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1. - INTRODUCTION -

As well known, scale invariance(l) in conjunction with Wilson's
operator product expansion(z) appears to play an essential. role in the
setting up of a theoretical frame for the interpretation of experiments,
such as deep inelastic lepton scattering, which in configuration space
depend on the behaviour near the light-cone. It has been suggested that
the stronger conformal invariance may indeed apply in such limiting
conditions and its implications for equal-time commutators 3) and for
operator product expansions(zis 5,6) have been discussed. In particular
in refs. (5) and (6) the implications of conformal invariance on the ope
rator product expansion on the 1ight-cone(2’ 7) have been fully derived,
by a method using the Jacobi identities in refs. (4) and (5), and by an
alternative manifestly covariant method in ref. (6). The latter method
takes advantage of the isomorphism between the conformal algebra and
the orthogonal algebra 0(4, 2)(8) and makes use of a six-dimensional
pseudoeuclidean coordinate space. In this note we shall further develop
such method to derive a manifestly conformal covariant operator pro-
duct expansion valid at all values of x“. We must stress that whereas
conformal invariance (as well as scale invariance) of the complete theo
ry may in fact under some form hold near the light-cone, we must ex-
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clude the possibility that the complete theory is fully conformal (as well
as scale) invariant. Nevertheless the implications of exact conformal
invariance, not restricted to the light-cone alone, might still prove u-
seful in discussing the properties of the so-called skeleton theory 2 s
and fundamental problems such as that of canonical dimensions, etc.

In view of this, it appears as a relevant step to obtain a fully confor-
mal covariant operator product expansion. In addition the causality
restriction has to be discussed which, as well known, is extremely strin
gent when the entire group of conformal trasformations is considered,
which contains transformations of fourvectors from inside to outside the
light-cone and viceversa.

2. - MANIFESTLY CONFORMAL COVARIANT OPERATOR PRODUCT
EXPANSION. -

We limit ourselves for simplicity to the expansion of a product
A(x)B(x') where A(x), B(X) are two Lorentz scalars with K3 = 0, i.e.
satisfying [A(O), K}.J = 0 and the same for B(0) (conformal scalars).
In the covariant six-dimensional formalism with coordinates %p(A =
=0,1,2,3,5,6) the general form of the expansion is(9,17)

S (n)A;...A
1y = et 1---"n mt 1
(1) A(n)B(n') ZbEn‘" 1')D (m 0 9, (1"
n= 1 n
where: D(n)Al’ 'An(n, 7') is an "orbital" tensor operator defined over

92 =0=7'2 and regular at 7 - n' = 0; En( N« ') is a c~-number of the
form

(2) E_(n°7') = vn(ﬂo-n')l/Z('*A”B-ln-n)

and wAl. .An(n) are irreducible tensor representations of SU (2, 2),
(the spinor group associated to 0(4, 2) homogeneous of degree Ap = -1,
containing Lorentz tensors of maximum order n, and satisfying supple-
mentary conditions 7?1 Ya,..A. (M) =0and a Bl YAy, . A (n) = 0.

The expansion in Eq. (1) is manifestly (conformal covariant on the hyper
cones 772 =0and %'2 = 0. Inref. (6) it was noted that the most gene:—
ral form of the operator D" Al ‘An(n, n') is (see Eq. 10) of ref. (6))
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where C,,, are constants, p(® m)(n, 7') is a differential operator de-
fined on 72 = 0 = 1'2 and homogeneous of degree h = 1/2( A 5~ A+
+ Ay-n) + m in k/k" (Ap,; ABs Ap are the degriees of homogeneity of A,
Band YA, A, and we recall that x, = k79, k =75+ Mg). The o

. 5
perator n D(n" M} is uniquely given as formal power
s h
(4) D™ (5,91 = Dm0
where
(5) D(n,n" = gon' Q- 27 - 3 1+ n'sd")

Indeed, D(7, 5') is the only operator defined on the hypercones and ho-
mogeneous of degree one in k/k", We note that the two terms in D(7, 9'),
Eq. (5), both contain a term proportional to 8/ 77'2, and their sum is
indeed the only combination which remains well-defined on n'z =0, It
can be rewritten as

-1, A,C BD, .

(6) D(n,n') = (n°7") ABTCD

where L}&B = i(nkaig - nbajﬁ) are the orbital gene2rators of 0(4,2). For
1 « ' = 0 (corresponding to the light-cone, (x-x')4=0) D(n,n')e<= 7N+ 3’
and one recovers the result of ref. (6).

We shall now state some useful lemmas:

I) The n+l covariants defined in Eq. (3) are all proportional. From
the supplementary conditions
Al Al
= a =
(7) MWy 4 p M0 Vaa aM=0
1772 n 1772 n
one has
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11) One has:
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L= k' and (L-1)° = (1 -1)(1_-1+1)....(1_-1+J-1)
oy n n n
k!
. . .. (10)
In terms of the variables (x, K) one has the identities
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which together with Eq. (14) of ref. (6) allow us to write Eq. (9) as

)
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The lemmas(I) and (II) can be proved by induction for integer h and then
extended through analytical continuation to all values of h 11) ; we also
used the identity

where A is the homogeneity degree of the operator on which (9 a')B is
acting (see ref. (6)). We note that, for h positive integer, the terms
with J > h in Eq. (13) all vanish. Inserting into Eq. (13) the well-known
integral representation for ;F, (see refs. (5) and (6)) one obtains
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and after performing the summation over J
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Eq. (15) is meant as a formal operator expression with all derivatives
located at the right and acting to the right. Using Eq. (15) one has for
the expansion in Eq. (1)
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where 7" =kx and ¥, 'An(x) =k VA, -An(")' The tensors

Oa.. 'An(x) which transform according to the conformal algebra of spa
ce-time are given (see ref. (6) by
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where the "internal generator" @, = Sg  + S5M acts as
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(the notation Op . ., ﬁ. .. A, means that A; is omitted) and the components
Oa1‘~ . Orxx. . Mhere x are 5 or 6) can be obtained through the supplemen



tary conditions (Eq. (7))(12)
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(the substitution 5 or 6 does not change the value on account of the first
supplementary condition). The covariant product in Eq. (16) can be writ

ten as
A A n n (1 -2-n) 1J
1 n n 1 2
x L..x g {x') = E (,) ' [:_(X_Xx)-l .

Finally, taking x' = 0, from Eq. ( 16) one obtains(lg)
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A(x)B(0) =Z ("L) B CABf du u A°B .
n=0 X n o
1/2(1,- n) 1A A 2
(21) +» (1-u) B A X, .xun [ F (1n-1; ;Z—— u(l-u) =
« (w20 4210 e 0)- arz))o] (ux)
Al A

where

E{(l-u)x“,% [1+(1-u)2x2] , -é- [1—(1—u)zx ]}

3. - PROPERTIES OF THE EXPANSION -

The expansion obtained, Eqgs. (16) and (21) is conformally covariant,
as it is evident from its derivation the form in Eq. (1). The form obtai-
ned here is particularly interesting since it reduces directly to the light-
-cone expansion of ref. (4) and (5) at x2 = o, where the gF'y function beco
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mes gFq1(1,-1; 0) = 1 and one can write x

a
= (x—x')a1 . (x-x") 1QOQL (x‘)a : non leading terms in x“ can simply be ob
10 LI 2 n -

tained by expanding ¥, in power series in x2. We now come to an in-
teresting selection rule, which one obtains by noting that Eq. (20) is clear
ly unacceptable for 1, = 2 +n, i.e. for "canonical dimensions' of non-
-scalar representations. The reason is that Eq. (7) cannot be imposed
for 1, =2+nunless Oq,. .q (x) is conserved (compare with the neces-
sary and sufficient condill;ion or canonical dimensions givenin ref. (4)),
but then all components in Eq. (19)&}£ndefined. One can show'14) that the
pathology of the components in Eq. (19) for In = 2 + n is reflected in the
circumstance that the homogeneous set of equations, giving the coeffi-
cients of.the contribution of a representation of spin n to the expansion in
eq. (21), has for 1, = 2+n, eigensolutions only for 1p = 1B(19). A comple
te discussion of the properties of representations with canonical-dimen
sion will be given in a forthcoming paper. We also observe that this case
includes the free-field theory i.e. conserved four-tensors (see ref. (4)).
Therefore the conformal covariance of Eq. (21) implies that the contri-
bution of spin n occurs only for 1lp = 1B(15’ 19), For 1p = 1g Eq. (16) (we
actually take A = B) becomes

(se] . 1A"1 1 N uxed
A(x)A(0) = Z (—1;) Cn J duEJ(l—uﬂ e o
n=0 X° "
o
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Finally we show how the covariant expansion can be derived from the
three-point function. We limit ourselves to the scalar contribution to
the expansion (for simplicity) and write

1 |
A(x)B(0) = (_1.2.)1/ 2(1a+1B-1) j 2y o1/ 20A-15+)-1
O

X

(23) .
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On the other hand (see for instance ref. (6))
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We use the identity(la)
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We next note that(le)
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The contribution in Eq. (24) thus comes from the expansion
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which coincides with that in Eq. (23).

We would like to thank S. Bonora, G. Sartori, and M. Tonin for
discussions on the subject.
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This is a standard method in representation theory.

A detailed presentation will be given in a forthcoming paper.

A simpler form of this expansion will be given elsewhere.

The pathology is associated to the following degeneracy of the re
presentations of the stability algebraatx=0:forl, =2 +n
both Oa, . ¢ (0)and 0 1o a,...a_(0) commute with K3 (see

the theorem of ref. (4) referréd to in the text).

This result can also be understood from translation invariance on
hermitean basis. The expansions for A(x)B(0) and B(x)A(0) can be
related (see ref. (5)) by a sequence of translation, x -> -x hermi-
tean conjugation. Then lp <> lp. However the non-leading terms
proportional to divergences have under such sequence of opera-
tions behaviour opposite to that of the terms proportional to 1
(dalambertian): they must therefore have a factor 1p-1g.
One has 1 = 1¢ from a selection rule of the conformal algebra on
two-point function.
We observe that we have taken, for simplicity, each irreducible
representation YAq.. An(n) without multiplicity. Obviously in ge
neral a sum over the same tensor representation (with possible dif
ferent homogeneity degrees) is understood. ‘
The integral representation in Eq. (25) is nothing but a Riemann-
-Liouville Fractional integral (see Bateman, Tables of Integral
Transforms, Vol. 2 pag. 186). The proportionality constant turns
out to be
1.-1,-1 1. +1,-1
~,C A B C B A .
ra )/ r—————r; ).

It can be shown that for 1, = 2+n the divergences of the tensors
Oq...q.(x) can be added as an independent irreducible represen
tation starting by from 9 o (x) . This is a consequen-c;e
of footnote (14). @10 %1

In the covariant formalism this means that the n-1 order tensor

A
o v (n)
AAl' .An_1
is a genuine tensor ( it satisfies the supplementary conditions
(7)) and its components can be derived as in Eq. (19)).
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