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1 - INTRODUCTION -

In this paper we establish a general formula for the differential cross section
of the bremsstrahlung process ete- — p. py taking into account the hard photon e-
mission by both initial and final states. We assume that the muon charge is not mea
sured. The calculations are made with the standard perturbation theory in the one
photon exchange approximation (Sect. 2).

In Sect. 3 we check our results by integrating the differential cross section
over the final muon states in order to compare the resulting total cross section with
that found by V.N. Baier and V. A. Khozell), and U. Moscol2)whouse a different ap-
proach.

Then we apply these results to establish the cross section for "radiative e-
vents''ih which only the directions of the final muons - noncollinear and in general
non-coplanar with the ete~ beams - are detected (Sect_4).

- 2, - DIFFERENTIAL CROSS SECTION FOR ete”™—» utuTy. -

2.1, - The matrix element, -~

We use the metric 51 = 8 544 = -1, the system of units i = ¢ =1,

A 2/4'|r The scalar product (ab) = a b - a4b4

The process under con51derat10n -etem— |.L w~y - is represented by the four anm
hilation graphs of Fig. 1, where p. (P, E), p+(p+, E.), p_(pL, H‘)’ b (s u_,_), K(K K)are
the e-, e’ S ,p v four-momenta, respectively, and

=02 = 2 2_ 2 2
P%-p+-—me, p_-i¢+=—mp

where m, and mpL are the electron and muon masses,

(x) - Laboratorio di Cosmo-Geofisica del CNR -~ Torino.
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The differential cross section is given in invariant form by :

4G = 1 (36 mZ mZ fi T 2
= ot - - -
Bp+p )1/2_m4:l1/2 2(2“)5 e r-ri,s st pol. | r-rt,s-st x
- e
d—-h
P D
K &, B, S, +p_ ~K-py-p)
.
The transition matrix element is :
— \) —
] (Vlp) €U _-(p ) (U (k) v, V_4(u,))
Tr-ptg=st = 2 *
(p+ +p_ -K)
oy 7 Y
. V. p) v, U (o)) (U -(u ) CoV_4lpy))
. 2
(pp+p)
A v
where (weset a =a,vy” ):
A N ”~ A
i(p_-K) -m i(-p, +K)-m
A " - e A, A + ey Ve BiaA ANy
= N Simyram < B = -
C, =~ R T T 2R v¥ = v f(p_,K)e +egl-p ., Ky
1 (-fi, - K) i(h_+K)
i(-py~K)-m i(p -m A
Vo= v Bt B Y o VD RYe + Saln v
Cf v 2 K) et+e TRS) v 7Y (-py.Kle + eglp_,K)y

Ur_(P_), Vr+(p+), Ug-(p), Ug+{py) are the Dirac spinors for e-,et, p~ut, and e is the
polarization vector of the photon,

We notice that C; and Cg’ are connected by the interchanges :

(1) P.<> -pt s Py & -p_ s Mme <> m, .

> rrt, s=s*, pol. represents the average over the spins of the initial electrons, the



sum over the spins of the final muons and the sum over the polarizations of the
photon,

We now define the following tensors:

py o_ 2 = P ers Y *
(Ae) e “r-,rt, p01,(Vr+(p+)Ci Ur‘(p—)) (Vr+(p+)ci Ur‘(p—))
v __2 = = +
@ =mZ) (T o)y U DT 4(p)yY U_(p)
gy 2 - = +
@ =m’) L (T eI U_(p NV Py U_(p))
and’
(a WY obtained from the foregoing ones by the exchanges
[R5
(3, " Ve > U () U _(p) > Veilu )i Cl >l
pv N R
(Iu ) Me™ W, 5 2 rert 2 s~st
so that it results
= AP A M
2T . E =1[( ST B
e u ~r-r-,s st pol. r-rt, s-gt 4 Ad Ad
RV -
(2) +zzpol(.le) (Iu )p,\)
A% N2 -
with
1/2 2 2 1/2
A= [A“A“J /2 Y(P++ p_-K)' = \/(M +tp )7 = 2EQ - K/E)/

N =[/\M/\“]1/2 V(p++p_)2= 2E

‘where E is the electron energy in the rest system of the electrons i)':r +'1;'_ =0,
We have set A = (p++p. - K)p; and Ay = (py + P .

The terms in (2) represent the initial "bremsstrahlung, the final" bremss-
trahlung and the interference term.

The calculation of the tensors is performed by the standard techniques. We

get(x):
v 1 ‘ Mo By P b N By oy D

(Ae)“ Z- Z Tr (‘Y ‘f(p_: K)‘Y +’Y g('P+: ]<)7 ) (1p.-" me) X

(3a) . A NP
x 6f 5, K70 +77el-B, Rie) (Frmp} -

(x) - We can put '&7" = -4V | though ?/K = --YK (K =1,2,3), '{,4 = 'Y4 ; efr. ref.(s).



mz 2 IT('I2 A2
- e A 2% ) Vv e = -p,\, _ TR -
= 5 [———2 5 -2 p|+ p+] - 2[ 3 é} 2 p" p” +

(p-K) (p+K)
p+K p_ K
+ (p_K P, K B
(3a)
1 2 2 ‘ -
" R(pK [A (¥ oY+ pH Y+ (p,p )§*Y) + 2m (pl p¥ + p* pY )J 4
+[a]"”
where mz
A —p‘\’ = _ e [AI-L p\)+ pp,Av] [A_M + ]pp' A :l
m 1 -
-— [:App\.) * PfA\’] -——— |AFpY+ pfA“} +
(p, K) (p,K) - :

- — {l_zm -(p,p ):[ [ A M (p¥ +p))+(p" + p!) A\’] -2m AR }

(p, K)p_

[Ae]pvdoesn't contribute to the differential cross section as a consequence of the con
servation of the electromagnetic current

B - AV -
A @, AT, =0

A

In addition

1 A - A ‘
uy = - N - V(3 =
() 7 T!‘{'r (ip_ - m )yV(p, + me)}

e
(4a) 12
= pHp¥ + phpY + —-—3 e
(3b) (a, * =1{m v}
(4b) (3, =17, )“"}

where by writing (M) = I{(N)§ we mean that (M)is obtained from (N) by the substi
tutions (1). Of course, these substitutions imply the interchange A <> A, We
don't report the interference tensors. In effect, the interchange + <= p_chan
ges fie sign of (I »¥  because
-_ WV =_0oV

Cf('P- +? s rn'P.) - "Cf(p. .2 M +° "mp' ) Cf (p,_: [} +: mu )
The last equality is due to the fact that m and m3 are associated in the trace to an
odd number of ¥ matrices. So the interference term does not contribute when the
muons’ charge is not measured,



Saturating (3a)-(4b) and (3b)-(4a) we have

2 2 '
2 2
- e—é—l—-ﬁz—(l& +2m2+2m ) - 4p_p Jp_p ;1 +
(p+K) -
pK pK
HEE R )
(5a)
_T;n_) [ {Z(p_w_{_ Pow )+ 2(p_p )P ) A m *
P p

2 2
+(p,p_ (& +2m” ) §

e am? {alp,n o o2lp,n Jo_u) + A2pp |2

= ) (¥,
I
j=1.4

where we have called (Fi)j the j-th expression in the right-hand side of the equali-
ty,

(5b) (A Y g —1{(A p (3, ) } Z

314

2.2, - Kinematics. -

We notice first that, if the muons charge is not measured, the matrix ele-
ment is symmetric for the interchange 4 «» p _ (cfr. (5)). So in the following we
refer to pq and p,, where . q isthe muon detected at the anglei?.p =(g , ¢e
(see Fig. 2). 1

In the rest system of the electrons, 'f): +3__ = 0, we orient the z-axis along
the et direction, and define the angles as follows. (see Fig. 2):

= s g . = Z 2 - = -
0 = (""1’ P_'_), Y (K: P+): < (PalsK)-
The angular relation holds
cos = cos @ cos ¥ + sin @ sin ycos(f g _¢’Y )

where f, and ¢’Y are the azimuthal angles of |+ and ~Ig1 respectively.

In terms of K and o« we have:



(2E-K) ‘W&4-4mi (,/_\2+Kzsin2o( ) - AZK cos X

- 1
(6a) l b (s K)-I 2 A% + k25

. 2. _271/2
By (K - IEERY +mM]

E “Z(ol,,K) = 2E-K-E y (X, K)

(6b) | @yt )| = Eﬁlzpz(o(,K)-mz]l/z.

K
—
Moy
-
¥ K
P
o x Do
< t'S
‘;;_. $ P+
N}
-3
M2
FI1G. 2

All the invariants involved are defined in the electrons'rest system as follows:
) = m2 A2
(P+p__ - me = 2

.2 A2
(pyp) =m -~

(p4K) = EK(f3 cos y-1)

(p_K) = -EK(/3 jcosy +1)

(1K) =K( || cos - By )

(4 K) = -K(| ;| cos - Epy + 2E)

(P4ps) = Bl[pg] /B, coso - Ey ;) ;

(p, w) = -E(] 4yl Pecoso- Epq) - —'\5— - (p,X)

(p_r,) = -E(| ]| A ccos 0+ Epy)



/\2
(p_p.) = E(] ;)1| /Zecos 0+Ey ) - 5 - (p_K)

where /5e is the electrons velocity.

The phase space of one photon emission is

ded 1 953 (4
RE - m_-° (P tP cK- - opy)e

K2
dK (A2-4m:f /2 .
R Y N af ul in the rest system of the muons
dK IEE |
- a0 w1 in the rest system of the electrons.

(2E-K)+ T—Ji-— -Kcos ok

+ o -
2.3. - Differential cross-section for e e~ —» p+ oy

From the foregoing results we obtain the differential cross section in the elec

trons’ rest system for a muon in d{2. By and a photon in dK = K2dK dSL

e, ds, . ds, ]
e dn , d€  do, _ d¥
TRl M1 ®1

3 l =
A 1 1 1
g ¥ {7;2 Ly, LJ‘Ff’J}

) e (2E.K)+l ! Keosd 1.4 * i
0< 0L 0=y £ 1
K=&
0= fg0<w 0% gy £ 2x

where the factor 2 in the right-hand side of the first equality comes from the non-
-identification of the charge of the muon detected and € is the soft-photon cut-off.

We have called (d&;)/(de dK) and (de)/(dﬁmd‘IE) the differential cross sections
for electron and muon bremsstrahlung, respectively (cfr. (2)).

To take into account any possible breakdown of Q.E.D. by means of a form fac

tor F(4E2) modifying the amplitude of the process, we must merely make the follo~
wing substitutions

2,12
1 Z (F)__»_[F(A)I
A4

Z(F)



1 B /\Z)I2
-;\zzj(Ff’j”* A 2§Dy

3. - TOTAL CROSS SECTION FOR ete™ —» "7y . -

We check the differential cross section by integrating it over the final muon
states. To simplify the calculation, we integrate in the muons' rest system,

We have

s, oL 1 (A2-4mj yH/2

1
(8) — = — ¥ |(F.), a8
e EZ/J’e (2“_)‘2 4A A4 ZAJ/. 17 M

e

The integrals involved are given in Appendix., The result is

2,2 . 2 2 2
m (A“+2m”7) 2m 2m

/(Fi)ldD_c =————4; (A2+2m2){- L 2. g
s W (p_K) (p.K) A

f (Fi)zd.(?.c“l - / (Fi)ldn‘i11 with (p_K) —> (p,;K)

p:K pK
+
pK pkK

c 2 2,
/(Fi)sdﬂﬂl =4w(A +2mu) ( )

2., 2
(A”+2m"™ ) . )
Jemp 008, -4 e { -2(p,p A% r2m?) - [ (pex)*H(p_107] -
(p_K)p,K) )
5 (p_K)p,K) -
2 ‘P- 2
-4 m ——-—————-Az +2me l_(p+K)+(p_K)]
Summing and putting in (8) wé find
de, < Alom® (KPP p b, ,
— = 5 ™ = (— - —)"(A"2m) +
K (2m)6ED, A A pK pK
p.K p_K
ro + )}
p K p,K

which is the total cross-section obtained by V.N, Baier and V. A. Khoze( 1) without
making the calculation of the differential cross-section. This coincides also with the
cross section calculated by U. Moscol2),

Similarly, we have



as, &1 (a%.am2)l/2 . .
> 2 2 N Zj (Fg)jdfdy,
K E7B_ (27) 4A A

Now the integration is more complicated (cfr. Appendix). We get

2

A
-t 5 | -

4r \ (p K)p ,K) l’ 9 A2
Mo —/:5 boA2

[+]
/(F) de’, = -m— § ——— T |om® L(1+2
P11 773 ) |5

3
411[1“ , , 2 A , 2 \ 2 .
- ———— - + —— e e —
e (p_K.)(p+K) (A +2me). N m, + 73 m, L

C

c -
/ (Fplgd Ry = Jf(Ff)1dQH

/ (Fgdly =8m (/\2+2mz)(L-1)

c -
/ (Ff.)éld'nlll -

4
(p_K)p,K) 2 4m
Br 7 |Lem? A om? + —Lt - A%) .
K2 KZ poA2 " A2
2
- 6m? —é—--i- 3A2] +
kA2 :

+2(p_K)p X) (1-L-2 sz‘— ) +

2 2m4 2 2
H(AZ+2m2) [L(A T A m? A ]
e 2 /\2 W 2

with L = «(1//&0)10g[(1+/.’»c)/(1-ﬁc )],where /o’c is the muons velocity in their rest
system " H " "

_ (A2-4m2 )1/2

c
p R

13
We find
as, o3 1 (A2.am?)t/2 2(p_K)(p,K) s o
e 5 3 . 3 (A +A0)-(A"+2m ) A,
dk (2w 32E /be K K
where we have set
2 N 2 4
4m
A, =20%om® A L ox? L LA2+2m2 AP ———&—-l
1 Mo OA2 v /\2. A2 4
e (A2 o2
A2 = 2(A” - ZmH L).
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Also in this case we obtain the total cross section found in ref. (1).

4, - RADIATIVE EVENTS -

4,1, - Experimental photon phase space. -

In the present experiments with colliding beams the energies of the final muons
are not detected- Therefore the emission of hard photon is in general admitted. Be-
cause of this emission the momenta of the final muons are not collinear, Moreover,
the plane —13,) - 'p,’z contains the e*e™ beams only in the case in wich the photon is e-
mitted in the directions along either ete~ - coplanar events, otherwise we have non-
coplanarity.

Using the resulis of the sections 2 and 3 we obtain the exact differential cross-
section for these 'radiative events".

We consider the following experimental features, see Fig. 3:

-

A Mg

P —3n
/ Ps

FIG. 3

- Wy is detected attheangle B, = (9, gg)
~ the angular restrictions on g are:

— _—s e . < <
S50l -y = 3y h=p,,= 9,

where @ . is the azimuthal angle of T')Q around fl
- the energy restrictionson py and py are

) > 18 | oy [ iy e
[ R iy bo | > ¥ | vy
These experimental constraints on the phase space of pq and o define the

allowed region for the momentum of the undetected photon. The experimental pho-
ton phase space - for a given ¢p2 - is sketched in¥ig. 4, shaded area.
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FIG. 4

The lines a11b1 and :9.2b2 are defined by the relations

(92) ‘@(“’K)' ) |ﬁ1| MIN
(9b) l@(“’K)l = %] v

where, for any =€, the relation which gives the minimum K holds. The functions

| ?l(vk, K)I and I?‘Z("(: K)I are given by (6a,b). Practically, since | —ﬁ)ll MINY I—*?Zl MIN
for symmetric apparatus, the equation (9a) defines the line aiby, the equation {9b)

the line agb,y. These boundaries establish, for any photon angle %, the maximum pho
ton momentum K allowed by the energy limitations,

The equation satisfied by line b1b2 is

‘ . 2 .2
(10) [Kz(o(,S):x Eﬂ%ﬁl +mz] /2, [Kz(o{,F)X il—‘l-2-°ﬁ-+ mj] 1/2_ omx(«,d)

sin“d gin“d

which defines the relation between the non-collinearity angle d’ and the momentum K,
for any photon angle <« . In the m, = 0 limit we have
sind’

sin(«- {)+sined+sin d

K(%,d) = 2E

The limiting angles £ Fig. 4, are defined by the relation

ij’

(11) | Byt K ID] = Wy L,j=1,2
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with K(K,.

ijs crj) given by (10).

The limiting values for the photon energy are defined as follows

from (10) for any oK
£ L £ L
from (9a) for c»(ll 19
L
from (10) for 12 A = 0(22
from (9b) for ckzzé A £ oty
—

Then we orient along Tfl the z - axis for the integration over K, so

de, = sinA de{df,

(12) cosy =cos® cos + sind sinok cos{f. - §,)

R - - — .
where fo; and f, are the azimuthal angles of K and p; around M, respecti-
vely. Of course, o, - P =*w, the signbeing unimportant. The refe-
rence plane ¢ 0 is qulte arbltrary, for instance, we can choice fon it the plane

W1-Py. so B
Thus we get

fo-m | 192 Ky

-l ¥ . . 2

dK =/ df sinddd/ K7dK +
¢ o, )

Exp, photon phase space 1T 11 K, & 1)

+ sinddot [ K2dK +|  sinedldet/ K2dK

0412 K(, 51) '0(22 v R(K, <571)

(13) %22 K, &) oy /Kz 1

4.2, - Cross section for radiative events, -

From the foregoing results we obtain the cross section for the case in which a
muon is detected at the angle “'Qlll = (Q ¢a) the other muon is detected in a finite
solid angle defined by AJ = 8 J]: Ag = Py - 4. the charge is not measured. We
refer to it as the cross sect1on for "radiative events dG‘/d.D.pl'( AJ, Ag),

The result is simply:

(14) AT a8 A - [(EE ) a¥
dfp an, d&

Exp. photon phase space

-—»
where (d€)/(de wydK) is given by ('7) with cosy related to the angles around ]?1 by
the relation (12), 'and the integration aver the photon variables has to be carried out
following the prescription (13).

We remark that the formula (14) is rigorous, because the differential cross sec
tion (d€)/ (d.rLMldI_(’) (in one photon exchange approximation) and the photon phase spa-
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ce have been derived exactly.
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APPENDIX -
In the rest system of the muons we have

o _ Alua(px) _ A2-2p.K)
+ 245 2.5

£° - A42(pK) - A% 2 (p4K)

- AN 24

Kc = AZ-AZ =K —/:-:_......_E__—-—
2A A (1-K/E)1/2

c _.c _A_ 1/2
By, = Eu,y = 5= B(-K/E)
and
e 2 1/2
|“1| |“‘2|~"(A -4m,

For the evaluation of Z [ (Fy ) dﬂ. the z-axis is oriented along pF The non-
trivial integral is

/ o 0canS =2 cos(‘}' ‘)c) . - [_( )+ ECES
cos 0 cos wi=3 T P, P)= g '=5" PP m s
IENIES
where
—’ '-D
=( “1’ P )
' —’ —)

= ( pl, P )related to 9 by

' - = -
cos 0° = cos Qccos(p_’c_, pf) + sin gcsin(pf_, pf)cos(.¢ N1'¢

- >
with @ By and §,, azimuthal angles of p.c and p But the last term depends only li-
nearly on cos(¢p m -¢p_) and by integrating on 525}‘l | it disappears.

The evaluation of ZJ [ (F ) dnpl is harder because the denominators -
which contain ( p4K) and (y, K) - also depend on c’che .;1 - variables. Now the po-
lar axis 1s d1rected along the photon momentum K and the integration is performed
on L% = (T *"1’ K °) and ¢S , azimuthal angle: aes gl = = sinw®d ACags .

The following angular relations hold
(A1) cos & = cos < cos 'yc + sin®® sin —yc cos¢;

(A2) cosQ'c

c ‘e . e . ¢ c
cosk cos y  -sink siny ®cosfy
where we have set

—,c Ic '-Qc *-Bc

(K,p) y =(K, p_)
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- —
and the reference plane §§ = 0 coincides with the plane K€ - p€.
+
The non trivial integrals are
| dey, A 2
(A3a e e
2 2,2 2
( ui, K) K”A m,
%30 2
costdly _9x A N
(A3b) / 5~ " b 52 1T 3
( }.ti , K) KA 2 m
2440 2 2
/ cos B 2n A | A
(A3c) 3 == 55 2 - 2L + 5
J (e, K) b KA 2m

., 2,¢C 2.c c
/smok cos ¢okd.(2u1 9 A2 {L 2}

(A3d) =
/ o )2 L2 REA2
C
da, 2¢ A?
T2 7.2 =
V (i, KN(p K a KA

2,c,.C

/ cos OL d&}"‘l _ % AZ { ‘}
I == T3 L2

Jo(wKNeK b KPA

2,c 2,c c 2

sin"ol "cos P, df 2 2m
ATTM .v:_2_12r.. 52 {I—L——P’——

b° KA A2

(1K)

—im
where we have called a and b the quantities | p(;] and Ecpl.

As an example we describe in some detail the angular integration of'(F'f)z,

ms i 2 2 2
(.Ff) = . - | —(A"+2m” +2m” ) - 4( p,p_Mp,p,)
2 (p, -K)z 9 e n - +5 4+
2 2
m A
= . —-—-E——-é— - (/\2 + Zmz + 2m2) -AZEEE(_: -
(p_K) 2 °

)

m - . 1. -~ - -2 [P
S 4ab{lpc! cos(;c Ei+|pi‘lcos QCE?%-4b2|pf_”pc|cosgccosgc‘|

(IJ. -K)AJ

Using (A1), (A2) and (A3a, b, ¢, d) we get
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2 4
c an| D 2 2 2 A _c.c
e F + = T
(Ff)zd'o'p-l Kz ]: 5 (A 4 2me Zm“) = E+E_]
4v

2 ( |~ - 2
2 A I c‘, 'c_c I cI c.¢ A
R I Eoa s

[ e c e A2 el el . c.. ‘e
- Ip_JIp_lcos'y cos vy (2-2L+2 3 ) -Ip_le_l siny siny (1, -2{ {
m

The relations which allow us to put this result into the form given in Sect. 3 are as
follows

2,2
2.cc _AA
A"EE_=—p— + (p,K) (p_K)

|:c| COS‘YCEC +|I:>C|COS 'CEC = (p.K)}p K) [ 1 (/\2 1) 2
- - Y = ~ — (- -
-+ + + Kz Az Az
- ~3 )
(o4 C c e 1 1 A
lp+ | lp_‘cos'y cosy = (p+K)(p_K) [ _2-+_§_] -
K° A
.-—5
¢ —>c .. c.. 'c o2 (p+K)(P_K)
- p+ p_ siny siny = me - _____5________
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