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I. - INTRODUCTION.

As it is well known from the elementary quantum mechamcs(l) ,
a partlcle of energy E has a finite probability to pass through a poten-
tial barrier whose maximum height is Vo, evenif E < V This pheno
menon is called "tunnel effect" and has no classical analogue

The problem can be solved by means of the Schrodlnger equa-
tion to get the transmission coefficient for such a process. In the sim
ple case of the rec:tangul'ar potential barrier of height V, and length a
(see fig. 1) the transmission coefficient C is given, as a good approxi-
mation, by the following expression: ‘

1/2
(1) CE) = exp{[ (V- E)] }

Although the expression (1) is related to a sim
- plified situation with respect to the physical
reahty, some qualitative consideration can be
made on its basis. The transmission coefficient
Cisa decr7asmg exponential function of a and
of (V, = E)Y2. This strong dependence on the
characteristic parameters of a potential barrier
is a typical feature of every phenomenon of this
0 5 e X kind.

Vo

FIG. 1 - Rectangular =~ * Usually the experimental detection of the
potential barrier, tunnel effect can be reduced to measurements
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of current and voltage,. i. e. to the determination. of the eurrent1v. s.
voltage V relation~ship. In genéral thé tunnel effect is’observed in Sy-?
stems which can be sketched in the following way: two regions (metals
semimetals, semiconductors, etc.) containing electrons or holes able
to move separated by a potential barrier. Such a system can be realized
in practice in a number of different ways: e. g. two degenerate semicon
ductors of p and n type respectively, separated by a region of sharp
transition (tunnel diode) or two superimposed metallic films separated
by same insulating layer (tunneling junction). In the follow1ng sections
we will deal essentially with tunneling junction in which one or both me
tals can be in the superconducting state.

II. - ‘SEMIPHENOMENOLOGICAL THEORY OF THE TUNNEL EFFECT.

In this sectlon we will deduce the expressmn of the current I as
a function of the applied voltage V for the system sketched in fig. 2 (tun
nel junction). The theory we expose is sem1phenomenolog1ca1 in the
sense that the calculation of the cur
rent is reduced to the sum of elemen
tary single particle tunnel processes,
neglecting the many body aspects of
the whole phenomenon, Actually the
results of the microscopic theory of
the superconducting state are intro-
duced in‘the semiphenomenological
 calculations as long as the modifica
\\\\\\\\\ tions of the quasi particles excita-
“tion spectrum and the density of sta
tes are concerned Of course the va
lidity of such an approxrmatmn can
be Just1f1ed on the basis of its accor
dance with the experimental results. On the other hand the general theo
ry of the tunnel effect gives the same results as the semlphenomenolo-
gical theory and is also able to predlct some new effects (Josephson ef-
fects) by taking into account the suitable many-body properties in the
calculations.

Ietsl 7 Metsl 2
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FIG. 2 - Schematic drawmg of
a tunnel junction.

We first pomt out that m a smgle tunnel process the energy of
the particle tunnelmg through the barrier is conserved. This is a very
important feature of the phenomenon and it can be understood by remem
~ bering that a tunnel transltlon does not requlre absorption or emission
of energy(x) Then, refermng to fig. 2, we can perform the calculation
of the tunnel current I wh1ch flows through the barrier when a voltage V

(x) - In the elementary theory of the tunnel effect the solutions of the
Schrodmger equation on the left of the barrier as well as on the right
correspond to the same energy value E of the part1c1e e



is applied between the two metallic regions, on the basis of the follow-
ing simple considerations. A electron which is initially in the state k

in the region 1 can make a tunnel transition to the state k' in the region
2. We can treat this phenomenon like an ordinary quantum transition by
introducing a matrix element Myy1 such that (2 7T/4) ‘Mkk"lz gives
the probability of transition per unit time between the two states. The
ehergy conservation is introduced by means of the multiplyng factor
S(ik - £y1) where £ k is the electron energy. The electrons are
distributed according to the Fermi statistics and the electron states in
the two regions can be described by means of two density of states

n 1,( ﬁ_k) and nz(ﬁk). Moreover we assume that the difference between
the Fermi energies of the two regions is given by the term eV when V is
the applied voltage. In these conditions the contribution to the current
arising from the electrons of region 1 whose energies lie in the range
between the values £k and € + d&y and tunneling into the region 2
in states in the energy range £, £’k+d£'k can be written as follows:

dl = 2-%9- e ‘Mkk"‘z nl(g.k) f(E k) nz(ai( +eV) x
(2) /
X [1 - (€ + eV)] S [Sk.. -(£'k, + eV)] dék__ dék,gs;

where yf(ék_) is the function which gives the probability of the occupa-
tion of a single state of energy & - and whose expression is\*/:

f(&) = [exp (-:l%—,) + 1-} -

the total current is obtained by integrating over all the values of the
energy and subtracting the inverse current contribution. We obtain:

2T

0 .
1= F-ef|M nl(Ek) n2(£k+eV) X

kk

(3)
x [f(ik) - f(£k+eV)] de, .

Now we can introduce a simplification concerning the factor lek ‘2 .
In general it depends on the electron states and on the potential func-
tion V(x) in the barrier. However, taking into account that we will be
interested essentially in low values of the applied voltages (of the order
of a few millivolts), it is reasonable to assume that the potential func-
tion in the barrier is quite insensitive to the applied voltage. Moreover

(x) - We note that the electron energy is measured taking the Fermi
energy as reference level.



the electrons making a tunnel transition are restricted toa range kT
around the Fermi energy. From all these considerations it can be in-
ferred that !Mkki 2 is independent on the electron energy. Qualitati-
vely we can understand this fact by remembering the expression (1) of
the transmission coefficient C(E) which, if E <<V,, can be approxima

ted by exp [—(-%—r;—l-vo)l/z a] (V, is of the order of 1 let).

In this way we can see that ?Mkk§2 depends essentially on the
properties of the barrier and is unaffected by the superconducting tran
sition a metal can make. All these considerations can be justified mo-
re rigorously on the light of the general theory of the tunnel effect deve
loped below, '

We can rewrite eq. (3) in a simple form :

(4) 1 = _%r_c e|m|? ny(£,) ny(€, +eV) [f(/:k)— f(E k+eV)] dE .

In spite of the approximations contained in eq. (4), this expression is in
a good accordance with the experimental results. We will now discuss
the various cases of tunnel effect in relation to the state in which one or
both metals can be.

I0). Normal metal (1) - barrier - normal metal (2) ju;lction (N-I-N).

In this case eq. (4) can be easily integrated with the hypothesis
of low applied voltage and temperature such that kT << €F' For a nor-
mal metal the density of states nl(‘gk) and ny(&€,) are nearly inde-
pendent on the electron energy at least in the range kT around the Fer
mi energy. We then obtain from (4): :

(5) Iy - zﬁ_Jt e | M|’ n,(0) n,(0) &V = AV.

Egq. (5) has been verified experimentally{2) in A1 - Al,0, - Al junctions
although there is some discrepancy with respect to the calculated va-
lues of A.

I19). Superconducting metal (1) - barrier - normal metal (2) junction
(S-I-N).

It is well known that when a metal goes into the superconducting
state the electron distribution in the momentum space undergoes a deep
modification. An energy gap sets up in the excitation spectrum and the
density of state changes in a substantial way. Eq.(4) can be discussed if
a suitable model for the density of states as a function of the energy is
introduced. The simplest description of the superconducting state is gi-
ven by the B.C. S. theory‘LB) where the expression:for - n,( £)is:



s n. (0) lel
1 (82- Az)

7 nl(O) nf(ﬁ) 1é1>4

(6)
S- 0 el < A

and A is the energy gap, independent on the electron energy. It is con
venient at this point to distinguish two cases:

a) Temperature T = 0°K. - Owing to the analitic form of the Fermi func
tion at T = 09K eq. (4) can be rewritten as follows:

0
(7 ISN=A] n(&)d = A/ nj(£)d
- Q0 ~-eV

(00

where the integration limits occuring in the last member of eq. (7) can
be easily understood by observing the plots of fig. 3a. By differentiat-
ing eq. (7) with respect to V we calculate the differential conductance
(at T = 0°K):

dI
SN s
(8) o =An1(eV).
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FIG. 3 - Schematic representation of the density of states
of a S-I-N junction. a) T = 0°K; b) T # 0°K.

This is a very important result because it shows thet the differential
conductance is directly proportional to the density of states of the super
conducting metal, whatever the model for n . With the B.C. S. theory

we obtain:




ISN = 0 . 0 eV A
(9) Ig = A(V2 - a2 ev 2 A
I (V) = = I (V).

In fig. 4 we have reported the qualitative behavmur of a I(V) characte-
ristics of this kind. We point out that for sufficiently high values of V
the Igy curve coincides with the Ipy straight line.

7] 0

FIG. 4 - Tunneling curves for a S-I-N Junctlon a) T = 0°K;
T # 0°K.

b) Temperature T # 0°K. - In this case eq. (4) no longer reduces to a
simple form even in the simple model of the B. C.S. theory. However

in the limit V < A the integral can be expressed in the following se-
rier form(4) :

[0 0) . .
_ S m+1 mA, . mV
(10) I = 280 %;i‘(—l) K, () senh (35

where K, is the first order of the modified Bessel function of the second
kind. Infig. 4b it is shown the qualitative behaviour of the Igy(V). Alt-
hough the curve of fig. 4b is relative to.a temperature such that kT/A~
~ 0. 15, we point the thermal smearing at V~4& . We give also some
ugseful limit expression for ISN :

I

lim T’" 2 Z_J( 1)m+1 mA (—‘E-A—-) x
V>0 NN  m= | |

2mA e

x (£ p (- ———-) (valid for & >> kT).



A measurement of the energy gap could be obtained from a curve like
that reported in fig. 4b. However such a measurement would not be
very accurate because of the thermal smearing. We can avoid this dif
ficulty by considering the differential conductance, which, after eq.
(10), can be expressed as follows:

dl
_SN m A
ay SN 2A——-Z(-1> ok (B2 ) cosn () .
In the limit V- 0:
dI = .
SN, _ A mA
(12) () =28 4= le, mK | (B2

On the other hand A is the conductance when both metals are in the nor
mal state. Then by considering the ratio:

dlgy | oA X m+1 mA
(13) (o )y / = 29 z;l(-n wiky (5

we can obtain A/kT from a measurement of & (V=0) and by resolving
" numerically the eq. (13)( ). As an example we have reported in fig. 5

o
3} Dats referring to
Alcitterent samples

— 8.C.S. theory
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FIG. 5 - Experimental curve of the energy gap A of
tin as a function of temperature (after ref. (6)).




the experimental behaviour of (A )gp @s a function of the ‘reduced tem-

perature t-= T/ T, for a humber of different Al- A1203 -Sn junctions: Whe
re (A)gp has been deduced by the above mantioned methods(6). In the

sameé figure it is also shown the theor‘etlcal behavmur' as predlcted by

the B. C. S. theory. SRR e

III°). Superconducting metal (1) - barmer - superconductlng metal (2) -
junction (S1-I-Sy).

Also in this case it is necessary to distinguish between T = 0°K
and T # 0°K. Moreover we can have two differen superconductors (Sl #
# Sz) or the same superconductor (Sl = Sz = S) on the two sides of a
junction.

a) T = 0°K, S; # Sy. - Eq. (4) now becomes :

(14) ISlsz = A n(£) n,(£)d€ = A glga) n,(€)d
-0 . -V+ ”2
(see fig. 6 for the limits of integration in eq. (14)).
|\ Metarz  merssr| || Metet2

mE)

BARRIER
a}\y\,
N

6" — "——]" —A"z"—"‘—"

e
i
]
In
N
|
]
!
1,
»

INSULATING !“‘J BARRIER
<

v
N
3
N
"9
K // : %
4
Occupied
states

FIG. 6 - Schematic representation of the density of states of a
S;-1-S,y junction: a) T = 0°K; b) T # 0°K.

By introducing the B. C. S. expressions for nls and nzs we obtain from
eq. (14):

(15) Ioo = 0 e 0S8 VS A A,



= 2 97 -1/2
ISlsz =-2A4 A, [V ~(4,- Al) ] 2Rk +
(15) ‘ )
+A[V2'(Az"51)2] 2 E(ck) V>A1+A2
fsy8,07V) 7 518,V

where o = [vZ (A, +4,)2] Y [Vz-(Az- Al)zj'l/z and K and E

are elliptic integrals of first and second kind respectively. The expres
sion (15) contain a discontinous jump in the current, occurring at V =
= Al + A, the value of this jump being S1I = (JT/2)A (AIA‘2)1/2.

Such a discontinuity is a direct consequence of the singularity of the
density of states in the superconducting state, Of course in the limit

Az ~> 0 eq.(15) reduces to eq. (9).

b) T = 0°K, Sy = S2 = 8. - In this case we can rewrite (15) by putting
Ay =A, =&, This gives:

= £ <
ISS 0 05£Vv= 24

(16) Ig = -2 A% VTIR(s) + AVE(X) V> 2A

Igg(-V) = - Igg(V)

with ©A = [._Vz -AA 2] 12 V-l. The value of the discontinuous jump in
the current is 91 = (ZL/2)AA . :

c) T # 0°K, 51 £ Sz . = The integrals appearing in the expression of the
current cannot be evaluated analitically. Numerical calculations show
the following properties of the ISISQ(V) characteristics:

1) for Vv~lA 9= 4 1| there is a discontinuity of logarithmic type such
as:

15152 ~ log ‘v "A'Z - All‘

2)for V= Ag+ Ay there is, on the contrary, a finite discontinuity
ISlS2 given by the expression:

(A +AY) |

| | senh (- =t

81y s =71=7l':"“(Al/'\2)1/2 TR
199 COSh(i_’f‘- ) cosh(ﬁ)
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Between these two values of the applied .VQltagé the Isisz(V“‘) curve ex-
hibits a negative resistance region. In fig. 7 we have reported the theo

7 / ‘f“ | /

S
s, s I,
Tuw ‘ %2
a) b)
s1 )
o) V= A+ 4, 0 |88, Ardq \4

FIG. 7 - Theoretical tunneling characteristics for a 5;-I-8y
junction: a) T = 0°K; b) T # 0°K.

retical behaviour obtained from the above considerations. Experimen-
tally what we observe is the occurrence of a minimum in the tunneling
current separated by a negative resistance region and it is assumed
that the maximum and the minimum correspond to the values l Az— AI\
and Az + Al respectively. As an example in fig. 8 we have reported
a series of experimental graphs of the characteristics of Al-AlyO3-5n
junction at various temperatures exhibiting the different features di-
scussed above(6),

d) T #0°K, S; =S, = S. - We can evaluate numerically Igg, if V£ 24
and, if the condition kT < 0.3 & is satisfied, a negative resistance
region appears in the tunnel characteristics. When A>»KT and V<
<2 ISS is well approximated by the following expression:

(1~ 28 el ) () (V) senh R ()

where Ko is the zero order of the modified Bessel fuhction of the se-
cond kind.

As we have already pointed out from the I(V) curves in the S-I-N
case it is possible to deduce the value of & for a superconductor; of
course such a measurement can be obtained once we know the position
of the maximum and the minimum in a I(V) graph relative to the S;-I-5,
case,

Moreover, remembering eq. (8), it is evident that a ‘measure-
ment of dISN/dV as a function of V gives directly a quantity which is
directly proportional to the density of states in the superconductor. On
the other hand to obtain significant information it is necessary to work
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I ‘ in arbitrary unifs

Al - A%0,-:5n junc‘/'fcn

s) T=363%

b) T= 350°k
C) T_' 3.0 *x
d) T= 2,63°k
e) T - 1,65 K
f) T~ 1,05%
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FIG. 8 - Experimental characteristics of an Al-AlyOg-Sn junction.
The curves from a) to e) are relative to temperatures less than
T(Sn) but higher than T (Al) (S-I-N case); the curve f) is relative
to both Al and Sn in the superconducting state (Sy-I-5, case). For
clarity the origin is displaced along the V axis (after ref. (6)).

at temperatures as low as possible; however we can calculate dISN/ dv
as function of V at temperatures different from 0°K by introducing a
suitable expression nS(g) and we can get useful informations on the
validity of this expression from measurements of dIgy/dV. In fig, o(7)
we show a number of dISN/ dV v. 8. V curves for a Sn-MgO-Mg tunnel
ing junctions. The comparison with the theoretical curve is made on
the basis of B. C. S. theory for nS(€).

More generally we can say that measurements of dISN/ dV are
a very sensitive method to put in evidence structures in nS(£) which
are not described by the B. C. S. theory. In some cases it is also use-
ful to measure d°Igy/dV?2 as a function of V to reach a better localiza
tion of the structural details. We will see in the following more exactly
what kind of physical information we can get by means of these methods.

Before concluding this section we want to discusse briefly the
single tunnel processes in relationto the dependence of the quasi particle
energy onthe wave vector k in a superconductor. This is an important
point because we can understand in a simple way why the coherence factors




12.

like uZ or similar(x). which usually have strong influence on the quan
tum transitions involving superconductors (ultrasonic attenuation, mi-
crowave absorption, etc.), do not appear in the tunneling current. We
limit for simplicity to the case of a S-I-N junction at T = 0°K. We re-
member that, following B. C. S., the quasi particle energy E; in the
superconducting state is related to the corresponding energy € in
the normal state by the expression: :

(18) Ey = (E°+ a%)Y?

if we measure the energies from the Fermi level EF' In fig. 10 we
show the quasi particle energy v. s. k curves for a S-I-N junctions; two
tunnel processes are also shown by means of which an electron start-
ing from the same state o in the metal 1 (normal) can go in the final
state /3 or /' in the metal 2 (supeconducting) with the condition £/3=
= - 8/5'. As it is well known if we add a quasi particle to a superconduc
tor by putting it in the state /3 the excitation energy is E/} (positive).
On the other hand, owing to the modification of the electron distribution
in the superconductor, we can add a quasi particle by putting it in the
state A' with the condition € = - €a¢ obtaining an excitation energy
Ep' =Ep . In conclusion a quasi particle starting from the state 28
can go in the final states /> or /3' and in both cases the energy conser
vation is expressed by the same term & (£R+E /A - V). Now the proba
bility of finding the state /b empty is given by:

2 1 &n
'll/‘!> = 5 (1 + E/b
while, for the state /' we have:
2 1 €4 . 1 & 2
T 2(1+E/y) el gg) T

The total probability is then:

<
t

2 p, 2 2
+ = +vae = 1.
u,,3 u/&: u/?, v/s 1

In this way the coherence factors add up to the unity and disappear
from the current expression. Moreover the presence of the factor
5(&x *Ep - V) and the fact that the minimum excitation energy is A
accounts for the zero current when V <4 ., Analogous considerations
hold for all the other cases of tunneling already discussed and can be
extended to temperatures different from 0°K.

(x) - See ref. (8) for a definition and a discussion of the coherence fac-
tors.
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FIG. 9 - Experimental and theoretical curves of the
relative conductivity as a function of the energy for
two temperatures. The theoretical conductivity has
been calculated using the B. C. S. model (after ref.

(8), p. 335).
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FIG. 10 - Schematic drawing of single tunnel process
between a normal and a superconducting metal.
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III. - GENERAL THEORY OF THE TUNNEL EFFECT.

Although the results of the semiphenomenological theory are in
good accordance with the experimental data the question concerning the
connections of the tunnel phenomena with the microscopic theory of su-
perconductivity cannot be neglected. We need of such a justification
from a general point of view; but, letting aside this argument, the point
is that there does exist a series of tunnel phenomena which the semiphe
nomenological theory cannot explain. We are explicitly referring to the
Josephson effects and to the weakly connected superconductors.

We will give here a general account of the microscopic theory
while for a more detailed description the reader is referred to the bi-
bliography. First we could try to extabilish a theory of the tunnel effect
by introducing a suitable approximation of independent quasi particles
according to which the electronic states of the whole system (metal-bar
rier-metal) would be, say, a superimposition of Bloch states with wave
vectors of opposite sign and suitable continuity conditions in the region
of the barrier. However it has been shown(9) that this approximation
leads to an expression of the current which is substantially independent
from the density of states.

Conversely the problem can be handled starting by some hamil-
tonian in which the many body effects are included. The first thing we
want to discuss is the relation between the hamiltonian of the whole sy-
stem and the hamiltonian of the two metals when they are completely
far apart. For an isolated piece of normal or superconducting metalwe
are able to write, although within certain approximations, a hamiltonian
which describes in a satisfactory way the different properties of the
metal. In the other hand when we put tohether two pieces of metal to
form a tunnel junction it is quite obvious that the properties of one of
the metals must be influenced to a certain extent by the presence of the
.other. This means simply that we cannot adfirm that the hamiltonian,

e. g. of the right metal,is the same as that of the isolated metal. From

a quite rigorous point of view we could not distinguish between right and
left hamiltonian but we would consider the total hamiltonian of the system.
However the structure of our system suggests.the following schematiza-
tion could be reasonable

(19) H = H; +Hy +Hp

where H is the total hamiltonian, H; and H,, refer respectively to the
two metallic parts and Hp is the term responsible for the electron tran
sfer from one side to the other. We note that (19) is much more useful
if Hy and H, can be chosen coincident with the hamiltonian of the isola-
ted metals. This problem has been discussed in detail by Prange(lo) by
examining the properties of the eigenfunctions of H. From his analysis
it results that a reasonable justification of (19) is obtained when we
introduce a suitable set of wave functions distinguished as right and
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left wave functions. These functions localize an electron essentially in
the left (right) metal but have an amplitude different from zero also in
the right (left) metal. This set is chosen in such a way that the orthogo
nality conditions are not satisfied but the states are as arthogonal as
possible and the left (right) states obey the completness conditions. We
can then rewrite eq. (12) in the second quantization formalism by intro
ducing "right" and "left" creation and annihilation operators. In this
way the hamiltonian can be expressed as a sum of terms containg only
"left" or "right" operators and of terms where the operators are mixed
together. The total hamiltonian reduces to the (19) if it is possible to
neglect the mixed terms. In fact it can be shown that, as a first appro-
ximation, such terms are negligible and this is equivalent to assume
that all the "right" operators anticommute with the "left" ones and vice
versa. From this it follows immediately that the tunnel current is pro-
portional to | (HT)I,S] 2, Now we proceed to evaluate the tunnel cur-
rent. First we consider the matrix element \(HT)_I,sl2 which givesthe
transition probability per unit time between the states r and s. To cal-
culate (Hp),.g we need the knowledge of the eigenfunctions in the region
of interest, that is the metallic sides and the barrier. However even if
we do not know the exact analitic form of the eigenfunctions we can di~
scuss some properties of (Hr)pgll1112), Let ¥, and Vs be the wave
functions relative to states of the system in which an electron is in the
state r on the left and s on the right respectively. It can be shown that
the expression for (Hp),g is:

(20) (Hp).g = -13. (xp)

where Xp is any point in the interior of the barrier and Jrs(x) is the
matrix element of the x component of the current density operator de-
fined by :

iy £ 0%, O
s am & [ [rEy, T Weay |t

X S(x-xi)d'zl .,dTN

Eq. (20) constitutes an important result because it shows that (HT)rs
depends essentially on the behaviour of the wave functions in the barrier.
It follows that (HT)rs does not change when one of the metals undergoes
the superconducting transition. In fact if we take into account the possi-
bility of spatial variations of the "energy gap" A(13) we see that A goes
to zero very quickly in the insulating barrier. As a consequence the wa-
ve functions of electrons in the barrier are insensitive to the state of
the metals and the coherence factors do not appear-in the matrix ele-
ment (H)pg. Moreover (HT)pg» as the electron states are roughly in-
dependent from the energy at least in the range of interest, is in prac-
tice independent from the energy. Let us turn now to the expression of
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the hamiltonian:
H = Hl +H2 +,HT"

If ¢ and cX are the creation and aunihilation operators of electrons in
the metal 1 and ‘d and d* are the analogous operator for the metal 2, Hy
and Hg can be expressed in the second-quantization formalism as pro-
ducts of c and d operators respectively. We are mainly interested in the
« term HT for which the explicit expression is:

_ ' &  J ]
(1) Hyp = ZI_(HT)r s ®re sG‘ (HT)r,s deeCre

r, 8,6

Remembering that the operator for the total number of electrons in the
metal 1 is :

1 E P S
(22) N° = c c
ke ke kf?

the tunneling current at the time t(14' 15,16) can be evaluated by com-
puting the mean value of the time derivative of (22). Taking into account
the equation of motion for N1 it follows immediately :

[1]=edn' - —E: [NI,H]> =
\_N H]> L {n'ay - N

as N1 commutes with H1 and Hz.

The mean values can be calculated by the methods of quantum
statistical mechanics according to which the following expression for
I holds:

o "AH .1
(23) |1| = e W'D - eTr(—e——Z—-Mt-)-)

where Z = Tr e"/"’H; is the partition function.
On the other hand remembering the expressions (21) and (22)
for Hp and N1 we get: ‘

PR £ &
(24) N (t)_l Z [( T)rs rs ss'_(HT)rs so-Cro

r,s,t"

If we consider Hy as a perturbation and putting: |
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H = H1+H2+HT = H0+H‘

T .

the first order perturbation theory give.sfi.

t
o /R AN
I = 1e/ at [N(t‘), HT(t<)J> =
(25) " . | o
- 3 | t ‘ ,.\1 LAY A "l v.
= je | dt Tr(foy NE(tY), HT(t )- )
-m ‘ ) '

. e-BHO _ -AH, . e
with o= 7 and Z, =Tre O, while the time dependence of
the operators éppearing in (25) is :

A 3 ! -. y
At) = elHOt Agp e iH,t .

From eqgs. (24) and (21) we can rewrite eq. (25) as follows:

t
1}= 2eR~e/ dt"< Z {\ (HT)rS_"? x
Yo r,s,6"

- * * H !
(26) x I_cm (B d o (0, S (e ot )] +

+ (Hp) g (Hp)___ [ciis(t) dpe®. < o) >

The right member of eq. (26) is composed by two terms: the first repre
sents the tunneling processes already discussed with the ‘semiphenome-
nological theory, the second one is a new term which, when both metals
are in the superconducting state, describes Cooper pairs tunneling
through the barrier without destroying the coherence of the superconduc
ting state. The order of magnitude of this term can be comparable with
that of the first one and its presence gives rise to new effects (d. c. and
a. c. Josephson effects). We point out also in the S-I-N case this term
is rigorously zero because Cooper pairs cannot exist in a normal metal.

We want now to evaluatetl7) explicitly the expression (26) to de-
‘duce the results of the semiphenomenological theory neglecting the
existence of the second term in (26).

Summing up with respect to the spin index & and using the
Wick's theorem we can rewrite eq. (26) as follows :
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| = ae|up)® Re Z/ {<c (t)c(t'>><d (t)d(t'>>

(27)

- Ldfma ) <°r(‘t'-)ﬁy°f~(t)>} |

where we have substituted for l HT‘ rs @ suitable mean value \ HTl

independent from the indeces r and s and from the energy. On the other
hand the mean values appearing in (27) are related to the so-called cor-
relation functions in the following way:

Gr,t-t) = § e (W) 0)s  Gr, et = - F<fwme (10>
(28)
G(s,t-t) = 3 <dgdfe)> s G tet) = -3 a0

Introducing eq. (28) in (27) we get:

(29) I=4e|Hy|?Re Z / dt" {G‘(r,t'-t)c?_ (8, t-0) =G (, t"-t)G<(s.t-t')}
r, sl

We can develop in Fourier series the G functions:

QO
> Cimt 2
(30) G<(r,t)=f—§1;[—.l- dwe ™ GS(r,w)
-

and express G(r,w) in terms of the spectral functions A(r,w) by means
of the. following relations:

G (r.w) = A(r,w) [1 - f(w))
31 .
f G (r,w) = A(r,w ) §(w)

with f(w) = k{exp[/! (w —/’~)-]+1}'1 /b= (kT)'1 and. Sz chemlcal poten
tial. Introducing now eq. (30) and (31) in (29) we get: B

; 2. _dwdw!' { o N )

I =4e|H I 1=f (w S
e|y] m;/ “en? [ ( )L

(32)

T A(r-,w):A(s-;w')
_[1-f2(w)j} Wow i
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We give now the explicit expressions for the spectral functions:

‘ £
(33a) A(r,w) = 2T [(1 +—E§:—£)8(N-Ez-,¢~)+(1'—ﬁﬁ)§(w +Er'/“-)]
r R

for a superconducting metal in the B. C. S. model, and
(33b) A(r,w) = 27 d (w- £ -M)

for a normal bulk metal. Then by putting (33a) and (33b) in (32) we can
calculate the tunneling current for the various cases already discussed,
with a good accordance with the semiphenomenological theory.

Before closing this section we point out that in the preceeding
treatment the detailed properties of the insulating barrier have been
neglected. In other words the only important effect of the barrier we
have considered is the fact that the intensity of the tunneling current is
determined by the barrier itself, but other possible effects which influ
ence the form of the I(V) curves have been neglected. However there is
experimental and theoretical evidence( 8-23) of anomalies in the tunnel
characteristics which are due essentially to some properties of the bar
rier. A more general microscopic theory of the tunnel effect taking into
account the properties of the barrier, has been recently given by Zawa-
dowski(24),

From the considerations worked out in the preceeding sections
it is evident the importance of the tunnel effect as a tool to study the
properties of the superconducting state, mainly the energy gap and the
density of states. We have already shown in fig. 5 the dependence of &
on the temperature as deduced from zero bias conductivity measure-
ments. A number of analogous data can be found in the lite rature(47,25,2),
Of course it is possible in the same way to get informations on the depen
dence of A from other physical parameters. The effect of a magnetic
field is a rather complicated question. Its influence on A depends on
the orientation of the plane of the superconducting films with respect to
the direction of the field as well as on the purity and the thickness of
the film. Such a problem has been worked out rather extensively from
the theoretical point of view(27-30) and examined experimentallfr by
means of the tunnel effect technique by various researchers(® 31, 3233),

As we have already pointed out the density of states is directly
obtainable from differential conductivity measurements for a S-I-N
junction. In this way informations on the influence of various "depair-
ing" mechanisms, such that magnetic impurities, superconducting cur
rents, etc. can be available. When a depairing factors is present a full
account of the physical situation is possible if we distinguish between
order parameter and excitation gap; under certain conditions the exci~
tation gap goes to zero while the order parameter is different from ze-
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ro, i. e. the metal is still superconducting. In these conditions we are
dealing with the so-called "gapless" superconductivity. Recently the
argument has been reviewed by Maki(34) while experimental data con-
cerning the influence of the depairing factors on the density of states
heve been reported by many authors&& 35,36,37,38,39),

IV. - HIGHER ORDER EFFECTS.

The tunnel processes we have considered up to this point invol-
ve the proportionality between the current and l HT,\Z. However there
have been observed expe rimentally(40) a number of anomalies in the
I(V) characteristics relative to S{-I-Sg and S-I-S junctions. These
anomalies consist mainly in an excess current for voltage values corre
sponding to Al and Az in the S1-I-S; case and 2A in the S-I-S case.
They have been interpreted(z—u) by means of the hamiltonian formalism
introducing tunnel processes for which the transition rate is proportio
nal to terms like | Hpl . VHpl o i e. processes which go from the
initial state s to the final r through an intermediate state m. The resul
ting current is then proportional to 1 HT‘4 and this can explain the low
intensities of the excess currents. We can visualise these processes
by means of the diagrams introduced in fig. 10. The first process is
shown in fig. 1la and consists in the tunneling of an electron pairfrom
the metal 1 through the barrier, dissociation of the pair and creation of
two quasi particle excitations in the metal 2 with wave vectors ﬂl and

respectively. The energy conservations, written in this case in the
form S(Eﬂ,l—V)S(EAZ—V), gives V = Az‘ as minimum voltage for
which this process takes place. A similar process is shown in fig. 11b.
In this case two Cooper pairs in the metal 1 dissociate giving rise to two
quasi particle excitations with wave vectors W1 and A, in the same
metal while the other two electrons tunnel into the metal 2 and recom-
bine as a Cooper pair. The energy conservation expressed as
S(Eu&l -V)a (Emgz -V) gives as minimum voltage for this process the

value V = Al’

The jumps in the currents can be calculated by the hamiltonian
formalism and the following expression hold:

a) S-I-S junctions (H1=A9=48) - whenV = & we get:
1 2 g

A eK2
(34) HA) = () 5

exp (-4 {K, d)

where { K, Y is a suitable average value of the component of K perpen-
dicular to the junction surface whose value is about (3/8)Kp. We can
make a comparison between this jump and the discontinuity in the current
for V = 2A. It results:
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eK
(35) JEA) - () 5 e (24RO @
and
128
J(A)

However, owing to unavoidable disuniformities in the barrier thickness
it can happen that the mean value of d appearing in (34) is different from
that of (35) and the ratio J(24)/J(A) is less-than e2.

b) S1-I-Sg junctions (D # £ 9). - The jumps in the ciurrent are now :

A:  e(KL)2
36) A= (gE) —5

exp (-4 LK) d) (i=1, 2)

We point out that there is same disagreement with experience because
usually we observe, superimposed to the current jumps already discus
sed, excess currents which depend on the temperature and on the vol-
tage. Possibly these excesses are due to photon or phonon assisted
tunneling processes.

V. - THE PHONON SPECTRUM AS RELATED TO THE TUNNEL .EFFECT.

We have already discussed how it is possible to get informations
on the density of states of superconductor by measuring dI/dV as a func-
tion of V in the N-I-S casge. It is easy to realize that any "structure"
which is present in the density of states will be reflected in the dI/dV
v. 8. curves. Experi mentally a careful analysis of such curves is achie
ved by plotting simultaneously d I/ dv2 v.s. V. The physical reasons
of the origin of structures in the density of states can be understood if
we remember the B. C. S. expression for ng(E):

E
N g% _a3ie

(37) ngE) = n

Such expression comes from the B. C. S. theory if we assume the
simple form of the gap equation in which the details of the electron-pho
non interaction are neglected. However it is possible to introduce expli-
citly the phonon spectrum in the theory and the modified gap equationis:

(38)  A(E) = dE' V(E-E')Re — ZALEZ'J —
[e2- A%@H]Y2

o
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where E is the quasi particle energy, dn/d€ is the density of states
in the normal state and V(E-E') describes the electron-electron inte_
raction. A(E) depends on the quasi particle energy and V(E-E') con-
tains in some way the phonon spectrum. From (38) we can deduce the
following expression for the tunneling density of states:

(39) n (E) = n_Re ]
8 "N [[EZ-AZ(E)ll/Z

Clearly by measurin‘g' né(lE)/nN(E) we can gain informations on the pho
non spectrum if we resolve eq.(38) to get A (E) as a function of V(E-E')
while, if we know independently the phonon spectrum, it is possible to
study the term V(E-E') and the exact form of the gap equation (38). We
give now the more interesting experimental results.

a) Evidence of peaks in the phonon spectrum. - Anomalies in nS(E)/nN
have been observed in Al-Al9O3-Pb junctions (aluminum in the normal
state) which are related to the presence of two peaks in the phonon
spectrum of lead(42) (‘s’e‘e'fig. 12) localized at 4.4 and 8.5 mV respecti
vely. Such a spectrum has been also used to resolve the gap equation(%3)
and to obtain the density of states. A comparison between theoretical
and experimental data is shown in fig. 13. To get some idea of the diffe
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FIG. 12 - The variation with energy of the ratio of density of sta
tes in superconducting lead to that in the normal state. Curve 1

is the B. C. S. plot, curve 2 the tunneling measurement. Also
shown is the phonon spectrum suggested by the experimental den
sity of states plot (after ref. (42)). , :

FIG. 13 - Comparison of: (1) The density of states v. s. energy
variation calculated by Schrieffer et al. - solid line, and (2) the
tunneling result - long dashed line. The B.C.S. variation is shown
as the short dashed line.
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rence between the simple B. C. S. model and the calculations of ref. (43)
and of the way by which the phonon spectrum influences the density of

states we remember that the phonon density of states F(w) which gives
the good fitting reported in fig. 13 has the following forms:

F(w) = 2fT(0o) + fL(w)
where
WT/TC . o) - WL/7L
= (W) =
T

£()

2
(W W)™+ W L

WT =0.75 mV, (MT =4.4 mV, WL'= 0. 50 mV and UGL =8.5 mV.

We note that to resolve the gap equation it is hecessary to introduce dif
ferent branches of the phonon spectrum, Wy and @ T refering to longi-
tudinal and transversal branches respectively.

b) The Van Hove singularities. - A general theorem established by Van
Hove states that in a tridimentional crystal there exist a number of sin
gular points in the phonon spectrum. Namely if we consider the phonon
density g(v) as a function of V it can be shown that there are at least
two infinite discontinuities in dg/dV and, at the upper limit of the
spectrum, dg/dv = -co. Usually the number of singularities is much
larger than two and for a complete discussion of this argument the rea-
der is referred to ref. (45). Owing to their general nature, the occurren
ce of Van Hove singularities is superimposed to the particular phonon
spectrum of a metal and can give rise to some effect in the superconduc
ting density of states. However such effects are quite weak and cannot be
put in evidence by measurements of dI/dV and d2I/dv2 for N-I-S
junctions. A method to overcome this difficulty makes use of S-I-S junc
tions in which the singularities of the phonon spectrum are present in
both sides of the junction so that their effect is accentuated in the dI/dV
and dZI,/cIV2 curves. Once we introduce a reasonable model for the
phonon spectrum we can evaluate dI/dV and dzlédvz(4‘3) for S-I-S junc
tion explicitly. In fig. 14 it is shown a plot of d4I/ av? v. s V for a
Pb-I-Pb junction with a comparison between observed and calculated
singularities(47,48), '

¢) Harmonic structures. - It hasg been pointed out(49) that the presence
of an Einstein peak in the phonon spectrum at a certain energy Ep gives
rise to anomalies in the superconducting density of states for the values
of the energy A +E§3, A +2Eq, ... A+nEE In fig. 15 we reported
measurements of d%I/dVZ v. 8. V for a Pb-I-Pb junction showing the
occurence of such an harmonic structure. ’

We point out that, in general the influence of the phonon spec-
trum on the density of states is better studied in so-called" strong cou-
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pling" superconductors like lead and mercury(50) owing to the fact that
the electron-electron via phonon interaction is relatively intense in this
case. However effects of this kind have been pointed out also for weak
coupling superconductors like tin by using a sufficiently sensitive techni
que 42,91, 52, 53), Recently measurements on the phonon spectra(\54 ) of
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-
dv?

Ve

5 .
(v-4) - MILLIVOLTS
BROCKHOUSE  1lI AND 100T 1007 10T,

- o ', 1 N 1 1 A
ET AL 368 438 537 . - 25 5 20
100L 110T; 110L. 100L 1L v-24 (MILLIVOLTS)
7687 835 868 893 903
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FIG. 14 - d2I/dv2 v. s. V (measured from A ) for a Pb-Pb junction
at 1. 39K. Arrows indicate the bias for Van Hove singularities ex-
pected from the data of Brockhouse et al. (after ref. (48)).

FIG. 15 - dz'I/ dv2'v.s. V for a Pb-I-Pb junction at 1. 3°K. Arrows
mark fundamental, sum, and harmonic structures (after ref. (42)).

Pb-Bi, Pb-T1l, Pb-In alloys have been reported. A rather interesting
result is that as the concentration of solutes in lead increases the elec~
tronic concentration decreases and at the same time the phonon spec-
trum changes in the sense that the amplitudes of peaks in dZI/ dv4 de-
crease and their position in energy changes with respect to the localisa
tion in the pure lead case. This is connected with the fact that (especially
for Pb-Bi and Pb-T1 alloys) either A(0) or 2/ (0)/ kT, decrease by
increasing the solute concentration; in other words there could be a gra
dual transition from a strong coupling to a. weak coupling superconduc-
tor. Moreover phonon spectra of films of bismuth condensed at ver.g
low temperature (4. 2°K) have been studied by tunneling technique(59),

It is well know in these conditions the bismuth is superconducting with

a transition temperature of the order of 6°K and with 2A(0)/kT nearly
4.6. This suggest that under these circumstance the bismuth is a strong
coupling superconductor: The phonon spectrum exhibited in this modifi-
cation is quite different from that relative to its usual semi-metal struc
ture.
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VI. - ENERGY GAP ANISOTROPY.

The energy gap depends on the crystallographic direction. This
effect is better pointed out by tunnel effect measurements in very pure
-samples otherwise the anlsotropy effects are averaged by the impuri-
ties(96), Anisotropy studies can be made either on single crystals and
on polycrystalline films.

a) Measurements on single crystal samples. - Such measurements are
usually made by realizing a number of tunneling junctions in the various
crystallographic directions. In this way the dependence of the energy gap
on the crystallographic direction is obtained. It is useful to introduce
the following quantity :

2
L(2h; - <285 )°
,Qmpz

(40) LA 2>

where the index i refer to the crystalline direction and the symbol<£ >
denotes an average on such directions. A number of results are availa
ble in the literature(®7+98,59) ang we can §et an idea of the poss1b1e
values for <% 2> remembering that < = 0. 006 for niobium
while <=¢2> =0, 019 for tin(60). The physical origin of the energy gap
anisotropy is related to lattice anisotropies which in turn gives rise
either to Fermi surface anisotropy and to phonon spectrum anisotropy.
It is not clear up to date what kind of anisotropy determines the energy
gap anisotropy. An experimental attempt to correlate Fermi surface
anisotropy and superconducting energy gap has been not completely
successful. On the other hand a model according to which the energy
gap anisotropy is due essentially to phonon spectrum for strong cou-
pling superconductors has been proposed(ﬁl)

b) Measurements on polycristalline films. - Measurements on polycri
stalline films have been made essentially in the case of strong coupling
superconductors. The theory(61l) predicts that the prese’nce of different
values of the energy gap due to anisotropy effects: gives rise to structu
res in dI/dV v.s. V curves analogous to those found in studying the
phonon specﬁ‘a effects. Remembering the gap equation:

. Vo, D

i kk! T k!
(41) Ak = Z__\ —E
. ! k'
: k ~

the anisotropy is introduced in the term Vi which can written as:

- phon coul
(42) ka' ka' * ka'

ka. in turn has the following expression(62) ;
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2
phon _ i thwy ) l Bl \ :

(43) Vik! ‘ 3 2
(Ep, +ﬁe~k_k,) -E

k

where ‘hwk_k, is the energy of the phonon which couples the states k

and k' and gy is the matrix element for such a coupling. Any iso
tropy in the '"phonon spectrum reflects, through h Wiy 1. ON Vﬁﬁ?n
(gkk'\ 1is usually treated as an isotropic term). Starting then from (43)
and introducing a suitable "distribution function" for the energy gap va
lues it is possible t6 evaluate the effects of such a number of different
energy gap values on the tunneling characteristics of polycristalline
samples. Data concerning Iv.s. V and dI/dV v.s. V curves for Pb-I-
normal metal, Pb-I-Al (suéoerconducting) and Pb-I-Pb junctions are
available in the lite rature( 3). As an example we reported in fig. 16 a
plot of dV/dI v.s. V for an Al-Al,O3-Pb at 1. 037°K. The anisotropy

! 00mp

NG

;\\) L Pb’'5000A FIG. 16 - The dV/dI characteristic
kY

I Al + 11004 of a Pb-I-Al junction in the vicinity
A Junchion IC AAL0y-Pb 1037°% OF €V = Bpp+Bpy showing aniso-
tropy effects (after ref. (63)).

V45—

effects are characterized by the points A, B and C. A and C correspond
to saddle and maximum values of the distribution function whereas B is
correlated to the mean value of the energy gap.

Another interesting feature is the observation of subharmonic
structure (SHS) (see fig. 17). They consist of a series of peaks in the
dV/dI v. s. V plot which occur for V< 24, Such peaks are located at
voltage values &, 24/3, ..., 2A/n ... However to classify all the
observable peaks it is necessary to introduce a number of different va-
lues of A each of which gives rise to a series 4;, 24;/3,.., 24;/n..
Experimentally there have been identified up to seven different values
of the energy gap arising from the anisotropy in lead. The origin of the
subharmonic structures is quite unclear. They could arise in some way
by the interaction between tunneling electrons and photon at Josepshon
frequency (W = (2neV)/h) which could be present in the junction owing
to the fact that the occurrence of subharmonic structures is always
associated with the presence of strong d. ¢c. Josephson currents at zero
bias. Alternatively the existence of micro shorts in the barrier giving
rise to the so-called weak-linked superconductors could account for
this phenomenon. Recently the argument has been reviewed by Rowell
and Feldmann(64),
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FIG. 17 - The dV/dI characteristic of a Pb-I-Pb junction at
4. 229K, showing the complex fine structure in SHS (after
ref. (63)).

VII. - PHOTON AND PHONON ASSISTED TUNNELING.

We will deal now with the interaction between tunneling currents
and electromagnetic waves or elastic waves. Experimentally such inte-
ractions take place in the first case by putting a tunneling junction inside
a resonant cavity while in the second case the junction is realized on an
oscillating quartz in which elastic waves are excited through coupling
‘with a resonant cavity.

a) Photon assisted tunneling. - It has been observed experimentally in
S1-1-89 junctions the existence of two series of peaks in thg I(V) curve
given by the following values of the applied voltage(€’5’ 66,67) .

ev. = A1+ Azi'n“fwu
(44)
eVo = Al - Azi- Tl‘hw

where 4> Az and W is the frequency of the microwave field. More-
over the intensity of these peaks decreases as n increases and increa-
ses along with the microwaves power. We can understand qualitatively
these phenomena considering the simple case of a S1-I-8S9 junction at
T = 09K (see fig. 18). As it has been already shown that in absence of
radiation I = 0 until V reaches the value A + A,. Supposing now we
turn on a radiation field of frequency W =W /27, An electron whose
energy is at the lower gap edge of the metal 1 can absorb a photon hw
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and make a tunnel transition to the upper gap edge of the metal 2 pro-
vided the energy conservation:

eV + hw = 'Al + sz

is satisfied.

Mets/ 1

| Meotsl 2
/ Superconducting )

(Suyperconducting)

\

=

INSULATING BARRIER

FIG. 18 - Schematic representation of a tunneling junction at
T = 00K showing an electron which, after absorption of a pho
non hw, can tunnel through the barrier also when eV<A, + A,

In other words the current will be zero until the voltage will
reach the value eV = A, +A,-*hw. Inthese conditions owing to the
high density of empty states at the upper-edge of the gap in the metal 2
a sudden rise in the current will occur. By increasing further the vol-
tage when eV = A, +89 the usual rise in the current will be noted
while for eV = "Al +»A~2 +hw another peak will be present correspond
ing to transitions in which an electron goes from the lower gap edge of
the metal 1 to the upper edge of the metal 2 by emitting a photon hw.
The possibility of observing the series of peaks given by the relation
eV = Al +A~2 t nhw arises from simultaneous absorption or emission
of n phonons. Of course these multi-photon processes depend on the
number of phonons, .i. d. on the microwave power. This accounts, al-
most qualitatively, of the dependence of the peak intensities on the mi-
crowave power. At finite temperatures there is qualitatively the same
behaviour; moreover if we remember the maximum in the current for
ev = Al - Az, we can understand.in an analogous waythe existence of the
series of peaks given by the relation eV = ﬂ!vl -Az thw,. Infigures
19 and 20 we reported,as an example, some experimental results rela
tive to the behaviour of Sn-I-Pb junctions in a microwave field at
36. 000 GHz(67),
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FIG. 19 - Current v. s. voltage plot for a Sn-I-Pb junction in a
microwave field (after ref. (67)). ’

FIG. 20 - Conductance v. 8. voltage plot for the same Junctlon
as in fig. 19 (after ref. (67)).

All these effects can be calculated in a rigorous way starting
from the hamiltonian formulation(86), The oscillating field is introdu-
ced as an extra term giving rise to an oscillating potential in the un-
perturbed superconducting hamiltonian. It results in a modified time
dependence for the electronic wave functions while the spatial depen-
dence is unaffected because it is assumed that the microwave field pe
netrates uniformly inside the films. Of course this is valid for very
thin films. Avoiding further details the term-which modifies the time
dependence can be written as follows:

400

Z.» B_ o inwt

n= -

and the resulting qua81 particle energy in both superoonducto»rs contams
terms such as:

Efhw ;'  Elz2hw ; .... ETarhw ;...
This means that an electron can make a transition from one energy le-
vel to another by absorbln;:r or emlttmg the right number of photons. We

then get that in the 1ntegral of the tunneling current 1t appears a mo=-
dulated density of states

f - .n=too -
2
(45) nl(E) 2 ' n (E +nhw) Jn(ei)
where &% = eVy/hw (Vpp is the maximum value of the microwave poten

tial in the modified hamiltonian H = Hy + eVpjcoswi), .n‘svis the usual
B. C.S. density of states and J,, is the n order of the Bessel function of
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the first kind. The resulting current has the following expression:

m, n=+00 00['
I"(V) = A zz 3 (oL) J (o() f(E +mhw -eV) -
m, n=-0 =0

(46)

- {(E +n’ﬁw)]n;(E +mhw -eV) nZ(E + nhw )dE

or, in a more compact form:

n, m=+0o 9
(47) V)= > 7%) 1[eV + (n- myhw |
n, m=-00

with 0
= A / [f(E-ev+(n-m)hw) - f(E;:l n;(E-eV-(n-m)YlN)nz(E).dE

The difference n-m = N corresponds to all the possible N photons proces
ses and the total current can be rewritten as a sum of partial terms:

(48) p - }1;_, I

with
(49) IN={O(~>&)J (X)) + z y J (oL)LJ (DL)+J (Mﬂ} I(eV+Nhw)

m=-0o

Eq. (48) and (49) are in good accordance with the experiments as long as
we are concerned with the location of the peaks and the dependence of va
rious terms on the microwave power; there exists however a discrepan-
cy between the theoretical and experimental values of o (&

~s
102 o theor

(EXD) :

b) Phonon assisted tunneling. - In a similar way we can treat the inte-
raction between phonons and a tunneling junction. The more detailed
results are relative to the case of long1tud1na1 honons with wave vec-
tor q perpendicular to the junction plame(ﬁ8 ) The theoretical
treatment makes use also in this case of an addltlonal term H' = veoswt
in the hamiltonian. The factor v, analogous to Vy; previously introduced,
has the following expression:

(50) v = 8, - cys,
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where ¢; and s; are, respectively, the deformation potentials "and
strains in the two metals. The term H' leads to a modulation of the
energy levels E+cscoswt (where ¢ = Z'EF/'S“I(i'n the free electron mo
del). The resulting expression for the current is then:

n=+oo 9
(51) mnv)y = > T (*) eV + nhw)
n=-0o |

with ol = (cy8; - cy89)/hiw . Usually, owing to the small power aval
lable, of €< 1 and from (51) we get as a reasonable approximation:

AL Y ( €181 ©25 \2 d21(v)
s Th 2

(52)

where AIS is the extra current with respect to the current in absence

of interaction. In fig. 21 are shown
JPS S ' some experimental results confirming
| A swEAR the validity of approximation (52). In
the same figure are-shown also the ex
tra current resulting from the interac
tion with transverse phonons. In this
case eq. (52) is no longer valid and
this may be due to the existence of a
magnetic field associated to the shear
ing waves which is not screened by
the Meissner effect(71).
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FIG. 21 - Typical bias dependence of
the current pulses, AIg, due to com-
pressional and shear sound waves, ob

tained with A1-Pb tunnel diodes. The
. first and second derivatives are also

shown (after ref. (69)).
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VIII. - DECAY OF QUASI PARTICLES IN A SUPERCONDUCTOR AS
RELATED TO THE TUNNEL EFFECT.

a) Decay and recombination of quasi-particles. - Two quasi-particles
in a superconductor can recombine to form a Cooper pair loosing their
excitation energ?r by means of various processes. However there are
several reasonsl70,73,74,75,76) o say that the most likely process is
the following (see fig. 22): 1) a quasi-particle of energy E relaxes to
the energy A emitting a phonon of energy E-A; 2) two quasi-particles
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of energy A recombine together giving rise to a Cooper pair and emit
ting a phonon of energy 2 A. : :

b) Injection of quasi-particles in a superconductor - If we consider a
S-I-S tunneling junction at T = 0°K the current is zerofor V< 24"

while for V> 24A there is a finite current from the metal 1 to the me-~
tal 2 with creation of quasi partlcles in the superconductor 2 (see fig. 23).

£ : . v
Meta/ / : | Mets/ 2
(3uperconducting) ) (su,oercan ducf/ng )

==

A -
L
(1) phonon of 'emrjy £-4 7] n ——_‘_A— T
A A i
| @ phonon of energy 24 ﬁ

FIG. 22 | . FIG. 23

NSULATYNG ladﬁk/:e
[ 3

FIG. 22 - Schematic reprevsentation of th_é relaxation and recom-
bination of two quasi-particles.
FIG. 23 - Quasi-particles 1n3ect10n ina superconductor

Such quasi-particles decay following the process sketched before with
emission of two phonons of energy E-A and 24 respectively. At
T # 0°K we will have quasi-particles injection also when V'« 24 but
their number is rather small. In these conditions a tunneling junction
acts as a phonon generator. Besides the theoretical importance the
interest of such a generator is in the fact that the emitted phonons are

in a frequency range (100-300 GHz) which is difficult to obtain by other
means.

c) Phonon detection. - To detect the phonons generated by a tunneling

junction we can use another S-I-S tunneling junction biased at V < 2 A

(see fig. 24). In these conditions the current is nearly zero but, if in
the first superconductor are genera-

tedw! 1 meterz  ted phonons of suitable frequency they
st (Soperconcuctig)  nan break Cooper pairs creating qua-
/ si-particles which can tunnel in the

second superconductor giving rise to
an excess current. On the basis of
these considerations a device has

,«ﬂ____;_jt,__l\;__
-\ .__~fA_________.

TINSULATING BARRIER

. FIG. 24 -,\,A;vtuhnelling‘ juncfion bia-
-sed -to detect phonons. .
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been realized by means of which it is possible to generate and detect
phonons(77). Both the "generator" and the "detector" are constituted
‘by Sn-SnOy~-Sn junctions evaporated on the two opposite sides of a sin
gle crystal sapphire rod. Pulses whose duration is in the range 0. 2-

-5 Mgec are applied to the generator at a repetition frequency of 10KHz.
Correspondly current pulses in the " detector" are observed with delays
due to the propagation of the phonons through the sapphire in the longi-
tudinal, fast transverse and slow transverse modes. It is interesting
to take into consideration the behaviour of the amplitude V, of the pul
ses in the detector as a function of the current I, in the "generator",
keeping fixed the bias Vy (< 2A) of the detector. The principal experi
mental results are: 1) the amplitude V) relative to the detected pho-
nons increases linearly as a function o% the current Iy of the generator
until the voltage V; is less than 44 ; 2) when V; =4A a sharp increa
se if a factor 2.5 in the slope occurs while the dependence of Vz' on I1

is still linear up to Vl = 8/ whereupon the dependence is no longer
linear.

This behaviour can be interpreted qualitatively in the following
way: 1) First of all the detector pulses correspond essentially to the
absorption of phonons of energy = 24 which give rise to the breaking
of Cooper pairs and the subsequent increase (pulse) of the tunneling
current for Vz < 24; 2) The contribution of the phonons of energy < 24
can be treated in the same way as the phonon assisted tunneling and is
negligible because of the low power available; 3) It is clear then, if the
energy of injected quasi particles give rise to two phonons of energy
E- A and 2O respectively, Vz' will increase linearly with I]L until
V; & 40 ; 4) When V; 2 44 the energies of the two phonon will be now
2A and = 24 respectively so that we can explain the change in the
slope at V, = 4 if the excess current is essentially due to breaking
of Cooper pairs (see fig. 25); 5) The deviations from linearity obser-
ved when V, > 6 & can be due
Meto! 1 Meto! ] 1
(Sqperconducting) (Superconducting ) to other relaxation processes

J like electron-electron interac-
tion and photon emission.

4 1. § On the other hand we re-
vena I3 member that the change in slope
I is not exactly a factor 2 but about
LY T 2. 5 and this suggest the possibili
§ f 4 ty of other relaxation mechanisms
, altough that previously described

‘ , is the predominant one.
FIG. 25 - A tunneling junction biased
to generate phonons of energy 2 A.

d) Quasi-particles relaxation and recombination times. - By using an
analogous technique it is possible to measure the relaxation time '
(mean life time for quasi-particlesat the energy E before theydecay to
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the energy A ) and the recombination time %" (mean life time for qua
si-particles at the energy A before they recombine to form a Cooper
pair). In this case the experimental device is made by two tunnel junc-
tions with a common metallic element(78), In practice experiments ha
ve been made with the pair of junctions Al-A.1203 —Al—A1203 -In (Al and
In both superconductors) realized by the usual technique of successive
evaporations and oxidations of the elements. To understand how it is
possible to get a measure of T ' let us consider the fig. 26. The Al-
A1,03-Al junction is biased at a voltage Vj > 24, ,. In these conditions

Al ﬂu,berco aucting) Al ﬂu,berconduc?‘fng) In O‘U,beroonducf:'ngj
/
- | g V
“““ Roa T8 g
’ g A Y
— l"' T N / _ ¥
A g
: — kg - SR [\ A 7 AT AT
3 3 a1
2 ) »
18 2

FIG. 26 - Schematic representation of the technique for measure 2'.

quasi-particles are injected in the central film of aluminum. If the thick
ness of this film is sufficiently small the injected quasi-particles can
propagate through the film without decay and make a tunnel transition
through the Al-AlyOg~In junction giving rise to an excess current at the
voltage Vy applied at the junction. We point out that choosing V, = A At
+ A -V, itresults Vg & Oy - bpy if V;> 2AL That is the current
through the Al-Al,0g3-In junction is very small and this facilitates the
observation of excess currents. It is intuitive that the excess current is
proportional in some way to the number of quasi-particles which propa-
gate through the central film of aluminum before to decay from E to &
i. e. it must be proportional to T'.

To measure " we use still the same device with the difference
that the first junction is biased at a voltage Vi = 24 5; while the second
is biased at a voltage A&, - Daj < Vp ¢« &y + AAl' The experimen-
tal situation is sketched in fig. 27. In this case the injected quasi-parti
cles are at the upper edge of the gap of the aluminum and the excess
current in the second junction is in some way proportional to T " (the
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FIG. 27 - Schematic representation of the technique for measure T,

value of V5 used in ref. (78) (~ 0.6 mV) corresponds to a stable point of
the I(V) curve of the Al-AlyO3-In junction and for this value the indium
density of states at the 1n;|e=cted quasi-particles energy is only 1.4 times
the normal state density of states). Without further details we will give
here the explicit expressions for %' and T":

T = TNE) = (V- By =

(53)

2 .
DLy (V,) e ~[“N(0)1A1 VoA

W €T1(oo)6‘2(oo) A12

where A1 (V2) is the measured increase of the current at the voltage
Vo [ N(0 Al is the aluminum normal density of states, W isa quan
tity proportional to the current Iy whose -expression is given by the
tunnel theory (see ref. (78) for further details), (o) and Gb‘z(oo) are
the normal state conductivities of the two junctions respectively, Al
and v are the surface and the volume of the aluminum central film com
mon with the first junction and A9 is the surface of the central film
common to both the junctions.

v 2 ‘
e ALy (Vy) 2e7v [“N(O)] N
1.4 € () (I, - Icl’) By
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where (I - Il) is the d1fference between the injection current I, in the
first Junctlon and the current Il due to the thermally excited quas1 par
ticles.  The experimental results show that %' is an exponential decre
asing function of (E-Apaj)/A ) and its value is about 0. 5x 1078 sec

for (E-8 p1)/&a1 ™~ 1. On the contrary T" is about 1076 sec at

0. 379K and decreases by increasing T until T reaches the value 1. 29K,
afterward. increasing slightly. The fact that ' is at least an order
of magnitude less than T " gives a good support to the proposed decay
scheme.

IX. - SOME APPLICATIONS OF THE SUPERCONDUCTING TUNNEL
EFFECT.

a) Oscillators, amplifiers, detection and mixing. - It is obvious the
analogy between the I(V) curves relative to a S;-I-Sy tunnel junctions
and those referring to an Esaki diode (tunnel diode). On this basis we
can think of making amplifiers and oscillators by means of such junc-
tions. Applications in this sense have made by a number of research-
ers. Miles et al. (79) have studied the experimental behaviour of an
Al1-A1903-8n junction. The circuit analysis is the same as that of a
Esaki diode taking into account the difference of the voltage values for
which the minimum and the maximum of current occur. The series in
ductance and the parallel capacity are usually larger than the corre-
sponding quantities for an Esaki diode, their values being of the order
of 5x10~8 h and 100 pF respectively. The series resistence instead is
quite zero. In this way a 72. 5 Mc/ sec oscillator has been realized
while, as an amplifier, a gain power of 23 db has been reached. On the
other hand there is not a large amount of experimental work in this
sense and probably some parameters of the superconducting diodes
must be optimized before making a significant comparison with the
Esaki diode. A real advantage is the strong reduction of the noise (at
least a factor 20) as the major contribution arises from the shot noise
and, with the same impedance level, the current in a superconducting
tunnel diode are about 400 times less than those in an Esaki diode (see
also ref. (80) for more details). Other electronic applications are the
strip transmission lines, distributed amplifiers and quarter-wave di-
stributed oscillators(8l). Also in this case the useful property is the
existence of a negatlve resistance region. The tunneling junctions is
still in the form of evaporated films but one of the dimensions is usu-

. ally much larger than the other. This involves some technical problem
because, increasing the junction area, it is difficult to control the thick
ness of oxide and the absence of short circuits through the barrier.
However Sn-SnOg~-Pb junctions have been realized, whose lenght was
about 95 mm, with propagation and distributed oscillations at 77 MHz.
The theoretical limit of the frequency is about 1 GHz(82),

It is also possible to employ tunneling junctions for the detection
of modulated signals (with detected powers of the order of 30 W)(83)
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and for the mixing of modulated signals. It is reported in the literature
the mixing of two microwave signals in the X bound obtaining a signal
at 30 MHz(84

b) Microwave and sub-millimeter wave radiation detection. - We have
already discussed the interaction between a tunnel junction and a micro
wave field. It is intuitive that it is possible to obtain a "photo current"

if a S-I-S junction interacts with a radiation field of frequency ¥ 2 24 /h.
Such a detector has been discussed in the literature(89), The limits of
the detectable wavelengths depend on 2 A and therefore on the super-
conducting metal and on temperature. For aluminum at 0°K this limit

is 3.9 mm, while for lead is 0.46 mm,. -

On the other hand the photon assisted tunneling has been used to
detect microwave radiation. In this case the minimum detectable fre-
quancy is given by the relation hww = 2A -eV but, owing to the strong
increase of the current when V = 2A , it is convenient to work at biases
less than 24 and this put a limit in the minimum frequency of about
10 GHz (x band). In the ref. (66) are reported measurements of radiation
at 36 GHz with detected power of the order of 2 AW,

Analogous considerations can be made in the case of the phonon
assisted tunneling.

¢) Low temperature thermometry. - An S5;-I-S, tunnel junction can be
used as a sensitive and low capacity thermometer. In this case when
V < 2A(T) the tunneling current depends on the number of excited qua
si-particles which in turn depends on T roughly like exp(-A/kT). The
current then will depend roughly exponentially on T. The exact expres
sion of the current is a rather complicated function and must be eva-
luated numerically. Temperature measurements performed by an
Al-A1503-Al junction are reported in ref. (7). There is a good accor-
dance with the data taken by a carboresistor in the range 0. 8-0. 3 °K.
The range of temperatures is which such a thermometer can be useful
is from 0.9 T¢ to 0.2 T, where T is the critical temperature of the
superconductor,
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