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ABSTRACT, -

The coefficients of the first- and second-order optic transforma-
tion for the midplane of a uniform-field wedge magnet having curved entran
ce and exit boundaries and rotated input and output faces have been first de
rived by K. L. Brown, R. Belbeoch and P. Bounin. Assuming such results
and limiting the edge angles to be of the same order of magnitude as the in-
put conditions of the trajectories, simplified analytical expressions can be
derived for the above coefficients. Taking advantage of this achievement, it
is possible to develop a general discussion concerning the possibility to eli-
minate the aberration terms. It is shown that for magnets with deflection an
gles within the interval (7, 2T) a complete elimination of the second-ocrder
terms can be achieved, For magnets with deflection angles in the interval
(0,7) it is only possible to nullify some pairs of such terms,

1. - INTRODUCTION, -

In a magnetic spectrometer it is generally impossible to achieve a
complete elimination of all the mathematical aberrations due to second-order
terms in the input conditions of the trajectories.

When the working conditions of a spectrometer in a specified expe
riment are well established, it is always found that there are some second-
-order aberration terms that are more effective than the others in reducing
the momentum resolution of the instrument. Therefore, the availability of
criteria for designing corrections, so as to eliminate the greatest possible

(%) - Temporarily at Laboratori Nazionali di Frascati for post-doctoral de-
velopment of thesis work.



number of such undesidered terms, is greatly appreciated.

In the past, many successful attempts were made for eliminating
at least one of the more serious aberration effects in uniform field spectro
meters(1). This elimination was commonly obtained by substituting the flat
edge faces of the magnet with suitably curved ones (see, for instance, ref,

(2), (3), (4)).

Furthermore, it is known that the introduction into a uniform
field spectrometer of rotatable edge faces (thus making a wedge magnet)
permits one toc dispose of two additional parameters (the edge angles) by
which it is possible to control the first-order horizontal and vertical focu-
sing,

In 1964, K. L. Brown, R, Belbeoch and P. Bounin(5), considering
the general case of a uniform field wedge magnet with curved entrance and
exit boundaries and rotated input and output faces, developed successful cal
culations for the coefficients of the second-order aberrations terms on the
midplane. These calculations were performed assuming a short cut-off di-
stribution for the fringing fields (SCOFF)(ﬁ). The expressions of the second-
-order coefficients given by the above authors are rather complicated so
that, when these are used for deducing the coefficients of the optic transfor
mation between the object and image planes, very complicated results are
obtained. It is, therefore, impossible to develop a general analysis of the
conditions required to eliminate the second-order terms.

In the present paper, by limiting the magnet edge angles to be of
the same order of magnitude as the input conditions of the trajectories, we
have derived more simplified expressions for all the horizontal aberration
coefficients on the image plane. These expressions permit us to discuss sy
stematically the elimination of groups of geometric and chromatic aberra-
tion terms. Whenever, there are not specific requirements on the vertical
focusing, the introduced limitation for the edge angles still permits one to
realise valuable displacements of the conjugate points from the positions
established by the Barber rulel”), This is also possible for large deflec-
tion angles (see end of Sect. 3. 1). All the considerations developed in this
paper are limited to the midplane of the spectrometer and to a second-or-
der approximation of the equations of the trajectories., The SCOFF appro-
ximation for the fringing fields is assumed throughout the text. From the
knowledge and experience of the authors, it results that the effect on the va
lues of second-order coefficients of substituting the SCOFF distributions
for the real ones is limited to variations of a few percent. Therefore, the
results obtained in this paper can be regarded as valid. Finally, it has
been assumed that the effects on the first- and second-order focusing of ad
ditional curvature of isoinduction lines (which may be due to the finite ra-
dial width of pole pieces) can be neglected(s)
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2. - FIRST-AND SECOND-ORDER OPTIC COEFFICIENTS FOR SMALL
EDGE ANGLES. -

We will first consider a general spectrometer and a particular
trajectory e of its midplane which we take as central trajectory or optic
axis, The input conditions of any trajectory T of the midplane will be spe
cified giving, at the entrance plane of the magnet, the displacement x, of
trajectory ¢ from the central one, the angle 8, between the same two tra
jectories and the quantity 2= (p —po)/po. In this expression p and p, in

dicate the momenta of the particles moving and the trajectories T and 'Z"O,
respectively. Similarly, we will indicate by x and 8 the quantities corre
sponding to xo and 8, at the exit plane of the spectrometer. It is well
known that the displacement x and the slope x'=tan® of a trajectory atthe
exit plane can be expressed in general as power series developments of the
input quantities Xo» x(') =tan 6, Y. Using a notation similar to that introdu
ced by J. F. Streib(S), the above developments for the midplane of the ma-
gnet, are written:

N b Y TR
(1) = 2y ey CTDG Yy xS

" being one of the two quantities x or x' = tan® and X,/k .,V being positive
integers or zero so that A+m +V 21, By suitably limiting the intervals of
the values taken by x,, xé, 7, it is possible to make accurate calculations
of the values of x and x' merely retaining the first-and second-order terms
in the developments (1) and dropping all the higher order ones. This proce-
dure often is sufficient for all the practical needs and when it is valid we can
also write x(’) =9,, x' =8, such equalities being true to the second-order.

Let us now consider, in particular, a uniform field wedge magnet
having entrance and exit curved boundaries and rotated input and output fa-
ces (see Fig. 1). For a spectrometer with such a geometry, the first and se
cond-order coefficients between the entrance and exit planes (’7\}%‘ xyY)
have been calculated by the authors of ref. (5) and listed at the end of Sec. 4
of that paper. Since we shall derive all the subsequent considerations from
the analytical expressions of such coefficients, we shall standardize the ma
thematical symbols and the conventions for the signs of the coordinates and
angles to those used by the above authors. The meaning of a few other sym
bols is clarified by Fig. 1.

We start noting that all the coefficients of ref. (5) can be regarded .
as sums whose terms are products of powers (with exponents positive inte-
gers or zero) of the quantities tan/};, tan Ay, secfq, secAhy, 1/Rq and
1/Rg. The coefficients of such terms being trigonometric functions of angle
ot whose absolute values have an upper bound of the order of unity. Further
more, in the above mentioned calculations of first-and second-order optic
coefficients, the angles /31 and /32 are allowed to vary throughout quite a



FIG. 1 - Trajectory diagram of a uniform-field wedge magnet
having curved entrance and exit boundaries and rotated input
and output faces.

large interval, even if in practice | /.‘blland !/32% are kept rather less than
/2.

With the aim of obtaining more simplified analytical expressions
for the above coefficients, we introduce in such expressions the following
series developments (valid for /si < 7t2/4-):

;canﬂk 1+l/53+—2—ﬂ5+

3 "k 15 k
(k=1,2)

i

1+%ﬂ2+—§—ﬂ»§+,,_ .

sec 3, k24

When such substitutions are carried out and a suitable rearrangement is ac-
complished, the expressions of the coefficients result in sums of terms for-
med by products of powers of the quantities Al’ ﬂz, 1/Ry and 1/Ry. The
coefficients of these terms are again trigonometric functions of angle ot with
upper bounds as above specified. Therefore, the developments (1) will assu
me, for the considered case, the following analytical form:

o

Q0
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being ¥ =x,8 and »,4,V,§ 6 positive integers or zero so that A +]+y=
= 1,2. In addition, the exponents a and b can assume the values zero or
one only.

If we now limit the angles /51{ s0to be of the same order of magni-
tude as the entrance conditions x4, 6, ¢ ,andif R1 X 1, Rg % 1, we thencould
neglect in (2) all the terms for which A +A&+V +§ +6 > 2, without reducing
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the required accuracy in the calculation of the % value., When the above pro
cedure is carried out, we obtain for the first and second-order optic coeffi-
cients the expressions listed in Table I. Note that in the expressions of the
first-order coefficients of this Table (for which A+& +V = 1) only one of
the two angles /) can appear, owing to the equation # +6 = 0,1, For the
second-order coefficients (for which X\ +#+% = 2) none of the angles Sy
will appear in the corresponding expressions, since § +6 = 0,

We are now interested in the coefficients of the optic transforma-
tion between the object plane (SS) and any plane (ZZ) behind the magnet (see
Fig. 1). Introducing in the developments (2) the "drift region' transformation:

X

fl

o xs'+zOB xz=x+zﬂ
and

8, = 8 6, = 6

2

we obtain for the displacement x, the expression:

1, = 00, k)% (e, 1000 G 1)+ (e 1) x4 (x 10%) 0% 4 (x1%2) 92

(3)
+ (XZE xSBS) XSGS + (xZ\ xSQ;* ) xsfb’ + (xz| es'a' ) QS'B’ ,

whose coefficients assume (after some rearrangement) the expressions li-
sted in Table II,

Let the plane (ZZ) now become the image of the object plane (SS).
Then, we can write to second-order for the radial displacement x; of T
from %o”

x;= Ox D)o+ G ) Y+ 0y 0+ 0,107 0%+ G 1Y) Yo (0 x 0

s s
(4)
+ (xi‘ xsf‘( )xs"} + (xi‘ GS'K )GSY .

The coefficients of all the terms in (4) are obtained from the corresponding
ones of Table II putting z = zi, where z; is the distance of the image plane
from the exit face of the magnet measured along T,. In the development
(4) we have put:

(5) ‘*1'%’ - 0.

As is well known, this is the condition for the conjugate points, For given
values of the magnet parameters o , /5 1,/3 2, Eq,(5) gives a relation between



TABLE I

Analytical expressions for the coefficients of the second-order expansions of
x = x(x5, 8,, % )and 0 =08(x,, 8,, ¥). The reported expressions are valid for the
spectrometer shown in Fig.1 and for edge angles satisfying the hypothesis

specified in the text,

Coefficients Analytical expressions Coeéfficients Analytical expressions
(xix,) cosdh + ﬁlsin A ((-)]xg) -sin ol +(131+/;2)cosek
(x18,) sin et ;] )90) cos DA +/52 sinod
(x]¥) 1 - coset ©1%) sin K +/32(1-coe°()

2 U2 . S 2 1 A oe2
(xlxo) 5 sin A+ °R, sin el (leo) 2R, cos® + T cos?ed
(x\ez) 1 cos %A (1 - cos) (9\62) J1 sinol + L sinzo(

o 2 o} 2 2Ry

2
x 1% - L ain’t ©\%2) - sin® + 1= (1 - cosot)?
1,
(x\x,8,) 3 sin (264) 81x,8,) RLZ. sin A cosel
(x1x,%) sinzo( (leo'l{ ) sin & + ﬁl—z- (1 - cos®™ ) cose
(x 9,%) sin® (1 - cos®X) (0] 8,%) RL sin® (1 - cosel)
2
TABLE 11

Analytical expressions for the coefficients of the second-order expansion of xz=xz(z[x8, 05,'71),
z being the distance of the plane (ZZ) from the exit plane (VG) of the magnet (see Fig. 1).

Coefficients Analytical expressions
(xz'xs) (x1%o) +2(01x,) = cos & +/51 sined - z[sinoﬂ (A 1t ﬁz) cos 0(]
(x,10) ZolxIxo) * (x180) +2 [2o(81x,) +(010,)] =

=z4(cossl +/% 1 sin®) +gined -z i}zo[sin% -(Aq +ﬁz)cos°l1 -cosek - /3 2 sin%
(x;)1%) (x1¥)+2(8}¥) = 1-cosk + 2 [s:‘md +fhy(1-cosad )]
(251 xg) (xlx(z,) +z(6\xg) == %sinzel + Elifsmd +z[§ﬁl-1—cosd + z—égcos%&_}

2 \ 2 2

(x4} Gg zi(x\xo) + zo(xlxoeoﬁ(xieiﬂ z [2:0(6lxz)+ zo(Ql x°90)+(9| eo;]=

= zi [- -Zl-sinze( + E%{-Ismvl +z(5~]]%;cosul + Eé; cosz& )] +

+ zo(l + i%; z}sin® cos™ - z(é sin A - -z—é-z—sinzo( )+—;— cog % (1 - cos®h)
(= 1% 2) (x 2+ 200 1%2) = - 1 sin%el -z [sine( . (1-cos®t )2]

3 2 “ 2R2
2 2

(xz‘ xses) Zzo(x|x0)+(x‘x09°) + z[230(9| x) +(8} xoeb‘)] =

= Zzo[' 21— sinzd + E—lﬁ-l— sin®h +z (5%‘.: cogok +éiR-Z—coszok a +(1 +§1;z)sin0kcosv&
(lexs'X) (xix,%) + z(0)x,%) = sinok +z [sin o +ﬁ1; cos®™® (1 -cos®d ;]
(XZNS‘F) zo(xlxo'k)+(x\90’€)+z[zo(9!x;l ) +4e} 90'3';} =

=z s'mzb( + 4 sinel +—l—cos°((1~cos'$)] +(1+—1—z)sind\(l-cos°‘()
[ RZ Ry
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the distance z, and z; of the conjugate planes from the magnet edge faces,
From Eq. (5) we can deduce:

2, (cos o +/32’ sin®) + sin

(6) z =
© 2 [sino( - (/31 +/252)cos CL] - (cos°(+ﬂlsin0()

3. - CONDITIONS REQUIRED TO ELIMINATE THE SECOND-ORDER
TERMS, - ’

3.1. - Elimination of the aberration terms for o>, -

It will be usefull to discuss first the case 7< o < 2%, We will
consider that & may range throughout the open interval (&, 2X) even if
in the current practice of spectrometer designs, deflection angles largely
exceeding 7 are rarely taken into account,

Now, assuming Eq., (5) to be satisfied, we will attempt to find
the conditions that will reder the coefficients (xi]xé), (xi)xg0g) and (xileg)
zero simultaneously. With the help of Table II, we can write the following
set of: equations:

Sinz.l:’( + 1 sindh + z_ ('—L cos & + L1 coszo( ) =0
Ry i Ry Ro

(1 +]§1; zi) sin® cossl = 0

cos ™ (1 - cos®™) - z, (sin®™ - :-l- sin’ot )=0
i JRz

By excluding values of the type & = k Z/2 withk = 1,2,3,4 (for which sinet-
v cos & = 0) we can obtain the following roots:

L .1
cos

= === — = _ >4
(72) g sin®™ tan /2

= ot
1 2 sinch tan /2 .

Equation (7a) has a simple geometrical interpretation; it states merely that
the image point must lie on the biseetrix of the angle (27 -o ),

We then consider the coefficients (x;1xg?%), (xi105%)and (x;1¥ 2)
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of the remaining second-order terms in (4). The conditions that must be
imposed for such coefficients to be zero result in the following set of equa
tion (see Table II):

sinzb( + z, )ﬂsin o) + L cos® (1 - cos D(;\ =0
1 Rz -

(1 +—R1— Zi) sin®™® (1 - cos™®) =0
2

1 2 1 2
L o [t 1 o] -
5 sin A z, [sm ZRZ (1 - cos®_) 0.

It is not difficult to see that these equations can be satisfied with the values
of z; and Ry given by Egs. (7a) and (7b). Therefore we can conclude that,
when the deflection angle is given, values of z;, R{ and Ry can be calculated
by Egs.{7a) and (7b) so to nullify all the second-order terms in develop-
ment (4).

Before proceeding, it will be useful to make some remarks. For
an assigned value of angle ® in the interval (%, 27) (excluding ® = 2/37),
Eq. (7a) gives a positive value for z; as it must in order to give a real ima-
ge of object plane (SS). Knowing z; and fixing the values of angles Al and
/52, it will be possible to compute from Eq. (6) the distance z, of the object
plane (SS) from the magnet entrance boundary. It is interesting to remark
that the choise ﬂl = ﬂiz = 0 leads to the result Zg = Zy; that is, it leads to the
overlap of the conjugate points. In order to avoid this unfavorable occurren
ce it will be necessary to choose at least one of the two edge angles different
from zero. With regard to this fact, we wish to emphasize that, even with
edge angles within the limits of our basic hypothesis, it is possible to obtain
valuable displacements of the object point from the overlap position. For in
stance, assuming z; given by Eq. (7a) and putting /51 = /32 = -0, 05, Eq. (6)
yields zq/zj = 0.72 for % = 7/6 &, and zy/z; = 0. 85 for &k = 4/3 T,

3.2, -Elimination of the aberration terms for 0<ol< 7 -

Le us now examine if there are in this case sets of terms in (4)
that can be made zero simultaneously. We start by considering the set of
three coefficients:

(8) (xiixs’b'), (xiies'b’), (xi\ ’32).

It is not difficult to see that none of the three pairs of coefficients derived
from set (8) can be zero simultaneously. In fact, all of the three corre-
sponding sets of two equations admit as the sole solution Egs. (7a) and (7b).



For 0 «e{ < JT, this solution has no practical significance,

Now, with regard to the coefficients:
2 2
6 6
(1), (ihx 8 ), (x) )

of the geometric aberration terms in development (4), we note that the si-
multaneous cancellation of the pair:

(9) (o 10), (xlx )

leads to the relation zy = —R—Z which, when introduced into the set of equa-~
tions:

, 2
(x;1x_%) =0, (x,1 BS’X ) =0, (x,1 ¥7) =0,

reproduces Eqgs. (7a) and (7b). Therefore, we cannot hope to nullify simul-
taneously any set of three coefficients formed by pair (9) and any one of the
three coefficients (8). From the above considerations it follows that it is
impossible to nullify simultaneously any set of four coefficients, Thus, the
next step in our analysis will be to consider the sets of three coefficients
not yet examined, These ones can be grouped as follows:

2
(xilxz) (x,16) (x| x_¥)
x4x2)  (xle2)  (x;le y)
12 xled) ()R

() %68)  (xi109) (g xgY )
(x1xs0g)  (x;16%)  (x;}04Y )

(xi]%585)  (x102)  (x}7?) .

It can be seen that each set of three equations obtained by equating to zero
the analytical expressions (given in Table II) for the coefficients of each
row of the above table admits Eqs., (7a) and (7b) as the sole solution. Ne-
vertheless, for 0<ole /M these solutions are not significant,

Let us turn now to the pairs of coefficients, If we neglect the
following pairs:

Glxg¥)  (xi10,%)
(xilxs¥) (] 2)
(xi18sy) (=172
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which we have seen cannot be made zero simultaneously, twelve pairs re-
main to be considered(®), We can now remark that for a given value of &
(less than 7T), we dispose of six parameters (Ry, Rz,/bl,/bz, zo and zj)
and of only three equations. These are by Eq. (5) and by those two equa-
tions obtained by equating to zero the expressions of the coefficients of

the selected pair. The number of variables being redundant with respect

to number of equations, we can therefore assign three additional conditions.
With the aim to obtain simplified expressions, we will put Al =0, /52 =0
and zg = z; (even if this choice is obviously not the only possible one). For
the above choice, Eq. (5) becomes:

zi2 sinat - 2zicoso( -sinX =0 .
This admits only the positive root:

+ :
z, = l—éi—l%%bi = cot /2 ,
When this value of z; is inserted into the expressions of the coefficients li-
sted in Table II, these expressions become those of Table III. It is only a
matter of simple algebra to show that it is possible to nullify, in the caseof
symmetrical focusing, each of the twelve pairs listed in Table IV. assuming
for Ry and Ry the expressions reported in the same row of such a Table.

4, - CONCLUSIONS. -

In the preceding Section we have analyzed the possibility of elimi-
nating the second-order aberrations on the midplane of a uniform-field wed-
ge magnet, This magnet has the geometry of Fig. 1 and edge angles /"’k limi
ted to be of the same order of magnitude as the input conditions xq, 8, @ of
the trajectories, We also have assumed Rj % 1, R % 1. The results obtai
ned can be summarized as follows:

a) for magnets with £ €& €2X& (excluding ®& = 3/27), it is possi-
ble to eliminate all the geometric and chromatic aberration terms in the mid
plane, This result is obtained on an image plane located a lenght zj behind
the exit boundary of the magnet, zj being given by Eq. (7a). We also must
assume for the radii Ry and Rg of curved pole boundaries values given by
Eq. (7b). The distance z, of the object plane from the input boundary of the
magnet will be calculated by means of Eq. (6)., The edge angles /b i are fixed
arbitrarily but within the limits of the above mentioned hypothesis. To avoid
the overlap of the conjugate points it will be necessary to assume at leastone

(x) -~ These pairs are those ligted in the first column of Table IV,
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TABLE 111

This Table has been deduced from Table II for & < and
for symmetricalfocusing (/4= /3, = 0, z, 2§ = cote/2).

Coefficients Analytical expressions
(xj|xg) -1
(Xilesl? 4]
(xi\ Y ) 2
42 L2 1,1 2 %
(xi]x§) 5 8in of . (Rl + R, cos“od ) cot 3
\ 1 1 2 ¢
(xi‘xs()s) - ginol + (ﬁ—l + ’R‘; cos¥ ) cot 5
(x4} xs"x ) gin? o + cos ol + 1 + ﬁL sin ® cog
2 1,1 .1, 3o
‘ 11,1 A R
(Xl‘ ﬁs) 5 (R1 Rz) cot 5
(x;}8 %) sin0(+2(~ot5+~]3-(1 + cosX)
s 2 Ry
(x;| ‘X'z) - -l-sinzo( - cos{ -1 +°—1~(1-c050<)si'nb(
i 2 2Ry

of the angles /bk different from zero; in fact, Eq. (6) yields zg, = zj, for

Ay =/52 = 0 and for z; given by Eq. (7a). As remarked before (see Sect. 3. 1),
it is possible to dispose of a certain flexibility in the choice of .the object
point even by keeping the angles /3 i within the limits of our basic hypothesis;

b) for magnets with 0 <X ¢ T (excluded ™ = Z/2) we have shown
that it is possible to nullify simultaneously neither each set of four nor each
set of three aberration coefficients. Generally, it is possible to eliminate
the i)airs of coefficients listed in the first column of Table IV. For the par-
ticular case of symmetrical focusing (zO = Zi, /b 1 =/32 = ), the elimination
of a given pair is obtained by assuming for the radii R1 and Rg of the cur-
ved boundaries the expressions reported in the same row of Table IV, Final
ly, we wish to emphasize that, even for the edge angles ﬂk slightly excee-
ding the limits of the hypothesis specified before, the aberration coefficients
are not exactly nullified. but are strongly reduced in their values. This must
be so, because the prevailing terms of the development within the square
bracket of Eq. (2) have been set equal to zero by assuming the values speci-
fied in the preceding text for the magnet parameters.
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TABLE IV

Analytical expressions for the curvature of the entrance and exit pole edges
that nullify the pairs of second-order coefficients specified on the same row
The results are valid for <X and for symmetrical focusing

of the Table.

(B4 =/52 =0,z =2 cot ™ /2),
Pairs of
coefficients
(x.|x§)
! tan A - tan‘é
(x;]%40,,) 2 2
il¥sVg
2
(xixg) 2 2 o 2, ok, o
(1 - 2tan” = cot™ ) tan = (1 - 2¢sc’™4 tan =) tan =
(X-IGZ) 2 2 2 2
ilYg
05 1%505) s s
tan® — tan™ -
(x. 62 2 2
1 7s
(i) )
cot 5
(Xi'XS'X)
(x;1%49¢) i A
3 - cosdd - iio( * C?t 2
(xilxs']f) sin o cos dd
a2
(xllgs) sinel + cotog-
2 tan” - + —
(x;1x4Y) cosod
(x;] x%)
sinch tano-;— +(3 - cos™® }cos™ cotof
(xi}057Y)
(x1) xg0g)
cot;—s cosNA -3
(xil 6857%) sino
2
(x;18%) 34 3 - cos™
2tan” -+ o
: 2 sino{
(’files'X)
(Xﬂxg)
(1 - 2cot™ coto-(-) coitDé
2 2 2
(i f %)
(X-‘ X Gs) ol
ves tanoz-S -2 <:s<:2 3 cot A 1+ o::sc2 0-2(') cotgS
;1 42
(%] eg) 3 26 4
2tan” = - (1 + csc” o) cot —
2 2 2 2
(1)
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