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INTRODUCTION. ~

This work deals with a new transverse instability which can appear in the elec-
tron-positron or electron-electron storage rings. This instability can grow only when
two beams are intersecting in the vacuum chamber.

In the dynamics of the instability we have two different mechanism,

1) every particle of one bunch is affected by the wake field due to all the preceding parti
cles of the same bunch,

2) at the crossing, every particle of one bunch gives an information related to its trans-
verse displacement from the unperturbed orbit to the particles of the other bunch.

We assume that:

a) one bunch of electrons and one bunch of positrons are c1rcu1at1ng in the ring,

b) the two bunches have the same length,

c) the wake fields decay in a time shorter than the revolution time; we neglect the effect
of the wake field of one bunch on the other one,

d) we neglect the synchrotron motion,

e) the crossing angle is zero (head-on collision),

f) we neglect the radiation damping (in the equations of motion),

g) we suppose that the radial motion is not coupled with the vertical one.

The condition b) is very well verified (at least in Adone), because, when the
beams are intersecting the currents are well below the threshold for the bunch lengthe-
ning effect.

We are interested in the wake fields which satisfy the condition ¢), because the-
se fields can give an instability with the center of mass of the bunch at rest.

Under these conditions, in particular c) and d), the first mechanism cannot gene
rate any instability without the second one, and viceversa. The second mechanism alone,
for example, can generate simply a real shift of the oscillation betatron frequency, be-
cause theyre is no delay in the signal transmission; on the other hand if the coupling bet-
ween the beams is missing, the leading particle cannot see the trailing one, and there is
no regenerative mechanism.



I. - THE EQUATIONS OF MOTION. -
Let us consider two bunches of Nt poéﬂrons and of N~ electrons, whose longitu-
dinal density is 5"-'-' = N-/L. We will label the particles with,

€ = longitudinal coordinate (026 < L)
Y = vertical betatron oscillation amplitude (so that the frequency spread due to octupolar
terms can be taken into account).

We will agssume that in the vacuum chamber there are M elements generating the
wake fields. We will represent all the forces (wake field and bunch-bunch interaction) with
8 -functions.

The equations of motion are:
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with the notations:

a) the signs ¥ refer to+pos:itrons and electrons respectively;

-t - . +
b) v~ 2( Z) =y 2(1 + K % 2) where VD is the oscillation betatron frequency and K~ is

the octupolar term N

(2) K~ = kN +k,

" where kN+ is the octupolar term due to the bunch-bunch intéraction, while ku is
thf octupolar term due to the non linearity of the guide and focusing fileds;

c) K; = bunch-bunch strenght factor
+

5
(3) K0 = koN ;

d) f('g } = normalized distribution function of the betatron oscillation amplitudes
foe)

(4) / £(§)df =1
0
we take for f( f )} the unperturbed distribution function;

e) w, = angular revolution frequency;
PR
f) g—'i"()\ - &) = wake field form factors
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() SIN-6)=N"Q.(X-6);
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g) ’2; = longitudinal time coordinates of the wake field generating elements ( "Zi

+
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h) L = time length of the bunches . .

+ .
(See Appendix E for the expression of K7, K; ).

We make also the assumption
+
(6) x ('{,c,t €0) = 0,

for this reason the sums start from zero and not from - co. Condition (6) will enable us
to use Laplace transform.

The differences between this work and the treatment due to Pellegrini and Ses-
sterll) are essentially related to the time decay of the wake field and to the non-lineari
ties of the bunch-bunch interaction. In the work(l) the wake field decay is assumed to be
longer than the revolution time, so that it is reasonable to consider the bunches as rigid;
in the same work is neglected the octupolar term that arises from the bunch-bunch inte~
raction.

II. - THE METHOD OF RESOLUTION. -

We shall derive the collective motion frequencies from eq. (1). The method,
which is developed in Appendix A, essentially consists of three steps,

1) we derive the Laplace transform of both members of eq. (1);

2) we find the poles, in the "p" plane, of the transforms of the center of mass coordi
nates of the bunch longitudinal elements;

3) we obtain the couple of dispersion relations
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where G+ and G~ satisfy the equation (see Appendix B, eq.(B. 7):

(8) T, a7 = o,

with the position

a = transverse beam dimension:
(9) + K w
y = ey (2V (W -i8) + —5=2)
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where W and J are the real and the imaginary shift of the collective oscillation
frequency

(10) = i(V+nw, +w)+ ) ' (n = integer).

p
lpole

III. - BUNCHES WITH N =N .-
1t NT =N = N, eq.(7) and (8) become :
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(12) T(G,G) = T(G) = 0,
where we put K* =K =K, y =3 =y.

Liet us assume ‘ \.&
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Under this condition eq. (12) becomes (see Appendix B):
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Eq. (19) is a very unusual dispersion relation. Indeed we usually have :
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Eq. (20) gives us the threshold automatically, that is the value of N for which y is real
with v £ 0 (& = 07). Eq.(19) determinates y indipendently from N (practically), because,
with the currents which usually are circulating in the ring, we have (see Appendix E):
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The threshold will be found with the following method,
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1) we derive y.from eq. (19) (with a fixed f(; )-as function of
2) from eq. (9) we derive o :
(22) S =-(vwika? Uy, yIN.
The motion will be stable if & < 0, that is if
(23) K,y > O.

If eq. (23) is not satisfied, the threshold will be fixed by the radiation damping, that is
from the equation
(24) § = =
R
where - 'tR is the radiation damping time constant.
Thus we obtain
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We must solve eq. (17) in order to derive Ny;. Generally we have (see Appendix
E and F): '

(26) \%\<<1.

It is easy to solve eq. (17) under the conditions (26) and in two extreme cases:
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we have (see Appendix E) :

(31) N1, l'y,nlu 1 (N> 0 always).



If we put

(32) y= roeig. §=VZax, | f(VZrax) = VE(): .

eg. (30) becomes:
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Our method of resolution will be typically eurystic. -If we: put
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from eq. (31) we derive that the sign + must be chosenin eq. (34). Then we obtain:
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From the first of eq. (35) we derive r_as function of A, while from the second
one we derive pn as function of r (that is of A)and ¥,. If we put
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The stability condition KII,,y > 0 becomes

(38) KI,y = ro(\)‘Z(\ YYuK> 0 ;

from eq. (29), (31) and (38) we derive

(39) (stability condition) => h > 0;

while if we have N

(40) h <0,

the threshold is given by (see eq. (25)):
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Substituting eq. (29) in eq. (41) and letting
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IV. - BUNCHES WITH Nt # N™. -

The resolution of eq. (7) and (8) with Nt # N~ is very difficult. We limit our-
selves to the study of the particular case
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eq. (8) becomes (seé Appendix B):
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where s+ is defined in eq. (15).
In the limit q »> 1 (see eq.(26)), the solutions of eq. (48) are (see Appendix C):
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where r,()\) and % (\) are defined by eq.(35) and (36). If h < 0, the threshold is gi-
ven by:
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This result is therefore similar to eq. (43), valid for Nt = N~, with the correspondence
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Another case of easy solution is when the Landau damping is neglected: letting
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V. - CONCLUSIONS. -

The instability mechanism that we have studied in the previous sections can
help us to understand the behaviour of the electron and positron beams, when they are
in the vecuum chamber simultaneously. EREIr e

The experimental results of the two beam operation in Adone are:
a)'the maximum 1um1n081ty, :at' zero:crossing angle with radial and vertical motion cou
pled, goes like 7 8, and the ‘corresponding limit c¢urrent in each beam goes like ¥ 4;
b) when the crossing angle is different from zero, the limit current is essentially the
same as in the case of head-on collision;
¢) it has been observed that, when one of the beams 1s more mtense than the limit value,
there is only a partial loss of the other beam, which becomes stable again at lower

1ntens1ty
) This behaviour cannot be explained by the incoherent beam-beam instability,

whose limit is related to the strong beam transverse density, while the experimental
results tend to suggest a threshold on the beam current.

Point ¢) above can be interpreted by means of eq: (53). that gives a threshold
dependmg on the product of the two currents.

Pomts a) and b) can also be explamed by the 1nstab111ty studied here, to account
for the 9’ dependence of the threshold current, one has to assume that, in Adone, the
wake field time decay is of the same order of magmtude of the bunch length, that is
L/T = 1; remembering that:

K;: does not depend on ¥ {(see Appendix E),
h o< % (through the relat1v1st1c electron mass),
(87)
L o= 3‘ (see reference (2)) .
1
O~ -
‘R < 3

one gbtains, for the energy dependence of the threshold current in our model :
4-1.5
¥ .
~
(58) Nth o
~ y s

when L/7Z << 1

when L/Z >>1.

The computation of the absolute value of the current threshold requires the
. knowledge of the h, the wake field parameter; in Appendix F T is evaluated from the
single beam thresholds, assuming that the instability mechanism is the "head-tail"
effect(3); the two beam threshold turns out to be, in Adone, approximately 1 mA at
500 MeV, which is very close to the experimental limit (about 1 mA per bunch).

We want to remark that in the case of L/T << 1 the energy dependence of this
effect would be masked by the incoherent beam-beam effect, which, in the coupling con
dition, gives a 3 law for the threshold current. We want to point out also that the
calculations are based on the hypothesis that the two beams have the same external fo-
cusing fields; in the case of different single beam betatron frequencies, the threshold
currents should be higher.

In this paper the synchrotron motion has not been taken into account; as it is
not required to obtain the regenerative action, we think that the main features of this
type of instability do not strongly depend on it. It is however in the intention of the
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author to complete the study of the dynamics, introducing the synchrotron motion,. in
order to find a probe for the diagnostics and, possibly, the cure of the instability.
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APPENDIX A - DEVELOPMENT OF THE METHOD. -

The Laplace transform of eq. (1) is
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In this way, with some algebra. we obtain from eq.(A.2) :
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We look for a solution of eq. (15) in the neighbourhood of
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where we have

(A. 6) lwl <<V , PR EXIRS

From the eq.(A. 6) and from the equation
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we obtain:
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From eq.{A. 8) we obtain:
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So we can put
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If we put
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2 Ho
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APPENDIX B - DERIVATION OF EQUATION T(G',G7)=0. -

We shall solve eq. (A. 12) with a wake field of the form (13), that is with

\-6
+ i— --——’t‘-————
(B.1) §(X-6) = N ke
i
Letting
M
+ + k.
g i o
'(B.2) H =N 2 T

i=1

eq. (A. 12) becomes:
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The poles (in p) of x, and y, gives us the collective motion frequencies. These

poles are the solutions of the equation

) -
(B. 6) AN A - 0
/3" +‘-  °<-
Eq (B.5) and (B. 6) yield ’
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+ +_ o+ -
(B. 8) x~ = G hN™ , g = h/h .

APPENDIX C - DERIVATION OF THE SOLUTIONS OF EQ. (B. 7). -

a) Case NV # N, q>1, L/T > 1.

Eq. (B.7) becomes

; : x+'x- 1
(C. 1) = ;

-pL)(x-AL) (qpL)

the solutions of (C. 1) are given by:

* M

(C.2) x"T = ————
1+ML qo(;l

b) Case N* =N~ =N (x" =x" =S).
Eq. (B. 7) becomes

SHAL 4y 8 )2 s +

(C.3) ( T-4L) ATEOAL

eq. (17) and (C. 3) are the same equation.

s
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bl) L/% >> 1.

The solution of eq. (C. 3) is

T
.1 Hof 2
(C.4) s=1=>e a -,
q
where we use the condition
L
(C.5) v L <£L =k
and we put
- -1V - "
(C.6) eS ML e(S ivL) eL/z' ~ 0

b2) L/T << 1,

We have the system (we can put L = iVL + -.Ig— 2 ivL)

Re L(ees'i”l‘- 1) (S_f'\,L)2 -ivL S-Siv_f:‘] = “_’-(1;
(C.7) ‘
Im [(es'i“‘- )(g5r) - VL 's'"-%i" =0
If we put
(C. 8) s = e, T=-vL

eq. (C. 7) become :

—% {-—g— [(es"c"s’9 cos (5 sin0-T)- 1)( &2 - T2 cos(20) - 2 Tsin@) -

- eS80 (6 sin6-T)(2 ] 6coso- T sin(ze))] + 7% cos 9} =t i

(C.9)
% [J(eec"sgcos(esine-’:})-1)(2€cose-’7sin(2e)) 4 5 cos®
x sin( & sin‘e—U)(Gz-chos(ze)-27€sineﬁ —'J(C - sin@) = 0
where :
2 A2 .
(C.10) D =%°+7°-276sin0

We look for a solution of eq. (C.9) in the limit gq>»> 1; it can be shown that
& ~» 0 and sin® =» 0 for g —>c0, so, from the second of equations (C. 9) we obtain:

5 J- sind ~ ?_6:

" & = (T=vL<<1).

(C. 11) sin® =
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From the first of equations (C. 9) we obtain :

(C. 12) 6cosd = ¥ %{
so we have two sets of solutions:
Q = l‘ R 6 = 3—-
q 6q
(C.13)
G‘ = e -]—'- . 0 = - 1
q 6q
Eq. (C.13) show that actually:
& —> 0
(C. 14) for q->w .

g8in® —> 0

APPENDIX D - BUNCHES WITH ‘N” # N™. -

We shall solve eq. (46) with the conditions (49) and (50). If we put

(D. 1) oL = phe’®
we obtain : N N _ +
i1 oo i LEER AT AT
(D. 2) A=N (-5 +r (MNEFA) e N
N
+ - In order to satisfy eq. (50), we must put (up to the second order"téi‘ms in
N'-NT
(-
AN .1 Arg M1ty
N~ RN TRYEN O S
(D. 3) S (r (%) =2)?
- + 1- Ar (N)
8= VT S S
‘NN 1_(N N )2(ro()- ¥
N++N- >\ro(>\)
Eq. (D. 2), (D.3) and
. (D.4) r(NAFENT £ N (1 -£7(0)

yield eq./(52).
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+ +
APPENDIX E - EVALUATION OF K™, K;. -

- The transverse force between two relativistic particles of opposite charge tra
veling in opposite direction (see fig. El), is ngen by

2

(E. 1) Fx, t) & 2"”%;(;) ( ;— vizlocu:y of 11ght
(t) = Dirac function
e e
X t=0
P e FIG. E1l

Integration-of “F(x,t) over the:transverse distribution of one bunch gives the
total force exeititﬁdby a longitudinal element of one bunch over one particle of the other
bunch. The result is indipendent enough from the transverse distribution (we are inte~
rested in the order of magnitude only); we make the calculation with the " ‘gaussian
thread model distribution”, that is'we have : 'x2

_.———

(E. 2) F(&,1) = 2(

N
dx) & (t) =
c\iZ’ta / L

where :

§ = -distance between the:particle and the center of mass of the longitudinal element
of the bunch,
a = transverse beam dimension, L = time length of the bunches.

We have: &2 S
F = ,2;§2_’r_2_-2a2’ﬁa deSt-Ii
(o e e dx) () T .
0

we obtain up to the third order in —_—

VZa

- 2 3
(E-3) F(3,1) = -2V 2 ‘va"‘z";){l’%(\"é: )Z}S(t){l

In order to obtain the order of magnitude of the osctupolar ierm due to the
crossing, we evaluate the quantity

2)“
r cw 2

2 S - .5
gt forte)a fo g s sty - S5

where :

; r_ = 5

’
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T = -}727f (Vv = betatron frequency) ; :w0—= revolution frequency ;
T=Q -/2;-2;)“1/2‘_ = E/m(.)c2 5 - .-. . mg = electron rest mass ;

7 = betatron oscillation amplitude.

So we have (see eq. (A.7)):

E.4) viheovarriH P xvar 57,
with
r R
(E. 5) 125:--——-——-————, o N,
6Ta 9Q
where — oy
L R = mean ring radius ; Q= 2 5(;) - 2ir),
A LLAL » . wo 4 . w '

“from eq. (E.4) we obtain

96’(%) ' rORN ’
(E. 8) 332 1
. } 67Ca VQ
Inserting in eq. (E. 5) the following values
(E.T) R=17m; N=2x10°; a=5x102cm; ¥=105; Q=3,

we obtain :

(E. 8) da(f) % -3cm 2

932
The octupolar term of the ring is (in Adone):
9q %) | '
(E. 9) ____r_zz_ N 2x107% em™2,
LA

then we see that it is much smaller than the previous one.

From eq.(E. 3) we obtain:

K
0 [o] N
(E. 10) — = -2 =
L aZuX L
So we have (see eq. (15)):
2
rci N rec
o 0 [¢) N
(E. 11) H= - — - T3 7
Ta ¥ R7%a

Inserting in eq. (E. 11) the numerical values (E. 7) we obtain:
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(E. 12) h = % 5x10° sec?

= |m

From eq. (E. 5). and (E. 10) we obtain:

(E. 13) B 3

V‘ZK a2

APPENDIX F - EVALUATION OF h. -
We shall derive T from the experimental thresholds wich are found in Adone
with one beam alone, without feedback. We make the assumptions:

a) the head-tail effectt3) is the instability mechanism with one beam in the ring;
b) the distribution function of the vertical betatron oscillation amplitudes is

it

kAl
€7 = f;— e 227

We obtain the dispersion relation

i

-ig

o 0); ,2 5 -
1 e a 1
F. 1 - : di = = ,
( ) ‘DZKa4{ y - 52 f s ©
2
2a

where @ depends on the mode of instability while § depends on H also. We are in-
terested on the minimum value of § compatibly with the observed threshold in Adone,
then we assume the mode of instability is the mode (0, 0). So we have:

- -
(F. 2) S ~H, arctgd = e~ 0.6
At the threshold we obtain from eq. (F1) :
e - + '
Ei(y) = T T cotg® N HK > 0)
(¥-3) V2kla? Y - fK<LO0
- ———— e sind
7w
where o
Eix) ==§—{Ei(x+m>—Ei(x—iO)} ; Ei(x) = - P f LI

%
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If we assume

3 -2 2

(F. 5) KT -1.3%1073m™ ; a® 5x10 “ cm ; V& 6x10° sec”!,

we obtain :

13\ 20 2,x.1>0,,1

u?

0 -2
sec

|5\

then we have

e " \:-[:Il > e -2
]h‘ TNy, ™ Ith(mA). sec '

. where (in Adone) 9 ,
N =.2x10 I (mA).

We find experimentally -

.
Ith('l'=10) ~ 1 mA

go the minimum value of h is

(F. 6) h(B=10% 2 1 sec™?
We have h e ’16' (through the relativistic electron mass), then from eq. (F. 6) we ob-
tain :
- 103 -2
(F.7) h T == sec
Y }

‘ ; The-order of magnitude of zN)d‘l’ (l“— 1) is given by (see .eq.(43), (E. 13)
T
~and (F. 7)) » , , :

v e -3 _ v | 1
(F.8) Nth & 10 ?RL 3 2)
r‘o( 2‘) ﬂz (2 '

we obtain (enough independently on the distribution function f( f )):

3y o 3, .
rdy %1, M=
. _ 43 -1 -9 " .
with ¥ =10", T,% 3x107" sec, L & 2x107° sec, eq.(F.8)becomes :
R b :
(F:9) D x 2x10° —> 1. > 1ma

th th

and actually in Adone the circulating current per bunch (with crossing) at 500 MeV is
about 1 mA,
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