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ABSTRACT, -

The causal Meyer-Suura structure functions are projected
into irreducible representations of the Lorentz group. A

clarification of the connection between light-cone singula-
rities and Lorentz poles is obtained: we find that in gene-

ral a light-cone singularity of the type 5 L in
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the operator product of the hadronic electromagnetic cur-
rent, is built up by a sequence of Lorentz poles at ANy =
=1+ & - n whose residues are polynomial of order n in

the virtual photon square mass,
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I. - INTRODUCTION, -

In this paper we study the connection between scaling proper-
ties and Regge-like behaviour of the off mass-shell Compton amplitude,
Recently many authors(l) suggested that presence of light-cone singu-
larities in the commutator of the hadronic electromagnetic current,
which are responsable of the scaling properties of the structure func-
tions in the Bjorken limit, could imply the existence of fixed poles in
the off mass-shell forward Compton amplitude, To study this phenome-
non it is necessary to develop the harmonic analysis with respect to the
Lorentz group in configuration space, showing explicitely how Lorentz
poles contribute to build up light-cone singularities,

In ref. (2) the Wick-rotated imaginary part of the off mass-
-shell forward Compton amplitude has been submitted to an O(4) ana-
lysis and the connection between its Lorentz pole content and light-cone
singularities has been investigated performing a Sommerfeld-Watson
transform, The authors were able to relate the behaviour of the 0O(4)
partial waves at small distances to the scaling properties of the Comp-~
ton amplitude, These techniques were used to study a wide class of
light-cone singularities suggested by ladder models,

Iﬁ this work we discuss two kinds of expansions of the Comp-
ton amplitude ; the first one, which is relevant in the Bjorken limit, is
given by an integral over all possible light-cone singularities, This
expansion is more transparent in momentum space where it reads as
an-expansion in terms of homogeneous functions of the variables qz, Y
i.e. over irreducible representations of the group of projective tran-
sformations on the complex variables qz, 3y (3), The second one, re-
levant in the Regge limit, is obtained projecting over the irreducible
representations of the Lorentz group,

’ We find in general that an infinite number of Lorentz poles

"conspire" to build up a light-cone singularity, more precisely, a
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term like L is related to the sequence of Lorentz

(-x2+ iEx4)

poles which are located at Ay = 1+ & -n and whose residui are poly-
nomials of order n in the virtual photon mass. The possible non~-poly-
nomiality of the residui should be interpreted as an indication that an
infinite sequence light-cone singularities contribute in Regge limit,

Finally we remark that the techniques wedevelop may also be
useful to study dynamical situations suggested by some ladder models,
in which these kinds of singularities are realized.

Sections II, III are devoted to study the properties of the inte
gral transforms we are lead to introduce in order to derive the pre-
viously mentioned results, In particular the connection of the expan-
sions in momentum and configuration space (related by Fourier-trans-
form) is given. In sect, IV the decomposition of a light-cone singula-
rity in terms of Lorentz poles is carried out. The proofs of the main

formulas we use are collected in the appendix.

1I. - CONFORMAL TRANSFORM. -

I.et us consider the functions(4)

- 2
2 1 y 2
(2.1) V. (g5, v) === | W, (g% v) + 5 W, (q%, V)
1 2 1 2 2
q q :
e w v
(2.2) Vz(q , V)= - 5 Wz(q , V)
q
linear combinations of the structure functions Wl(qz, V), Wz(qz,\) ) de
fined by the equations
1 T4 - [
va(q,p) =—7 [dx 4 x t. “(x), J } l py=
(2. 3) (27}
= -(g —-ﬂ-—~)W (q v)+(p ~}')—q ) p,, - 34 YW, (qzv‘)
VR 2 ' 2 vt

q q



where Jel' (x) is the hadronic electromagnetic cﬁrrent.
M

For the Fourier transforms (k = 1, 2)

[eta % g2, v

F 2 ,
WK (x ’x. p)
(2.4)

( 2

V., (x%, x p)

(]

F f4 igox _F, 2

the following relations hold

Wf(xz,x- p) = - DVI;(xz,x' p) - PMP d “9\’ VF(x2 X' p)
(2. 5)
'F 2
W, (x°,x-p) = OV, 0, x p).
Experimental data suggest the following asymptotic behaviour
5 oL o =2
(2. 86) lim VK(q AV KoY FK(W)
Y ~> @
W= -q2/2v fixed
with o(1 =1, o, =0,
. s K -2 : , A
A typical contribution W F(w ) (we shall omit the index

K from now) to the structure functions in the Bjorken limit corresponds
in the Fourier transform to a term of the type ['_le_c& f(x- p) near the
we
light-cone (where/indicate with the symbol {x2]~% the discontinuity
of L ) . The scaling behaviour in momentum space has an
(--x2 + iO)Q(

interesting geometrical interpretation, Let us in fact consider a func-
tion V(qz, ¥ ) defined on the (four-dimensional) complex affine plane
qz, V. This space is homogeneous with respect to the group SL(2, C)
of projective transformations i, e. it is equivalent to the quotient space

SL(2,C)/Z where Z is the group of matrices of the form ( A

2.
1
representatlon of this group is defined on these functions as fo]lows(s)

(2.7) TgV(qz,v) = V(°<q2+/&v, 7q2+<y\=’)



where g==(°‘:' gS ) with Ad - Ay =1,

We observe that the homogeneous functions play a special role
in this space, as they form an irreducible subspace for the representa-
tion, The theory of harmonic analysis on homogeneous spaces gives the

following expansion formula

\\
v + ioo
2 1 2
(2.8) V(g®,w) = 5 dd V(q~,v ;n,)
(2m)71 - J .
n=-Qqo - 100D

where n, = (n+el)/2, n, = (-n+=)/2 and V(g2, v ;n, ol ) is the Mellin

transform of V(qz, Y ) defined as follows
2 . i = -nq 3 -n 9
(2. 9) v<q,v;n,ot)=~12fd7d"7”7 MR y(m g,y v)

eq. (2. 8) is only valid for L2 functions, however eq. (2. 9) can be used
to analytically continue the Mellin transform in A so,for not square-
-summable functions the expansion formula reads

. e

(2.10) V(qz, p) = 12 2 /dol V(qz,\-‘ ;n, o)
(2m) i

n=-co C

where C is a suitable path in the complex ol -plane,

If we introduce the Fourier transform as
(2.11) Ve = [ata TR vehv) u=xp

from the previous analysis we obtain in configuration space the expan-

sion formula

(2.12) VF(XZ, u): = 1 5 7 [do( VF(xz, u;n,ol)
(2m)71 &=
where
. - = No=2
(2.13) vF %, u) = —% /d’y d” ”)‘nl ’7n2 VF(”Z xzfu) :



If we perform the sum over n we get
A [
(2. 14) vl - =L f det ¥ (x2, wot ).
2mi
5 C
with the definition

Q0
FaY -
(2. 15) VE 2, us o) = / at % -1 v 2, u) |
0

Using now the causality of the Fourier transformed structure fucntions

we can write

(2. 16) vil u) =

f aot [x217% t(0; )

2mi C

where we have introduced the "conformal transform" of VF(:xz, u)

00
.1 & -1 _F
(2.17) flu; ) = - TP — /0 d6 & V' (6, u)
o -
and [x?]” - dise. 1 = - 2isinmel (x2)" %
‘ 2, . & +
' (-x"+10)

We have called the transform defined by eq. (2. 17) "conformal transform™"
to remind the fact that a term like [xzj - df(x- p; ®) is related in the

: correspbnding light-cone operatorial expansions to an infinite set of ten
sor operators O &1' B b((0) classified according to a ladder of irre-
ducible representations of the conformal algebra whose spectrum is
given by the eigenvalues of the only non-vanishing Casimir

zMMM“" +2Py - K - 2D%+ 8iD = 4n(n-ol-1)+2 oL2 - g

and Mpv » Py, K), D are the generators of the conformal algebra(s),

In momentum space we can write the expansion

(2.18) vidv) = 2 [ auv® 2 pw )

27l C



where the scaling function is expressed in terms of the conformal trans

form f(u;ol) as

(2.19) F(w,o )= ——2 e ) u f(u; oL}

i Tt 0
1 - 2 sinwo(/ jwu 1-o
5 du e
(2m)

To obtain the complete diagonalization of the expansions (2. 18), (2.18)

we define the Mellin transform with respect to the u variable of f(u; X)

@ 7-1
(2.20) flot,T) = / duu flu; oK)
» 0
so in configuration space we have
CHeo L
(2.21) V(% u) = 1—2- /d«/ dT [x?) v £(%,7)
@m) e Yt
and in momentum space
C+ioo T m
i -i=T
5-2 1
V(qz,\))=-~lz— /do(/ 2 e 2 e 2 X
(2m) .
(2. 22) ¢ Clo
sinw ok 2., A2 7
Bt RLIAN ol ~T)(- od,T
xSRIy Te-o-T) ()" T w (L, T
where we used the relation
w
~i=—ot
- ol i -
F(tu,v()=—-—l-——2 e 2 sinmol w°(2 X
3 (o)
(2w)

(2.23) ,
C+ioo ity

X / dT e 2 P@E-o-T)WE (%, T),

C-ioo



III. - LORENTZ AND WEYL TRANSFORMS, -

In this section we will expand directly the amplitude in confi-
guration space into irreducible representations of the Lorentz group.
The complete diagpnalization will be obtained in this case by means of
the Weyl transform which is defined as the product of the Lorentz and
Mellin transform in the x2 variable, These transforms obviously com-

~e .
mute, We start projecting out the dependence of VT (x2, cosh %)

= VF(Xz, x-p) from cosh-¢, = (x-p)/ \[}? performing the usual Lorentz
transform(7)
00
(3.1) / %F(xz, cos h¥y) ébx (cosh 3>y) sin h? Ty A%y = ’{ff(xz)
0

as defined by eq. (A, 1),
The Plancherel theorem gives
| ioo
(3.2) '{}F(XZ,coshpx) - }1" / 22ax Vo (xz)o'o_x (cosh > )
-ioo
where the path has to be suitably shifted for not L2 functions, Possible
behaviours of the Lorentz transform V}:( 2) were studied in ref. (2)
expecially in connection with simple structure suggested by ladder mo«~
dels, The corresponding expansion in momentum space is obtained,
computing the Lorentz transform of the Fourier kernel e~1d- X (see

eq. (A, 5)), by means of the formula

5
KX(R V_q )p.a
/dR RS F 2

i 2
(3.3) Vs, (@7) = —— W\ (R")
RV-q2
where K)\ is a modified Bessel function of third kind (Hankel func -

_tion):and R = ‘J Inversion formula reads

(3. 4) V(g?, v ) = 4wi fxzdx Va (@) Ay (¥, 9?)



where a'()‘ (v, qz) is a second kind matrix-element on the Lorentz
group defined by eq. (A, 7). We note that the partial wave ’\;'x (q2) de-
fined by eq. (3. 3) could have in principle A singularities originated
by the Hankel function, This phenomenon is more transparent perfor—'

ming the complete diagonalization by means of the Mellin transform in

the variable x2. We define the Weyl transform as
~F [~F 2 o | -1
(3.5) V)\p =A V(x5 cos:h‘}@X)Q% (cosh¥y) s1nh2§x dﬁx(xz)p dx2

according to eq. (A, 9). We call it Weyl transform -ais it performs the
diagonalization with respect to irreducible representations of the Weyl

group. The inversion fromula is given by

3.6)  VF A coshyy) = — fxzdx/dp(xzrpe’b)\ (cos hs,) ?’ffp

2m

and in momentum space using eq. (A, 12)

V(qz,v)=% fd>\/dp. N2 2'2"(“(—2--p+;31)r(-%_p+%) x
(3.7)
~ Zp-Za/ 2. r~F
x (-q7) ~>\(V,q)V.)‘p

We observe that the path of integration in the ' and p planes are along
the imaginary axis for L2 functions and they have to be suitable shifted
for not~-L2 functions,

The Weyl transform is simply connected to the conformal trans
form introduced in the previous section, To see this we start by rewri-

ting eq. (2. 21) as

. 2 2 21- 2L -2

(3.8)  V(x%u) = 5 //dO( dp [x } P(cos higy) Pk, 20-2_)
(27i)

after the change of variable T =2p - 26, This connection clarifies the

kinematical origin of the Lorentz-pole content of a light-cone contribu-

tion; this will be shown explicitely in the next section,
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IV. - DECOMPOSITION OF A LIGHT-CONE SINGULARITY INTO
LORENTZ POLES CONTRIBUTIONS, -

In this section we want to investigate the connection between
the two integral representations for the causal structure functions
VF(xz, u) (2. 21), (3. 6) (and their related momentum space versions
(2.23), (3.7)). If we remind the structure of the eq, (3. 8) we see that
the transformation function which relates the two expansions is nothing

20-2K

but the Lorentz transform of the power (cos h?g?x) Its Lorentz

transform is given by eq. (A, 13). So we have in terms of irreducible

2p 2K -1
\//‘/db( dpdX )x r(2p-2°() X

Lorentz representations

V (x cos hj’x

(211'1)
(4. 1) x 1ok, 20200 T (2 2ip )T Ao bip oy &

X {XZ] P\ (cos h$,)

and in momentum space by means of Fourier-transform

-20d,
) B 2 2
V(g4 v ) = (2W)21 /]/det dp dX A F 3o -390 X
(4. 2) X f(o(,2p~2<>()(—Zisin1rb()P(%—%+p-o&)|‘(-3—-%+p-0{)x

+ 3P 2y (v, dD

x F(%-p*F%)r(ig-p 5

Compearing eq. (3. 7) and (4. 2) we have the connection between the two

previously introduced conformal and Weyl transforms

2p-2
vy o=k 2 Of (X1
V)xp" 8ni /d“ F(2p-2+0) F( +p °~)T(-2-2+p_u) x

(4. 3) , _
x (A ,2p~20) (-2i sin w™)

This result clearly means that a Weyl contribution is in general built up

by an infinite sequence of light-cone singularities, In order to study the
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matching between light-cone singularities and Lorentz poles we exchan:

ge the integration order in the integral representation (4. 2) and per-

form explicitely the A -integration by means of Cauchy theorem, We get
. S ( s 52
h - it i _9 3 ai
V(a% v ) ? Tr/]do( dp GT Feeed) (-2isinwd) x
n=0

x (oL, 2p-200) [ (2p-2%K -14n) [ (-l +1+n) T (ol -2p+2-n) x

. 2 2,p-2 2
x (2p-20% -1+2n)" (-q") a2p-2d-1+2n(v"q ) o+
4.4
(4.4) = ) « ( 1)n--l 2-—20(
4 d - _9 3 ai
+ ‘Z—‘ vﬂ dp )t T (2p 2o ) (-2isinm) x
n=0

x f(ol,2p-2) " (oL +1+4n0) " (- +2p-2-n) " (~2p+3+n) x

2 -2 2
x (-2043420)" (-0 A, gy (Ve

where we have taken the contribution of the Lorentz poles at P 2p -
-2 ~1+2n, A=-2p+3+2n and we closed the interpretation path
tc;ward the right half plane where the functions d/)\ (v, qz) go to zero,
To see the Lbrentz pole content of a light-cone contribution we
assume that the p integration can be performed by an appropriate defor
mation of the integration path in such a way that the Mellin transform is
analytic in the corresponding region of the p plane. This corresponds,
in Regge pole language, to consider the Compton amplitude with true
Regge poles subtracted ! ).

Performing the integral we get

a0 n-1 m-1 -2«
0 o (-1) (-1) 2" T ginmot

(4.5)
x f(ol ~of +2-ntm) [* (- +1+n) [ (- oL +1+m) (- +1+n+m)® x
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o +2-n+m
2 ) 2

2
x (-q a?_o(+1+n+m(v"q) *

@© n-1 m-1 -2l .
(-1) (-1) 2 sin 7w
" nzr;'_i_o 4/‘dd (n-1)t (m-1)! {(-A+24n-m) X

(4,5)
x f(d\l—o( +2+n-m) I" (- +1+n) [* (-ol +1+m) (-o(+1+m+m)2 X
A +2+n - m 5

X (—qz) _'2 E a

~uL+1+n+m(v )

-~ X +2-n+
where we have taken the contributions of the - poles at p = = 5 AR
2+ +n-
p= g____z_x}__r_n_ in the first and second integral of (4.5) respectively. The

integral has been closed in such a way that the background goes to zero
moving the integration path at infinity,

Formula (4. 5) can be rewritten as

- b(+2-n+m~2
f(K - +2.n+ 2 :
viav) - Z’ 4/d°< (T‘E—eZ+2-n+rr?) = (-a®) *
n, m=0
L =1 m-1
(4. 8) + n = m) (-1) (-1) 2—2°( sinwol T" (-ol +1+m) x

(n-1)1 (m-1)!

€
2

" r.(_Q(z;—l-.1+m,),(-o(-i:1+n‘+m)2 A (V,q%)

-of +14n+m
To see the behaviour of a light-cone singularity we pick up a contribu-

tion to the integrand'in (4. 6). In the Regge limit we have

00

: £(KX - X420+ 2, m

Vu«(qz,\’)= § -‘4(|"§—e(1+2-n+1r1;1)m)(-q) +nZ& m) x
n,m::o

Y=o

(_1)n.-1 (-1)m'1 2_2.:(

(n-1)1 (m-1)!

i=(2-o4 +n+m)
x (-A+1+n+m) e

(4.7) X sinwd [ (- o +1+n) r“ (-A+1+m) x

\)0( ~2-n-m

when we used’'the asymptotic behaviour of the functions a,x (v, qz) de-

fined in eq. (A. 7). In particular we observe that the [* functions exactly



13.

cancel each other for & = negative integer, corresponding to a case of
a derivative of a g—singular‘ity‘on the light-cone, In particular the
leading Regge pole corresponding to the K -light-cone singularity goes
as ’
2

bl 4}

(4.17) Vet (qz,v ) ~ const- V¥
V-
with residue independent of q2, In general the residue of the n-th non

leading poles is a polynomial in q2 of order n. This results establish
that a light-cone singularity: (x%_)"ck in the current commutator corre
sponds to a sequence of Regge poles at J = ™R - n whose residues are

polynomial of order n in the photon square mass.
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APPENDIX, -

In this appendix we recall some formulae which we need inthe
text, We start by recalling thet the causal structure function VF(.xz, X-p) =
_F,. 2 _X-p o . 2
= (x“, coshpy) (cos 3 = T—-i ) can be considered, for fixed x“, as a

X
bicovariant function(S) defined over SL(2,C) (the universal covering
nNg
group of the Lorentz group). This means that it is a function V(xz, a),
ny ~~
a€SL(2,C), which satisfies the covariance relation V(x2 a) = V(xz, hlahz)

for hvhz €SU(2). Its Lorentz transform is given by the formula

m\

f’{‘ZF(Xz, a)»c'Dgg\Oo(a)dSa = 4"3‘/ ”{;F(XZ, cos hy,) X
0
(A1) SL(2,C)
x Dy (coshy,)sinh2s, dy, = 4n3%y (x7)
where
o\ : sinhX\§
@/\ (cos h}'x) = dooo(cos hy ) = \sinhﬁ;’

is a matrix-element of an irreducible representation of the type (0, \ ).
This function is called elementary-spherical harmonic of SL(2,C).

Plancherel theorem gives
T _ ioo
~F 8 ) kB L2 NF, 2
(A.3)  V (x",coshg) = © ioo)y dX‘V;\(xx)o@_)\ (cosbS,)

for functions E over-SL(2,C). For not L2 functions the integration path
must suitably shifted.
Computation of the Lorentz transform of the inverse Fourier-

~transform

poo
2 - .
(A. 4) vighv) = Je U EyFR2 o hya

requires the knowledge of the Lorentz transform of the Fourier kernel

e-lq’ X, This has been evaluated in ref, (9) and we get

(A. 5) \/e"iq'x&)'ox ()a% = 2x® —re k. ® [-aD)Dy (v, q2)

0000 R\/:;'é
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(10)

where Ky, (x) is a modified Bessel function of third kind and

v /la®)

is a matrix-element of a (0, X ) representation of SL(2,C) continued to

L2 .
(A. 6) Dy (v ,q°) = dOOO

imaginary values of cos h‘?}’q by means of the formulae

Drw,q?) = @x (».a*) - A, (v,a)  and
(A7) 1 1 . _1_:; %(1_M
d/_)\ (v,d% = N 5 5 (v +Uv2wq2) (-q%) e
vo-a

At this point we have to make a remark : in principle the projection of

. -ig- x )
the Fourier kernel e 4 , which acts from a homogeneous space of

the kind SL(2,C)/SU(2) (x> > 0) to one of the kind SL(2,C)/SU(1, 1)

(g% <

of the type (M, 0). Newertheless, as explained in ref, (11) the Planche-

0) receives contributions also from irreducible representations

rel measure in the inversion formula in momentum space has a sup-
port ‘D‘x, q Which is the intersection of the supports {2, -qu of the

Plancherel measures on the two different homogeneous spaces so

Qo7 BN = 03N 0N) + (M0 = (0,N)

2

We then obtain the Lorentz expansion in g-space in the form

(A. 8) V(g4 V) = 2m/>\ dX\ Vy (g2 &y (v, ¢?)
where
~ K)\ R‘\r__ N
v (a?) /dR R 2~ V(r?
RV--q2

and we have used the formula

0(x2) 0(x°) d*x = %R3 dR d°X
where d3X is the invariant measure over SL(2,C)/SU(2) and is defined

by the formula d3u d3X _ d6a
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being d3u, d%a the Haar measures over SU(2), SL(2, C) respectively,
We observe that, to obtain complete diagonalization of the
Lorentz expansion, we have to perform the Mellin transform in the

variable R = sz, If we define the Weyl transform as

~ AT - 2
(A.9) 41r3 VF =/VF(x2,-coS h?x)gb)‘ (a)dGa(xz}ip 1dx

Np
we get
ioo C+ioo
F 2 1 2 2, = I )
(A.10) V (x ,x-p)=;——-2~/ PN d)\/ dp(x®) po’bx(coshfx)vxp
T Yoo C-ioo

and the corresponding expansion in momentum space is

ioo0 CHioo
2 2 2F -2 -2
V(q,v>=;/ X do NVy 27T x

-ioo C-ioo
(A.11) ‘

x TG+ M (203 dyw,dd.

To derive the last equation we performed the Mellin trasnform of the
function Kx(x)(lz)

dx -2p+3 ~2p+1 = A 3y, A 3

S = = -p+ = -—-pt+ =
(A.12) f — x Ky, (x) = 2 (5 -e+ 5T (-5 -0+ 3.
Finally we perform the Weyl transform of a light-cone singularity con-
tribution, This is necessary to relate the expansions introduced in sect.
I1 and III, We get(13)

1 o - -2 +2p -
f(*-z-) f(x- p,ot )50)\(a)d6a(x2)p 1dx2 = Z/dx ple 20l +2p-1

X
(A.13) x f(x,™® )f(cos h}‘x)z‘>< -chﬁ)‘(a)dGa = w3f(v(? -2« +2p) x

2K
22p2

M (2p-2o)

P(% -%‘+p-°‘~)f‘(--§~%+p -A),
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