorken-Callan-Gross sum rules gives a relation between the dimen-
sions of the Lorentz irreducible tensors annihilated by Ky, in the light-cone
expansion, and which belong to inequivalent irreducible representations of
the conformal algebra. Such relations are not implied by conformal invari-
ance. Perhaps, one can describe the situation in more transparent terms
by considering the non~local operator ¥(x) as providing a description of a
hypothetical composite system. On the system, the Casimir operator Cy of
the conformal algebra has an infinite spectrum. The conformal algebra
plays the role of the degeneracy algebra. Of course, it does not define the
dynamics.

For each eigenvalue of the Casimir there is (apart from possible trivial
degeneracies) an infinite tower of operators with known dimensions and in-
creasing spins. The coefficients which fix their couplings on the light cone
are supposedly obtainable as Clebsch-Gordon coefficients for the conformal
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algebra (as we have already remarked this implies general dynamical re-
strictions on the theory). But, in any case, operators which belong to dif-
ferent eigenvalues of the conformal Casimir cannot be related, unless
through dynamics. An exceptional case would be one in which only an irre-
ducible representation appears in the expansion. In this case, the structure
functions will be a singular 0 like distribution.

The analogy with a composite system can be extended further. For in-
stance, for the H atom, we know that the dynamical group (spectrum alge-
bra) is O(4, 1). The energy spectrum of the system can be accommodated in
an infinite-dimensional irreducible representation O(4, 1). In the light-cone
analysis, we are discussing here, we know, as a main dynamical informa-
tion, that the operators with K = 0 have so-called 'canonical dimensions',
precisely,

dim OZ?...O(,;:"*'Z . (6.1)

We can look for a spectrum generating algebra which reproduces the cor-
rect spectrum of the Casimir and the correct classification of the opera-
tors (such as in eq. (5.3) and in fig. 1, respectively). We recall (see sect. 2)
that the conformal algebra acting on the Minkowsky space is isomorphic to
the O(4, 2) algebra acting on the light cone in six dimensions. The operator
Cy is essentially an angular momentum in six dimensions for the composite
system described by the 'wave function' Y¥/(x)
AB
CI =dJ A BJ . (6.2)
We can try to enlarge the O(4, 2) algebra in order to induce transitions be~
tween states of different six-dimensional angular momentum. The new al-
gebra will have to contain a lowering operator L that transforms O’é’i‘_ B
into o711
O+ e Oymi
trum of Cy within one single irreducible representation of the algebra.

As an example, we can choose § = 0(4,2) ® O(4, 2) as a possible dy-
namical algebra for the non-local operator Y/(x). We call J; p and Jy p the
two sets of 15 generators for each of the two factor algebras 0(4, 2). In ad-
dition, we define

Qp
Moreover, it will be appealing to recover the whole spec-

J 0 AN J

ABTYABTYAB" aB=74B " TaB " (6.3)

The generators span an O(4, 2) subalgebra of @, which we identify with the
conformal algebra, following eqs. (2.2). We also introduce

TuVZJ'p,V'JLV’ S = Jgs = Jg5
H =Jd5, +Jg,~ (5, +J6,) » L, =Jg,+J5,~ 5, +JTg,) - (6.4)

We then have: for D, K, My, P, the conformal algebra commutators, and:
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[D,T,,]=0, [D,S]=0, [D,L,]=iL,, [D,H,] = -iH,, ,
[P, Hg =0, [P,,S]=iH,, [Py Lol =208, 6S+T o) »
[P“, qu] = i(gupHc'guaHp) . [KH,HU] = —2i(gu08+ Tuo) s
[K,,8] =L, , (&, Ly]=0, [, Tool = Ugyp Lo~ Eyolp) s
(Mg T 1 =0, [M,,,8] =0, (M Lol = =g, Ly~ 85y L)
[, Hpl = ~Ugpy, Hy= 8py H)
[S,L,] = +iK,, , [S,H,] = ~iP, ,  [H,,L,)=+2i(g,,D+M,,),
[S,Tp] =0, [H,,H,]=0, [L,,L,]=0,
[Hw Tpc] = i(ngP(, -8 Pp) , (L, Tpo] = i(ngKU - ngp) . (6.5)

In particular, L, is a dimension-lowering operator which, besides, maps
states which are annihilated by K, into similar states. We can, therefore,
employ L to induce transitions among inequivalent representations within
the basis. We have

= - ; v (I -44 -
[Cy, Lp] 6Lp+4szvL +2[PM’LP]K 8Lp 41DLp 2Lp , (6.6)
and when applied to a state which is annihilated by K,

[C1 Lp] = (-6gp, +4iMpV)LV +(4L-10)L, . (6.7)

We note that, due to the presence of the term 4iMp, LV in eq. (6.7), Lp
does not transform an eigenstate of Cy into another eigenstate. In fact, be-
cause of its vector character Ly induces two kinds of transitions

(%ny %n) - (%(n- 1)9%(75- 1)) ) (%n;%n) - (%(n'*' 1),%(”"’ 1)) . (6'8)

We note that one must restrict oneself to representations which contain an
operator (called 090 in our scheme, see fig. 1) which is annihilated by Ly
For such representations the second transition in eq. (6.8) is irrelevant,
similarly to what happens for the operator K). The operator Cg takes on
the eigenvalue Cy(rz- 1) when acting on the (z(n-1),3(n- 1)) irreducible com-
ponent of the state L, ‘n). By iteration one can thus conclude that there ex-
ist representations of 0O(4,2) ® O(4, 2) which contain the spectrum of repre-
sentations of the conformal algebra which is relevant for the light-'cone ex-



364 S.Fervava et al., Conformal invariance

pansion. The spectrum may indeed be richer, but not all representations
contribute leading terms on the light cone.

The following relation holds between one Casimir operator, to be called
€, of the algebra O(4,2) ® O(4,2) and Cg

1 "AB
€ = Cp-2Jy gl A8 (6.9)

We can evaluate © on the irreducible representation of an operator basis
whose lowest element is the scalar 000 satisfying

[p,,, 0%

]

/J.V’ 0 ) [Kp’ 000] = O ’

= 11090 . (6.10)

It

(L, 0% =0, [D, 0%
The eigenvalue of C is I(I-8) + $(T2- 282)00 where the superscript 00
denotes the eigenvalue on 090 and T2 = T y THY. The acceptable represen-
tations of O(4,2) ® O(4, 2) thus differ in the eigenvalue of L(72 - 252) on
the scalar object. However, they are also restricted by the fact that they
have to contain representations of the conformal algebra with Cyy = 0 (see
sect. 3).

The algebraic scheme obtained realizes the tower structure illustrated
in fig. 1. The canonical value (! = 2) is then fixed if the octet currents J,
and 6, are located within the chosen representations. Eq. (6.4) is then
satisfied and complete scaling assured. Besides, we note that for each ir-
reducible Lorentz operator of the basis annihilated by Kli we have a kind of
partial conservation equation: the operator

nn nn
Oa/z. a0y T [Oozl. ..ozn’Pal]

is a local operator annihilated by K ;.

7. CONCLUSIONS

We have made one essential assumption, that invariance under the infi~
nitesimal generators of the conformal group applies on the light cone, and
deduced its consequences. As to the legitimacy of the assumption we can
only point out that: (a) the conformal group is in fact the invariance group
of the light cone; and that, (b), by a well-known result (see for instance
ref. [16]) a Lagrangian theory which is invariant under dilatation is also in-
variant under conformal transformations in rather general situations (it is
sufficient for instance, although not necessary, that it contains no deriva-
tive couplings). The result (b) is of relevance if one likes for instance the
viewpoint that the theory, which as we know, cannot be exactly scale-in~
variant, approaches on the light cone some specific scale-invariant theory,
which then one may reasonably assume to be also conformally invariant.
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Based on our assumption of conformal invariance on the light cone we
have discussed the properties of the local operators which appear in the
light-cone expansion, by showing that they belong to different irreducible
representations of the conformal group, and that in each representation the
operator of lowest dimension (in energy units) commutes with the generator
of the special conformal transformations and contributes to the scaling
function. We have also shown how the coefficients of the light-cone expan-
sion are fixed within each irreducible tower, such that the entire dynamical
content is contained in the expansion coefficients multiplying the operators
of lowest dimensionality.

We have then attacked the problem that we consider of principal interest
in this whole field, namely that of understanding the dynamical basis of the
fundamental scaling relation I = s+2, among the dimensions [ of the opera~
tors in the light-cone expansion and their spin. Such a relation follows
from the existence of the scaling functions and our preceding analysis
eliminates any doubt that it may simply follow from conformal invariance
alone without having to add some additional dynamical assumption. To this
regard we have essentially one result and one suggestion. The result is a
theorem which shows that the scaling relation is equivalent to an infinite
set of what we call 'generalized partial conservation equations'. A special
case, trivial, but in fact coincident with the one which usually is advocated,
is that of an infinite number of exact conservations (free massless field
theory on the light cone, etc.). The suggestion we have is the following.
The light-cone expansion of the product of two local operators may be sub-
jected to the kind of group-theoretical analysis that has proven to be useful
for compound systems (dynamical groups). One is in fact dealing with bi-
local operators which may be thought of as describing compound systems.
The example we offer is that of a rather straightforward extension of the
conformal algebra, but we think that much more is to be done on this ap-
proach.

Part of this work has been carried out at CERN. Two of the authors
(S. F. and R.G.) would like to thank the Theoretical Study Division for the
hospitality extended to them.

We would like also to thank Professors G. Mack and G. Preparata for
some interesting discussions.
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