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1, The structure functions are defined as functions on a homo-
geneous space with respect to the spinor Lorentz group and they are
expanded in terms of irreducible components, The dominance of a sin-
gle irreducible representation is assumed in such a way that a scaling
low for the original structure functions is obtained,

2. In this last year strong interest has been devoted to the inve-
stigation of the scaling low for the inelastic form factors which is expe
rimentally observed in the inelastic e-p scatterlng( ). In spite of the
fact that many models, like vector dominance(2) and parton models(3),
can reproduce this scaling law, it seems at present that this behaviour
is a general feature of the theory in the sense that it may depend only on
the structure of the s1n§ularities of the commutators of the hadronic ele
ctromagnetic current{4) and it is. quite 1ndependent on the specific model’
which describes this current,

In this note we give a possible geometrical interpretation of
such a behaviour starting from the observation that'an external Lorentz
group acts in a natural way on the functions of two complex variables
leading to same interesting consequences,

Let us consider a function W(zq, zz)”definedfon the complex
affine plane (zq, z5). This space is an homogeneous space 5) with re-
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spect to the spinor Lorentz group SL(2,C) and in fact it is‘eqivalenf ,tb
the quotient space SL(2,C)/Z where Z is the two-dimensional group of ma

trices ( (1) ‘12). A representation of SI1.(2,C) is then defined on these
functions as follows(s) :
(1) Tg W(z,,2,) = WXz +/3z,, 9'z1_+<fz2)
X A :
where g = ( ¥ g ) °(J"/53' = 1 is an element of SL(2,C).

We observe that the homogeneous functions(6) of degree (ny-1,
ny-1) play a special role in this space, in fact they form an irreducible
subspace for the representation (1). Then an irreducible representation
of the spinor Lorentz group is uniquely fixed by the pairs of complex
numbers (ny, nz) whose difference is an integer and we shall call Dy
(x = (ny, ng)) the irreducible space labelled by (nq, ng). Let us recall
some basic properties of the functions belonging to Dy. From the homo
geneity property, if we put

(2) f(z) = W(z, 1)
we; have.

. o -1 _ny-1 _, 21
(3) . W‘(zl,z2)=zn1 zgz ()
(4) Wi,z = P17l gl

-‘Furthermore the following asymptotic behaviours hold
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Let us now consider an arbitrary function W’(z1 Z ) which belongs to the
space wherethe representation (1) acts; if this functlon satisfies some re
gularity conditions (at least it is L2 with respect to the invariant measu
re on the homogeneous space(5)) it can be expanded in terms of irredu-
cible components, i,e, of functions which transform irreducibly under
(1). The result of the theory of the harmonic analysis on the homogene-
ous spaces with respect to SL(2,C) gives in our case the following ex-

ansion formula :
P © +0o +oo

(8) , ‘W(zl,z2) = —(;1—)7 ' j dp W(zl,zzs n, p)
T 2 ,

n=-00 -Q0

: 1 . 1., 4 . ~
Where(b) n, = 5(n+ ip), n, = -2-(—n+ ip) and W(zl, Zg; 1, p) is called the

Mellin transform of W(zq, zz)’ and it is defined by the equation:

(9) W(z,, 2950, 0) = /W (Szq, Sz )s §°"2 g5 4§

From (9) it follows immediatly that

a) W(zl, Z9;0, p) is homogeneous in 21, zg of degree nl—l, n2-1.

b) The action of the representation (1) on W(z,, z,) induce the action
of the irreducible representation (ny,n ) on W% Z1s Zg30, p).

c) A sum rule, which is the analog of the Plancherel theorem,  holds
for W(zl, zz) : :

/IW(zl, zz)\zdzl dz, dz, dz, =

+00 +00
= . )2 : { dp. |W(z,1;n,p)| dzdz.
m
n=-Qo -C0

Formula (9) can be used in order to analytically continue the
Mellin transform for any complex value of p so equation (8) holds also



for functions which are not L'2 and we can write :

+0
1 Jnme,
(11) W(zy,29) = —(‘2—;—;2— \: ‘{dp W(zy,24;n,p)

n=-co

where C is a suitable path in the complex p plane,

Let us now consider the Mellin transform of an homogeneous
function W(z, zz) & D; (¥ = (1, 7)), then it is immediate to derive:

(12) W(zy,2,.x) = (2m2 Wz, 2,) S, ~ &8 -7
2 1’72 MM

If we want to relate the homogeneity property to a structure of singula-
rities of pole type it is convenient to introduce the following integral
transform:
y . 1
WI(z z,;n,p) = L dp' W(Zl, Zz’?’ i
1 %t P 21 P
i

/dS dg(g)n/ZW(Szl,Szz)'S'ip o(g\nl)

p' - p - iL
(13)

1
2

(0 is the step function). We observe that:

(14) W_(zl, Zgi1, p) = WI(zl, z.;n, pHi&) - WI(z1 ;n, p-i&)

2’ > %9

Inserting in (11) we have:

+00
W(zl, ZZ) = 1 2 Z (fdp WI(.zl, z.;n, pHi &) -
(211’) ) 2

n=-00 C

(15)
- '/‘dp WI(ZI: Zz.;n: P"lé))
C

If we now assume the function WI(zl, Zo3n, p) to be meramorphic in p
with poles at (p,n) = (pj, nj)’ we obtain :

(18) W(z,,29) = ij(zl,zz)
i

i, e. the function W(zl, zz) is a sum of a set of homogeneous functions
Wj,(zl, z5) of degree (‘é‘(nj*- ipj) , %(-nj+ ipj) ). If we make the minimal
hypothesis of the one pole dominance, then W(zq, Z9) is homogeneous of

degree (%(no*' ipo), -;—(-no +1ip,)) where (n,, p,) is the irreducible



representation which dominates the integral (11).

Let us assume that the W;, W, structure functions which ap
pear in the inelastic e-p scattering are dominated in the high energy
region in the sense described above, reg?pectively by the singularities
at the points (nl, pl) (nz, p2) so we havel?)

1 1 .
—_(n1+ip)—1 ____—(—n1+1p)—1 )
(17) W(qz,v)=v2 v 2 f (9~—)
1 AR
) —;—(n2+ip2)—1 _ %(—n2+ip2)-—1 5
(18) Wo(a®,») = v v fz(%—)

From the experimental evidence(l) VW, and W, are scale invariant so

we are lead to assume p; = -2i, p,= -i and we obtain:
2 . 2
q . : 2y - 9

(19) W, (v, q%) =1

1 1(

with the condition

[\V]

(L) = w_(0,1).

(20) lim £y (55

2

q2

Equation (20) relates the asymptotic behaviour of the structure function
Wz to its low energy behaviour. This theoretical prevision can in prin-
ciple be checked looking at the contribution of the representations of the
type (n, -i) to the form factor which describes the proton Compton scat-
tering at energy > = 2M. These representations can be single out using
the Mellin transform defined above and we have:

—_ -N4y -1
(21) W 1%2(0,1) = dedSWz(O,S)S 15 72 with nj-ng=n

n1+n2=1

Eq. (21) together with eq. (20) can be read as a sum rule which relates
the high energy limit of the structure function W, in the deep-inelastic
region to the Compton scattering y-p.

3. In this note a geometrical description of the scaling low for
the structure functions has been proposed, which uses the irreducible
representations of a spinor Lorentz group acting in the complex plane
(v, qz), The scaling low, which is deeply connected with the irreducible
components of these functions, can be derived assuming a meromorphic
structure of a suitably defined’ integral transform. The experimentally
observed high energy behaviours can be easily obtained and an intereg-



ting consequence of these limits has been pointed and we think that it is
possible to relate the assumed "representation dominance" with the ana-
litic structure of the hadronic electromagnetic currents commutators,
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(6) - A function f(zj, z,) is called homogeneous of degree (R, p) where
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be a single-valued function of S,
(7) - We have put 2M =1 so that the point 0,1 in (20) correspond to’Q2 =
=0 and ‘WV=2M,




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


