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B. D'Ettorre Piazzoli(x): EFFECTS OF ELECTRON BREMSSTRAHLUNG
IN THE ete” ANNIHILATION REACTIONS AT ENERGIES NEAR THE
RESONANT MASSES. -

[. - INTRODUCTION, -

The aim of this work is to estimate the effects of the electron
bremsstrahlung on the ete” reactions near the resonant masses,

First we establish a general relation between the lowest-or
der ' elastlc cross-section G for any ete”™ process and the cross- sec
tion dG“/dK for the identical process with electron bremsstrahlung,
Then, the consideration of the effects near the resonances requires only
some mathematical effort,

The possibility to calculate higher order processes by re-
lating them directly to simpler effects was first recognized by P. Kessler(1),
Following his results, we can write the cross-section for any ete- reac
tion at the nominal total beams energy 2E, with electron bremsstrahlung

(%) - Laboratorio di Cosmo-Geofisica del CNR - Torino.



of one photon with energy K, as the product of the probability of the
virtual transition e+(e‘)->e+(e“)+3’(x)times the elastic cross-section
at the total C.M. energy 2E(1-K/E)1/2

(1) & -6 (4B’ (1K /B)x P(E,E)

where P(E,E)dﬁ is the electron bremsstrahlung spectrum.

In fact after the tra1ns1tlon the total energy in the C, M. of
both electrons is exactly 2E(1- K/E) , but one of them is off the mass
shell with invariant mass given by sz = m -2EK(1-~ ﬂLcos'Z) mg =
= electron mass, /bL = LAB electron velocfcy, Y= bremss‘uc'ahlunpr an-
gle, However the frequency of the virtual state, VY = (me mg /me/E
~ K(1- cos ¥) times the characteristic cross-time of the interaction
reglon 2 t £ 1/E, is very small compared to unity, Therefore the in-
termediate state is practically degenerate with the incident particle
state and propagates for distances which are very large as compared
to that of the interaction region,

U. Mosco(3), V.N. Baier and V., A, Khoze(5) have calculated
by different techniques the cross section for the 7 -emission by the initial
electrons in the process e+e“-—>/0v+/< ~. The inspection of the cross-sec
tlon conflrm the result (1) if we neglect in 6\0 terms of ithe order

/E (1/1-K/E) l/ﬂL) to respect to 1(*) irrespective of the bremss
trahlung angle, The electron bremsstrahlung spectrum in the relativi-
stic limit me/E, me/E~K ~>(, is found to be

P 2 P.K P:K
- = ot 1 Py - 1 + R —
(2) P(E,K)dK = r«[( - - ) (1-K/E)+ ( e — ).XdK
(Zmz,K P-K P-K o2 P:K P'K
with
P = (P, E) K= (K,K
+_ +: = E) )

which is, in the limit K/E <<1, just the soft spectrum.

(x) - We refer to the square of the sum of the amplitudes for the two
virtual processes,

(+) - Some manipulation of the original formulas is necessary to get
this result,



(%)

After integration over the angular variables of the photon

we get
d& 2
[ aRS} E 1 . o )
(3) G - 6, (4ET( K/E))* P(E,K)
where
2 K 1 K72 d&
(4) P(E,K)dK=—~7f—(2 log-——;— 1) (1- 5 4-~2»~(.~ﬁ) )_R

(1)

which differs from the Kessler's spectrum essentially for the smaell
contribution of the interference between the e’ and e” bremsstrahlung.

We assume the formulas (1,2,3,4) as awell established result,

The differential cross-section d & /dK has to be integrated
from a cut-off value £(+), which separates the infrared region, up the
maximum allowed photon momentum defined by the experimental reso-
lutions. If 6 is a slowly varying function of the energy in the range of
integration we can make the useful ''soft'' approximation 4,

K
& . . 2, 2L 2B Km
/; dK dK « GO(4E ) 7 (2 1ogme - 1) log————‘E

However for a resonant final state the soft approximation can fail if the
form factor describing the resonance has a strong energy dependence.
A more exact integration of (3) performed assumin the usual form fac
tor paranxetriza’ci.on(g) | F(4E2)‘2N [(m2—4E2)2+ m? P ]"‘1‘ leads to terms
which add to the soft approximation results (Sect. II): these terms can

be large and very energy dependent, enhancing the cross section when

2FE > resonance mass (Sect, IV).

Moreover, the hadronic vacuum polarization(lo: 11) factor has
a strong energy dependente near the resonant masses. Therefore it is
to be expected that its contribution at a given total energy 2E will be mo

(x) - That is not a limitation because the photon is emitted essentially
in the directions of the electrons., Then the isotropic maximum al
lowed photon momentum is defined as the maximum along these di
rections, see ref, (7), '

(+) - The actual choice of & is rather arbitrary, but it is usually of the
order of the electron mass(®),



dified by the electron bremsstrahlung, In fact we found that the va-
cuum polarization factor is suppressed around the  mass (Sect. IV).

The results are applied to the typical annihilation reactions

+ - + - +_ -
ee > M m KK around the ¢ mass

A in the range 2E =650+ 1050MeV

We assume for the resonances parameters-mass mp, width \"'.E,, bran
EAN -

ching ratio BR»a»e"*"e' the following values(12)
: 5
Resonance mR(Me V) T’R(MeV) BR-»—>e+e’x 10
e° 770 111 6.2
w 783.4 12.6 6.9
P 1019.5 3.9 37.0

II, - CORRECTIONS FOR A RESONANT FINAL STATE, -

We use the Putzolu's results(13) for the virtual and real soft-
-photons corrections, We carried out the integration in (3) assuming the
Breit-Wigner parametrization |F(4E2)}2 N[(mR—4E2)2+ m%{ P%{] 1 4o
describe a resonance with mass m,, and width M.

By neglecting the
quadratic term in the bremsstrahlung spectrum (5},

(linear approximation),

we get:
2
s e} =& e |Fae?))? @+ §7 Py gFI,
exp o
where:
. |
IN,P _ ol 2F Km *m 13, 2E 28 2 5}
S = n[2(210gme -1) (log E & -SR)+ 3 logme -3 "3 T
with:
m K
1 R 2 2 .2 , M
= 4+ — - -
SR 5~ LOG(Ky, R) or (m7,-4E"+ ') ARC(K, , R) -



2 9 2 2.2
EmR4E u—KM/Eﬂ +rmn T

2 212 2 2
-4 -
[mR 4K J mR FR

LOG(KM, R) =1log

2 2 2 2
mR-4E (I-KM/E) mR—4E

-~ arctg———=—
me Ty me Mg

ARC(Ky;, R) = arctg

S FIN is the vertex and bremsstrahlung correction to the outgoing parti-

cles (final corrections)(4,14),

(5'(4E2) is the ''perturbation theory”(g) cross section for par
ticles without Ostructure. SI »P contains the eTe” vertex correction, the
electron bremsstrahlung correction and finally the photon self-energy
correction considering only electron pairs ('initial' and "propagator'' cor
rections).

The resonance correction term -(2ol /7T )[2log(2E/me)ﬂ—1] SR

can be very large for 2E>1h,, and even of the order of 1 for a narrow
resonance like the &, therefore QexpN 2 S*OlFl 2 (Sect. IV)., The explana
tion of this result is that the electron bremsstrahlung shifts the energy

of the reaction toward the resonant mass where the cross-section exceeds
greatly the cross-section at the "'nominal" energy of the incoming elec-
trons. Of course, if]F(4E2)‘2 =1 -no reson:ance—gR;O.

We note that a similar expression for SR was obtained by
other authors in the soft approximation(w’ 16),

III. - VACUUM POLARIZATION OF HADRONS AND EFFECTS OF ELEC
TRON BREMSSTRAHLUNG. -

The second order hadronic modifications to the photon propa
gator can be obtained in the vector meson dominance sthemes by adding
coherently the contributions from the virtual transitions ¥ -»V% S’O, W,‘v;xt (11).

The vacuum polarization factor CVP(4E2), which multiplies
the ete” annihilation cross section irrespective of the particular final sta
te(x), has been calculated in terms of the coupling constants gy, of the vec
tor mesons to the hadrons,

(x) - Therefore in the resonance region we expect vacuum polarization
effects of the resonance on itself 17).



(18)

By the well known relations

4 2 _ 2 60
5 A my gy By oo To(VEs w, g)

we are able to put it in the more suitable form

2, . 2 S 2 2
CypE ) = 1+8 (4E ,o<)+§H(4E s ol

v
p 2
6 2 I 4E2‘mi
=‘1+—&T4E i m i-sete 2 2.2 2.2 +
i=Q,w, ¢ i (mi—élE ) +mi'jf"i
9 4[2 i m?“‘]‘EZ 2
+=2 16ET () ——B. ) +
-> 2
°<2 lmi 1=e’e (m,2—4E2)2+m?P.
1 1 1
P2 2

1

+(ZiBi——>e+e' )

2 2 .
(m® —4E2) +m_2 B .2
1 1 1

where we have specified the & contribution of the interference between
the polarization and the basic graphs. In this form it can be generalized
-leaving the vector meson dominance schemes out-to describe every neu
tral resonance JEC =1-" in the virtual state. In the region of the® the
effect of the vacuum polarization is quite large, Fig. 1.
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ek FIG. 1 - The™A and 2
‘¢ r contributions to the vacuum
0 . 6'»«({'52'“2" e - polarization factor around
505 510 st E(Mevl the §J mass.
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Now we consider the effect of the electron bremsstrahlung.
Experimentally one integrates 51{( s ,ol) over the bremsstrahlung bpectrum
from s =4E2 to 4E2(1—KM/E). Then, due to the particular shape of SI (4E2, )
which rapidly oscillates in sign, we expect the vacuum polarization con-

tribution to be smoother. For simplicity we refer to a non-resonant final
state; the quantity - to the order oL2:

IN, 2 2 2 L 215
N\ (4E ,KM/E,O( )=SH(4E ’d\)}—f[ (210g m, -1) x
KM ®m 3D 2 21 M 2
(5) X(.[ng”E*—‘«'E)+3 log&:-z -*“3—' T J\— f [SH(ZJ;E JA) -

- é[H(4E2(4 -K/E),& )] P(E,K)dK

represents the electron bremsstrahlung effect on SH(4E2,V~). The infra
red divergence has been regularized by adding the vertex correction(13)
as a result, the integral is not divergent and can contribute substantially
to the total correction if

- 81‘1(4]32’0() is 1arge.
d(4E™)

The purely electrodynamlc0<2 corrections to the cross-section
are usually neglected, but AIN(%E2 K /E A 2 ), can be relevant if the above
condition is realized, This is the case tor 2FE around the ® mass, as shown
in Fig. 2: we have assumed the typical res solution K /F 10%. As expec
ted, this correction decreases the vacuum polarlzatlon effects (Of course,

for the corresponding final term is simply AFIN(4E2, Ky /E, o 2 SH(4E2,°()X
x SFINy.

% ﬂ‘ L1LEGKW/E, &)
6 —

4 -

- FIG. 2 - The correction
T T T lee | 55 EtMev) AIN(4:E2 Ky /Es ;4 2) around
2 the ¢ mass for Ky /E=10%.




IV. - RESULTS. -

By simply adding the results of Sect. III to those of Sect. II
we obtain in compact form (neglecting terms <0, 5%):

2, _ 2 2,12 2 _5IN,P, qFIN
&, (4B = 6, (4F [P |? (s S (4E%, o) (143 T3

where:

IN,P_ 30 Ky Em
g —“i[Z(Zlog”Iﬂ‘-—JL)(10ng‘-——*E*—SR~Z 81,]3.)+
e i=Q,w, ¢

+— log

13, 28 282 2|0
3 m, 9 3

This correction holds for all ete” annihilation reactions going through
the one photon channel,

The subscripts R and i refer, respectively, to the resonance
in the final state and to the virtual resonant states. The function Sl R
is defined by the relation ’

5 - 1

6
2 d m B seter ¥

!

LR (1+SH(4Ez,oL))\F(4E2)\ i
M Z(Z—mz) z=45"
Xf R IET ' Irasa-k/mnl a-E L K eE
o -2 T g sk /E)

This is, apart from the normalization, just the single vector meson contri
bution to the integral in (5), generalized for a resonant final state.

We obtain in soft approximation nonlogarithmic terms are of
the order of ( r'i/lrni)2 to respect to the logarithmicterm for 2E~ m;:

(%) - Near the ¢ mass also the o2 correction SI'{(LLEZ;O‘\Z‘) is just different
from zero, Fig. 1.



I B, _ . _
Sj o : 2 : 2 ljeze 2.2 S%miz(wz'miz"r?)x
R § [1+SH(4E ,0()] oy (mi -4E7) +mir'i 1

(6')

i)+4E2 miriXARC(KM,i)} for a non-resonant final

XLOG(KM,
state, R #0.
\ 2
gR R : mR Bp s ete- mZEr' ARC(KM’R) *
"eL]+S4Eo(]R R 'R
) 4 2 4
E) +
(6" L1 R RPR 16 E / Rm l‘ -16 E
2 [ 12 ,z B 2 242
E - +m
m4E(1K/ RR (R4E) RPR
for a resonant final state, and iz R,
2 22 242
6 M (m R'4E)+ RPR 1, ..
iR 2 . Pisete- | 2 22, 2 ;2 5 Al R)x
’ cL[HSH(zLE ,oL)] i © (m 1—4E) lf"i

x\ELOG(KM,i%LOG(KM,R)] + ———;*———F [B(i,R)—4E2(mzi~4E2)A(i,Rax
4FE m

(6”')
x ARC(K, 1) - __2_1__— [C(i,R)-—llEz(m;-élEz) A(i,R;lARC(KM,R)}
41 mRr'R

for a resonat final state, and i7R.

The functions A(i,R), B(i, R) and C(i, R) are defined as follows:
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0
(m;mi)Gl—( ? Yeb /8E
A(i,R)=
D(i, R)
(m> -m.z)[(;1 F -GlFll—z e a2 Teh
B(i,R) = R i o 1 1 o o 0o o
’ D(i,R)
9 T i . ..
(m> -m" )[Gl g FR]- s (F_F) G
C(i, R) = R i o 1 1 o 0 o o
’ D(i, R)
with
. .2 2J R_i _R i] 2, _R _i2
D(i, R) ~(mR~mi)[Fo Fl--F1 FO -2E (Fo —FO)
where
. 5 .
F‘j‘)= (mj —4E2)2+m?r? ; F31=8E2(m?_4E2); (j=1i,R)

G:=4E2m12(8E2P12_F;); G1~16E4m2(4E2 -m; P)

The functions LOG(KM, i) and ARC(KM, i) are the natural extensions of
LOG(KM, R) and ARC(KM,R) defined in Sect, II.,

We applied this results to some typical annihilation reactions:

Tem>ptpn, -

The study of this reaction around the$® mass was proposed(lg)
as an indirect but straight-forward measurement of the branching ratio
B¢-—>e+e“ exploiting the effects of vacuum polarization, The correction

1) - e

(2t /7) |2 10g (2E/m)- 1| 2. S, , defined by formula (6') is shown
i=S,m,q

in Fig. 3 for various cases of energy resolution KM/E The $ contribution

is dominant, the ¢ and wparts being <0, 1%: all the corrections and the

shape of the cross-section are determlned by the intermediate virtual ¢,

In Fig, 4 is plotted the ratio Sy (4E2 )& (4E2),

For an asymmetmc arrangemen‘c(S) the maximum energy
Vi of a photon emitted by etor e- depends on the production angle- 2% and
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%4 - 22 (3 log 2E -1 Z (60
tzQw,é

6} T Me

515 E(MeV])

FIG. 3 - &% 4~ production around the § mass: the correction

-(2 cA/7C)[2 log(ZE/me)~1] (&Sj‘i ) cq} ,o) is shown for KM/E=
= 5%, 10%, 15%, 20%. =L
A
8}e)(E‘
6%
100 | & 20%
\ 15%%
0% & Km
E
- 5%
090 - §\
080 - f
. .
I i 1 ' L 2 l L A 1 1 ] i ' >
505 510 515 E (MeV)

FIG. 4 - The ratio S'exp/f;o for eTe —» A" around the § mass,

The curves employ the same energy resolutions as Fig. 3.
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the maximum non-collinearity angle A'I/Q‘M

sin AT}LM

KM(},A &M) =2R

2
sinA?ﬁ’ +(1+——Hi"——)sin'9'(1+cosl]1/o" )
M 2 M

2E 4,

In Fig, 5 the ratio G’\exp/é\o for Ky;/E=10% is compared with that obtained
by not taking into account the ot 2 correction; the apparent relative change
of B¢_>e+e_ is relevant at 2Eﬁ’.m¢—f_ I"Q/z where SH(4E2,°L)mt(B/o()X

XBg 5 ete- (-43% and 27 % respectively).

A
Sexp
6%
.00
- K
.Eﬁ.zm‘?/q
90
4
ok
080 -
B 5 1, ] 2 u il A A 2 I 5, (] >
505 510 518 E{MeV)

FIG. 5 - Comparison of the ratio Q%Xp/go (Labelled "0(4")
with the same ratio without the «{ < correction (L.abelled
"el3") for eTe"-» A4~ around the §f mass. The energy
resolution is Ky /E=10%. In the absence of this contri-
bution the shape of the cross-section plot is noticeably di
storted,
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2) - ete~> K'K", -

The study of e’e™»® by means of the K™K~ decay mode has
been performed with the Novosibirsk and Orsay colliding rings(zo). In
Fig. 6a is reported the Ky, - dependent correction

< 2ol IE Ky K
) (KM) :—~7E_—(2 log‘IE;‘ -1) (log—ﬁ—-« = - g\¢~ Zlgz)

for KM=5, 10,15 MeV around the ® mass. When 2E> my the emission of
radiation from the incoming electrons shifts the C.M. energy toward the
P mass: as a result, we have a strong positive correction due mainly

to 3¢. The correction

24 2K ~
- (2 log m, _I)Zi 51, o
- formulae (6"), (6™) - is given in Fig, 6b; the & and @ parts are not
important (  0.1%). These results agree only qualitatively with those
given by V. N, Baier and V. S, Fadin(1%) who have calculated § 4 in loga-
rithmic approximation without considering the terms - Zi §1,¢. In Fig.
7 we compare the "experimental” form factor &g, (4E2)/€>‘0’(4E2) to
‘F(4E2)l - the normalization is quite arbitrary: the radiative correc-
tion lowers the resonance peak (which measures the B¢—9e+e" B¢-—»K+K'

product) by & 30% irrespective of the particulary Ky, value,

IF1ae2))?

10 —— BREIT-WIGNER

-~ EXPERIMENTAL

FIG. 7-KTK"~ production around the ¢
mass: comparison between the experi-

2 2
mental form-factor G’exp(élE )/6\'0(4E )

(dotted Line) and |F(4E2))2 (solid Line)
for some values of the maximum pho-

ton energy. The normalization is arbi
trary., The radiative correction decrea
ses the peak cross-section by %30% and

:::‘%Z}K,‘,Mev enhances the (-tail,
0 . Mot PO VT Y PR i L3 .

1015 1020 1025 1030 2E(MeV)

-
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% A

60 |

L0

20

m
0 t f‘ t :15>
' 1030 w&o 2E (MeV)
-20 150
-40 |- T
KM,MGV

FIG. 6 - a) KK~ production around the § mass: the Kpp-de
pendent correction

Koe K _N
g(KM)E‘Z‘SLQlogz—E;l)(log EM_—M-_S TS

for some values of the maximum photon energy., For
2E>m_ the correction increases rapidly to positive values
as exp?ained in the text,

\
‘?‘ == (2109 25 1) -2, 6, 5)
B icw,9,¢
[. -
2 r 15
0 ...——.i-—-"""—_——-\ i } 1 '13:
) 1010 4020 103 1 2E(MeV)
Km,ME’V

FIG. 6 - b) The correction

2 \ 2E
—7—[_..—(2.logm 2‘ 51 d

e

around the ¢§ mass for some values of the maximum pho
ton energy.
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3)-ete > Lt~ .

A similar treatment holds for this reaction. It has been stu
died at Orsay and Novosibirsk in connection with$ production(zO). The
Kyp-dependent correction is reported in Fig, 8a and 8b for the two extreme
cases of the &7 £~ collinearity requirement, Ky;/E=5% and 20%, from
2E=650 to 1050 MeV. The positive correction for 2E> mg is smooth, due
to the large width of the resonance. The correction around the 4 mass,
on the § tail, diminishes the vacuum polarization as in reaction (1). The
(gg,g +dy, s )'contribution is nowhere relevant (the maximum is ~-1%
at 2E’=¢785"MeV). In Fig. 9a and 9b we compare the experimental form
factor tolF(4E2)|2; the radiative corrections reduce the resonance peak
by %15%. At 2E~mg the vacuum polarization effects are superimposed
on the € tail, in principle allowing,one to extract information on the bran-
ching ratio B¢ R

The Orsay results are also fitted with a modified Breit-Wigner
formula, given by G, J.Gounaris and J. J. Sakurai(21), taking into account
the finite width of the .¢ mass; moreover, there is some indication for a
non-zero amplitude for the G violating decay w=>2 7C‘(20), In both cases
the corrections have to be calculated by the appropriate parametrization

of the resonance,

CONCLUSIONS, -

In conclusion we remark that a careful estimate of eTe” anni-

hilation cross-section characteristics around the resonant masses requi-
res a judicious consideration of the electron bremsstrahlung effects, which
we have calculated in a general way in terms of the resonance parameters,
The foregoing numerical applications have made evident this point,
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O/o

§(Kp)

/7 TN\ 950 1000

-10 +

-15 k

-20

]

-10

650 700 750 800 /850 900 \/ 1050 2E(MeV)

209, = Kn
[ (o] E
K
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\_/ 57 E

FIG. 8 - a) ntr- production around the § mass: the KM—
-dependent correction
1 K K
2l 2F M Em .
S;(KM)= T (21Ogme -1) (log 5= -5~ - SQ -2 82,5’ )

for Ky;/E =5% and 20%. For 2E>mg the correction increases
rapidly. For 2E& mgy the term 5¢ Q produces the oscillating
shape of the correction, ’

L $(Km)

1090 10'10 ./\10_20 10=30 : 10:1.0

l"’z_—"/' t t

1050 2E(MeV)

¢

Ky
—=:-209,
E o
Ku
N=59
[ £ °

FIG. 8 -b) As in Fig. 8a), the correction S(KM) for 2E~m¢
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factor G‘exp(_tlE )/ 6\0(4E 2)
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FIG. 9-Db) y il i production: comparison between
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Gfexp(llE )/ 6, (4E2) and|\F(4E2)}“ at 2E my. The

vacuum polarization effects superposed on the Q-
-tail are shown,
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