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 PURPOSE -

The transverse coherent instabilities for bunched beam observed in ADONE(1),
the Italian 1.5 GeV electron-positron storage ring, seem to be due to the presence of the
clerairg field electrodes placed inside the vacuum chamber, The unstable frequency is ve
ry close to the frequency of the betatron oscillations:

Since it has been shown experimentally that there is no interaction between bunches,
one expects that the ingtability is due to a coupling of the two fundamental oscillation mo-
des of a particle: the phase synchrotron oscillation and the transverse betatron oscillation.
The coupling between these two modes of oscillation could be determined by the wake fields
produced by all the particles in the bunch,

The instability observed in ADONE can be explained by the following "head-tail ef
fect' model(2), The wake field produced by a particle, generally, decreases with increa-
sing distance from the particle, and depends on the electric properties of the surrounding
media (in our case, the vacuum chamber wall with the conductive plates insertion). The
field has a discontinuous behaviour, In fact it acts only on the particles following the sour
ce. Thus, each particle can be considered at the same time as object and subject of the to
tal field inside the bunch. The field is produced by the transverse betatron oscillation, but
the amount of field seen by a particle depends on its position within the bunch, This posi-
tion changes according to the phase oscillation of the particle, The field seen by a parti-
cle is zero for a particle at the "head" of the bunch, and reaches a maximum for a parti-
cle at the "tail" of the bunch,

On the other hand, one particle produces identical fields when it is at the "head"
and when it is at the "tail" of the bunch; but in the former case the field is seen by all par
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ticles of the bunch while in the latter case it has no effect,

Purpose of this paper is to find the expression for the wake field of a particle in
the presence of conductive plates. Qur results have already been used in a coupled beta-
tron-synchrotron dynamics investigation to explain the instability in ADONE(2),

We will use cylindrical geometry, and we will consider only the case of conducti-
ve plates terminated at both ends by resistive terminations.
METHOD -

Our method is based on the Fourier expansion of the expression for the electric di
pole to be associated to the oscillating particle. The Fourier transformation produces a
sort of coasting beam, of radius a = 0, executing dipole mode transverse oscillations.

In a previous paper(s) we have written down the fields produced by the transformed
electric dipole in presence of conductive plates terminated at both ends. The anti-transfo
rmation operation applied to these fields will give us the wake field produced by the single
oscillating particle,

Performing the anti-transformation we will distinguish two cases that correspond
to two different physical situations and that require different mathematical approaches.
The two cases are

i) Plates terminated at least at one end by the characteristic impedance.
ii) Plates not terminated by the characteristic impedance at either end.

Since the synchrotron oscillation frequency is in general much smaller than the be
tatron oscillation frequency, we shall in the following assume the relative phase of a par
ticle with respect to the synchrohous one to be a constant.

1, - INTRODUCTION -

We consider a charged particle traveling inside a circular accelerator vacuum cham
ber. Assuming the radius R of the closed orbit to be much larger than the radius b of the
vacuum chamber we can treat the particle as traveling along a straight cylindrical pipe of
radius b, Let z be the axis of the pipe, and y.one of the two transverse directions,

The motion eqﬁations of the particle can be written as

(1. 1a) z=vt+ G
(1. 1b) y = Feivt,
where v is the velocity of the bunch that contains the particle in consideration, and € is

the linear phase with respect to the "synchronous particle'. The phase & oscillates in ti
me with frequency S2/2w,

In the r. h. side of eq.(1.1b), ¥ is the transverse oscillation amplitude, to be taken
in the following analysis as a constant, and V/2w is very close to the betatron oscillation
frequency, Generally, one has

n << v,

so that, since y >> & , & will be taken in the following simply as a corstant.

We associate to our particle the following electric dipole per unit length
p=e¥ eVt (z-vt-6),

A double Fourier expansion-of p{z, t) gives

p =//'i5(k,w e k2= 0y g



with

Plk,w) =

ﬂ l(kz—wt)dzdt'
(21r)

e‘;elko'
- 2w

(1.2) ,
S(\)+kv W),

We consider the element of transformed electric. dipole
pk, w )dkdw =Pk, w)e K2~ Wt grqu

It produces an element of force per unit charge f(k, w)dkdw in the vicinity of the
closed orbit (r = 0), This force is obtained by solving the Maxwell equations and satisfying
the usual boundary conditions taking the electric properties of the surrounding media in-
to account,

In the case where the amplitude displacement ¥ is small compared to the vacuum
chamber radius b, we can write

(1.3) flk, w )dkdw = g(z,k, w)vp(k,w)dkdw .

The form factor g(z,k,W ) depends only on the electric properties of the surrounding
media and not on the particle motion. In the case where there is a periodic electric struc
ture along the vacuum chamber wall, the function g(z, k,w) is periodic in z and has the sa
me periodicity of the structure,

_The total force produced by the particle is obtained by anti-transforming f(k,w ),

ey . F () = [ g kw0 Bimw)e = Dacaw,

Substituting eq. (1.2) in eq. (1.4), we have

juwt _—
(1. 5) F(z,t) = &%_/g(z’k, b+ vy o (V- E)

In our analysis we find it more convenient to replace the fungtion g(z, k,w ) with its
average value, g(k,&), over one vacuum chamber wall-equipment structure periodicity.
That is equivalent to taking the mean value of the force F(z,t) over one period of the par-
ticle revolution motion,

2. - THE g-FORM FACTOR FOR THE CASE OF CONDUCTIVE TERMINATED PLATES -
The force components fx(k w), T ylk, @) and f (k,®) produced by the transformed

dlpole Plk, W) in the presence of conductlve termlnated plates, and in the v1c1n1ty of the
vacuum chamber axis. (# = 0), are obtained from eqs. (5.4) and (5. 5) of ref. (3). We have

(2. 1a) T 2.0 —i%Z 5 20 ]
W g V] 2
~ 1%z AU
(2. 1b) £ (k) = ﬁ‘Z(V -/ Ap)e —=
y 5 ay
, _ b))
(2. 2) 'Fz(k,.W) -4 {Z[(% TRV, - % Ah]’[ e ® D;;Up]
h ‘



with

p
(2.3) Up = (%) ,(ép'COSp\P + @p-sinp‘f) ),

where § and ® _ are two coefficients described in section 4 of ref. (3), and depending
on the angular position of the plate with respect to the dipole oscillation axis (x=0).

V. and A, are two potentials given by egqs. (4.5) of ref. (3), both divided by the
quantity & that, in our case, takes the form

Blk,w) b, A -/
(2. 4) A - A ¥

'n'b2 c 1- /%wz

where
by = b/cosy dy,
and the integral extends over the transverse size of the plate.

Besides it is

- ¢, light velocity

- =v]c

- /53 = w/ke

- C, capacitance per unit length of each plate.

Isolating the transformed dipole Pk, W) at the r. h. side of egs.(2.1) and (2. 2) we
get the form factor g(z,k,® ) taking different expressions for the three space directions.

To replace g(z, k, W) with its average value g(k,w) over one periodicity of the elec
tric boundary structure (that we assume to correspond to one revolution of the particle)
is equivalent to taking into consideration only the term with h = 0 at the r. h. side of
egs. (2.1) and (2 2)

Thus we have

o , QU
¥ i) - ‘ﬂ‘vo'”pAo’; —

3 x

~ , °U

- W)= - -

fy(k, y=-A WV /SpAo) Zp -*E—é ;
,fz-(k,w) =vikﬁ(vo—/.’:on) ip, Up,

We observe that the generic component ’fvi(k, W) depends on the transverse coordi-
nates r and ¥ (or x and y) through the potential functions U (p = 0,1,2, ... ). We also see
that the variables k and @ do not enter the expression for , therefore when we perform
the anti-transformation of fi(k’ W) the dependence onthe transverse coordinates can be sim
ply taken as a constant factor.

Performing same simple transformations we obtain, using the same notation as in
ref. (3),

(2. 4a) T aew) = BP0 w) B, w)
(2. 4b) T ow) = BpT% 0ow) Biew)

(2. 5) ?z(k,w) - i/:}zpl‘mg G, m) Bk, w),



where
ML b, /C QU
B, - - o 15 ), =)
x 2mR 2. 3
b . p X
: ML b;/C « QU
B = () —2)
y 2nR 2
: oo P °y
and
e It U DRA
z | 2mR 2
nb
Ptrans is given by eq. (6. 6) of ref. (3), and Plong by eq. (6. 8) of the same reference but

replacing /5 with A

In the following we will limit ourselves to investigate only the two transverse com
ponents of the wake field produced by the oscillating particle, Since:the r. h, side of both

egs. (2.4a)and (2.4b) are similar, apart from the factors % and #_ that will never

enter our subsequent analysis, we write for one of the two transverse components

(2. 6) fc,w) = BP0 ) Bk, w)

In what follows the“indices x and ‘y‘f:’ovr the two-components will be dropped.

From eq. (1.3) one easily obtains

(2.7) gk, w) = ﬂPtra“S_(k,w>,

and from eq. (1.5)

(2. 8) : Fz,t) = %d,fﬁp (k, ¥ + kv) o lklz-vt-€)
where
iwt
-t
(2.9) .
dﬂ = —_e—_x_ ﬁ 3
fo) wl
and P(,k) = P72 (w, k). ‘
Introducing
W e
P=se and 0=7
We write
, i9X.
(2. 10) FX.t) =4 P(0, M + /5b0)e de
with '



and X =2(z'-2) /1 the reduced distance between the point of coordinate z where we want
to know the fields and the field source having coordinate z' = vt + 6 .

3. - ANTI-TRANSFORMATION TO OBTAIN THE EXFPRESSION FOR THE WAKE FIELD -
The integral at the r h. side of eq. (2. 10) can be solved taking 0 as a complex quan
tity and using the residues method.

Making use of egs. (6. 6) and (3.5) of ref. (3) we can decompose the integral at the
r. h. side of eq. (2.10) into nine integrals.

We have
—M= i -
2 2i Fo(x,t) =
A-p. T -p_ 208
= (1- /5)(11.)/ p 2w v2 ‘W e ‘ e;oxdg+
1-p2  1-A 04

A B, Ty -210
- (l-ﬂp)(l—rl)/ P ;V 2 Pw e RLLPTIN
1- /4 -4, 04

N
+ .
w ‘1 /A w e210 ie X

+(1- ﬁ Y1+r )/ /32 Lp 2 e doe +
A,

~N
H - T+ 2i0 ine
-(1-/5)(1+r2)/ E— 1 "w e 197 4o +
P 1-p 1-p 04

~ 2i0
By, Tyt e ;
- (1+ﬂp)(1-r2)/ P zw 1 X elgx do +
1- ﬂw 1+ /$W 04
(3.1)
~ -2ig
L S S P e .
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We have used the following notation, derived from that used in ref. (3),



ﬂw = W [ke;

r,, I, are the two termination impedances at the ends. of each conductive
plate.. These impedances are normalized to the characteristic im-
pedance {see Ref. (3));

14
';_ =’I‘./?’ ____V‘ﬁﬂ ; i = 1’ 2,
i i"w /ﬁw—ﬂp

and

(3.2) A =2 [(r1+r2)cos2¢ +i(1+ rlrz) sinZyZ]

Since & has the dimension of a force per unit charge, F ( A, 1) is an a-dimensio
nal guantity.

We have derived the expression (3. 1) for FO(X, t) assuming that the termination im
pedances ry and ry are constant, i.e. we are here referring only to the case of resistive
terminations,

The integration path of the integrals at the r h. side of eq. (3. 1) must be chosen in
the complex 8-plane in such way as to contain the real axis and to be short-circuited at in
finity on the upper or on the lower half-plane,

The integrands will then vanish identically at infinity. We see that we must choose
different integration paths for the nine integrals at the r. h, side of eq: (3.1). At this end
we observe that the quantity A, eq. (3.2), can also be written as follows

(3.3) A= _rg [(1+W) 2, (1w e-21¢]

with

= +
rs I‘1 rz

T rlrz/(r1 +r,)
W = T +1/rg.

We distinguish two cases,

i) W = 1, This case corresponds to a plate matched to its characteristic impedance at least
at one of the two ends (ri = 1). The quantity A, taken as a function of 0, has no
zero; then the only singularities in the integrands at the r. h. side of eq. (3.1) a
re given by the quantities (1-/3) and (1+ /«’»W) in the denominator,

i)W # 1. The plate is not terminated by its characteristic impedance; hence, the quanti-
ty A , as we will show in the following, has an infinite number of zeros. In this
case, we have to take into account two kinds of singularities in the integrands of
eq. (3.1): the zeros of the function A , and the zeros of the quantities (1- /3W)
and (1 + /3 w)-

Thé singularities mentioned in the two above cases are all poles of the first or, at
most of thé second order. Poles of the second order are given by quantities such as (1 +
+ /5W)2, while poles given by the function 4 are of the first order.

Each of the above mentioned poles corresponds to a physical resonance of the siruc
ture formed by the conductive plate with its terminations and the vacuum chamber wall,
The poles given by quantities such as (1 + /5 w) or (1 - e w) produce the resonances for
which

k=+ We,



i. e. the wave length 27 /k of the transformed electric dipole is equal to the wavelength
2wc /W of the signal induced on the plate. That occurs for those Fourier components of
the electric dipole, associated to the oscillating particle, that travel at the velocity of
light (] /bwl = 1), although the velocity of the particle is less than the velocity of light.

The poles given by the zeros of the quantity A are to be related to the electrical
resonances of the equivalent circuit formed by the termination impedances and the impe-
dance of the transmission line structure formed by the plate and the vacuum chamber wall.

Furthermore, we observe that the quantity 8 which appears at the denominator of
each of the integrands at the r. h. side of eq, (3. 1) is not a pole; im fact it can been shown
that the function P(e, 7 + ﬁpg) takes on a finite value for 0 = 0,

4, - CASE OF CONDUCTIVE PLATES TERMINATED BY THE CHARACTERISTIC IMPE-
‘DANCE. -

For matched conductive plates, we have
W =1,
The function 4 has no zeros; in fact from (3. 3), it is

(4.1) A=-_> ry eZi¢.

One has W = 1 when:

i) ry=rg= 1, i. e, the plate is matched at both ends, and when
if)ry =1, ry #1, or
iii) ry $1, ry =1, i e. the plate is matched at only one end.
As mentioned in the preceding section, only poles given by the quantities such as
{1 - /bw) or (1 + /Aw) contribute to the integrals of eq. (3. 1).

The scaled force Fo(%, t) assumes different values in the following intervals of

interval n, 1, X < 200-p4 13)
intervaln. 2, -2(1-8, < A < o0
interval n, 3, 0 < X < 4/51:,
intervaln, 4, 4fy < X < 20+ )
intervaln, 5, 21 + p < p
One .can easily verify that
1- /5
P(e, @) = —*—22 for /5, =1
and
1+/4
P, §) = —F for A =1,

thus it is easily seen that Fo(‘x, t) is zero in the intervals n. 1 and 5 of X .

Since the intervals n. 2 and 4 have lengths equal to 2(1-£>]p), generally a very small
quantity since /5 is very close to one, we do not calculate Fo(x,t) in these intervals, The
length of the thirc? interval practically corresponds to twice of plate length {since ﬂp"’ 1).

It can be shown(*) that P(e, #) is an invariant under exchange of the order of the ter
mination impedances. Thus we can simply consider the case (ii) with rq = 1; besides, we

(x) - See eq. (8.2) of ref.(3) which gives a more exotic expression for P (8, ¢).



will have
rg = 1+ ro,

allowing ry to take also values other than 1,

Using the fact that FO(X, t), i. e, the sum of all integrals at the r. h. side of eq. (3.1),
is zero for very large 1Z], and that the first two integrals are zero because they are mul
tiplied by (1-rq), we have

2
-4 1-r . /5 ie(X-44)
iFo - P 2k2 e—41’7 w2 e p 40 +
2 - 1- /Bw 0
-2 (r +A )-A (1+r, .
(1) 2 j[& 2l fw 22p) o[t -20+4,)] de.
: o (A -4 )

1+r2

The circuitation of the integrals at the r. h. side must be taken along the semi-cir
cle at infinity in the lower 8 half-plane,

Using
A2 AL

w 0

and the residues method, we obtain

im(X/1: 1-2(1+73 )
Po(X,1) = -ne T F/1) [/5 +im “"ﬂ-"/z‘“&] .
(4.2) ’ P
' 1-r 1- . .
ot ey 1V (/1A (g 4T/ 1+f))
l-l-r2 4

(for 0 < X < 4/‘5p).

The expression (4. 2) for the scaled force FO(X, t) contains two terms. The first
term does not depend on rg, while the second does depend on rg through the factor

1-r2

*
1 r2
Assuming ry = 0 we see that (l-rz)/(1+r2) varies from -1 (rg = oo) to + 1(rg=0).
Besides the second term vanishes for ro = 1, i. e, when the second of the plate is also ter
minated by its characteristic impedance; thus for ry =ry5 = 1 we simply have

s, L XA
(4. 3) Fo(x,t) = e 17(%/ +/£P) l.ﬂ)p+1'7 ——1—;%‘;‘2‘“ .

We observe that,. in-general, 7 is a small quantity, and the first term- in the squa
red brackets at the r. h. side of eq. (4.3) gives therefore the foremost contribution to
Fo(x,t) as long as /b >> 2/ is verified. Furthermore, even in the case rg # 1, the
second term at the r . h. side of eq. (4:2)is, infirst approximation, an imaginary quan-
tity(because ® is small) governed by the factor 7 (1-/5.). Thue in all cases where W = 1
and the imaginary part can be neglected with respect to-the real one, we can write in good
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approximation,

F (X, )~ - /o for 0 « X4,

{4.4) = 0 , elsewherc.

5 - CASE OF CONDUCTIVE PLATES NOT TERMINATED BY THE CHARACTERISTIC IM
PEDANCE -

If one has W # 1, the expression (3. 3) for & must be used. In this case A has an
infinite number of zeros so that, to apply the residues method to the integration of the r. h.
side of eq. (3.1),one must take into account not only the singularities given by quantities
such as (1 + A w) and (1-/5“,) but also the poles given by the zeros of the function 4.

i) Contribution of the (1—:/5\3) poles.

We see that all integrals at the r. h, side of the equation (3. 1) except the last one,
are multiplied by the following factor

i0(% - k)
(5.1) - —< . -
Q2iM (1+W)e21ﬂpg+(1-W)e—ZI/nge—zw
where o takes one of the following values
-2, =2/5, 2 . and 2.
/5p /zp

For X =< 0 itis convenient to take as integrationpdthof the integral at the r. h, si
de of eq. (2.10) the boundary of the lower 9 half-plane. In fact, when the imaginary part of
0 is very large, the quantity (5. 1) goes simply as

(5. 2) ~ 10X~ X -2/p)

On the other hand, for X > 0 it is convenient to take the integration path in the up-
per O half-plane, In this case, the quantity (5. 1) approaches the expression

(5. 3) n 18X - H2/5p)

as the irhaginary part of 0 becomes very large,

It is soon verified that for | X1 > 2(1-/Ap) the nine integrals at the r.h. side of
eq. (3.1) must all keep the same sign, and that the corresponding quantities to be integra
ted are all reduced to zero for |8} —> . Thus, since the sum of the integrals for
1%] — o is zero, we have that the contribution of the (1-/3) and (1+/3,) poles only e-
xists in the interval |X| < 2(1-/ p) and is identically zero for %1 > 2(1-/3p).

Since /2 ,~ 1, we shall leave out the calculation of the scaled force Fy(X,t) in the
interval (A1 < 2(14%p), and we shall assume that the substantial contribution to F (% ,1)
is simply given by the poles due to the zeros of the function 4 .

ii) Contribution of the poles due to the zeros of 4 .

We must again distinguish the two cases: | X} < 2(1-/5p) and |%) > 2(1- Ap). In
the first case the residues method requests the use of different integration paths for the
nine integrals at the r.h. side of eq. (3. 1) according to the behaviour of the quantity (5. 1).
We decide to leave out of the subsequent analysis also the contribution of the poles due to
the zeros. of A to the force Fo(%,t) inthe range 1%l < 2(1-A p), and we limit ourselves
to giving the expression for Fo(%,t) for | X[ > 2(1-Ap). :
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In this range of ‘X, the integration path of the nine integrals of eq. (3.1) must fol
low the same semi-circle iat‘infinity in the 8-complex plane.

For X:<0: one-must take . Im(@) —» - o0, and
for X:»-0 onemust take Im(8) —= + oo

We re-write-d as.

(5.4) & = obsin 2 (g-i ¢*)
with
(5.5) o o= naer])

and §* given by
(5. 6) tah 20 = 1/W

From the last equation we obtain

1 1+W
(5. 7a) g% = Flog 3 TW
or
(I+r_Y(1+r,)
(5. Tb) ' g = %'logv 1~ 2
‘ (rli+1)(1—r2)
Writing
(1+r_ )(1+4r.)
(_1)pD :-#_
(ri-l)(l‘—rZB
with:
(T4r )(1+r )
(5. 8) D= 12
(rl-l)(l-rz)
and

, , (Lr, )d+r, ) ).
(-1)P = sign {___1._2__ ; (pisoOorl),

(r;-1)(1 -r,)

we see that ¢* takes on aninfinite number of values the s-th of which is
(5.9) ¢S:=

It*is easy to verify that since ry and ry are two real positive numbers,. the real
part of ¢ "

Sy = L
R () = 3 10gD
is also a positive.quantity,  Then; since:the poles-in‘the@.- plane are placed. at the points
of complex coordinate-

log D

(5. 10a) 9 =—io [ﬂ (s+ By _ }+ i
s, 20 7 o
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(S =V___"'_3’ '2: '1: 0’ V]‘i 2’ 3: "")"

and are thus all in the upper half-plane, it follows that the scaled force F (X, t) is iden
tically zero for X < —2(1-/$p), and we have therefore only to consider the case X >2(1—/3p).

Defining

= _ logD
(5. 10b) 0 4/')’p

and by the residues method we obtain, for X > 2(1-/$p),

(5.11) FO( X, t) =xi e-i(q/ﬁp)x. ei(‘“'p/‘}/')"p)z . e-,-Qx . g (x ),
where
(5. 12) ety = 7. tt0g)e 7/ 25Xl p)
S
with
Pa)
(5.13) f(og) = P(og. M +/5pgs) ) o(.ﬂsp s

a periodic function in X with period 4/%.. This function will be investigated in more detail
in the following. We here want to stress that, as one can see from eq. (5.11), Fo(x, t)
has a general oscillatory behaviour with amplitude decreasing with X in the manner shown
by the factor

e—GX
appearing in the r. h, side of eq. (5.11),

We could define 0 as the "inverse scaled damping distance' at which the field is re
duced by a factor 1/e due to the dissipation at the resistive termination impedances of the
current induced on the plate.

6. ~ APPLICATIONS -

We now wish to apply the result of the preceding section to some particular cases,

i) Floating plate,

We easily get from eq. (5. 10b)
9=0.
It can also be shown that g(Qs)/o( is limited for any s,

We have no dé.mping of the wake field produced by a particle in presence of -a floa
ting plate,

ii) Shorted plate.

we still have @ = 0, and g(8g)/cX limited for any s.
Also in this case there is no damyping of the wgke field.
iii) Plate open at one end.

Taking one of the two termination impedances tobevery large, and letting r be the
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other impedance, one has

- 1 1+r
9 4/5p log 17
iv) Plate with equal termination impedances..
Ifry =ry =r, then '
- 1 1+
9= log |—= '
2 l1-1r
/SP
v) Plate with small termination impedances,
We assume
r1 << 1 and rg << 1
then it is
+
5.1 "2
T

vi) Plate terminated by-its characteristic impedance.

One can try to apply the expression (5. 11) for F,(X, t) to the case where r1, or ry,
or both, are equal to one (W = 1), We see from egs. (5. 8) and (5. 10a) that as W approaches

f"l',“the“imaginary part.of 64, @, increases until it becomes infinite at. W. = 1, Thus it seems
that for this case the wake field is damped as soon as it is produced. Actually.. . {eq.(5.5))
is zero; so that, one must calculate the limit of g(OS)/dl for W—>1 and any s..

Careful computation gave agam the result of eq. (4.2), obtained in section*4.

v11) Plate with small detuning,

We take ry = 1 +xy, rg =1 + x9 with xq and xp very small quantities with reépect
to 1.

We obtain

- 1 2

g =— log l;xl xz‘

4 /bp
For a detuning of 1%, i.e x; =x, = 10-2 we have that the "damping distance"
of the wake field corresponds to about 20% of the plate length,

Decreasing the deturning the "damping distance' is further reduced.

7. - INSPECTION OF THE FUNCTION () -

The function 9’1(/’%) has been defined in section 5 by eqs. (5. 12) and (5:13)}. The
coefficient f(Gs) can be written in the following form

- o1 -
P S W

) o210
s’ 210 A 1 - 52 1 /5

(e, -1)(e 210

5) +

: cn 1+ . )
(14 I‘2(‘32195 . e21/5w95)1 _ WLR— [(1—r2v.)(e21gs e-zx/ﬁwgs)*

-1+ rlv(eZi/b""gs '219 )]} +
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Py AL, [ 1A,
20 /3 1 - /5:: ll_/z,,

[r2(1-r])(e‘2ww°s ) e-2i0s) N

w

(7.1) ")

. r1(1+r2)(62105 _ e21/5WOS)] _"p [rl(l-rz)(ezws ) e~21ﬂ»w(~)s) .

w
+ rz(l + rl)(eZiﬁ’Wgs - e_Zigs)]-} )

0, is given by eq. (5.10a), and A by

(7. 2) A, = —E=

We try now to give an analytic expression for the function f}‘(l ). For this purpose
we make the following assumptions and remarks.

a) We assume % = V1/2c¢ to be a very small quantity with respect to one. This is
verified,to.our knowledge,for all existing accelerating and storage rings. Then, whenever

.possible, we will drop all the small quantities in 4 or in powers of 7 .

b) As I s] increases and ® and 0 can be neglected 04 approaches the value n/2(s /A p).

“In‘this‘connection we observe that § takes the highest values for matched or nearly mat-

ched plates, but 0.is less than 4 also for detuninig  of the order of 0, 1% of:the characte-
ristic impedance,

c) We assume that /_ is close enough to one that it is possible to make use the
following approximated relations

l——=1+,x with X << 1
P

and

d) From eqgs. (7.1) and (7. 2) and using
™
r . >
ﬁpgs ~g s for Isi 1
we obtain that f(Qs) decreases as 0;1 so that the convergence of the series at the r.h. si-

de of eq. (5.12) can be insured.

e) We remark that the P(0, @#) - factor in the integral at the r. h. side of eq. (2.10)
has been derived in ref, (3) for 0 small enough-to satisfy the relation

(7. 3) 20 2 |/1-/52 <1
e w

For higher values of 8 one should multiply the P(8, §) - function by an extra form
factor that is approximately one whenever eq. (7.3) holds, and decreases exponentially as
0 increases further, This extra form factor can be espressed as a combination of modi-
fied first order Bessel functions (see, for instance, ref, (4)).
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Therefore the exact expression for f(0g) should not decrease as 0;1 as one can de
rive from eq. (5.12), but exponentially. ‘

From the above assumptions and remarks we can derive a useful expansion for
exp(2i0), that is

2 2
. g-27my §-2my
(7. 4) Q2O A, P 2 s 12 + 0(¢)
p 'p P

0(¢) is a small function when @ is small with respect to v2, and we will omit it in our cal
culation also when §§ is very large. In fact in this case w& must remember that, as men
tioned in points (d) and (e), its contribution to the series defining the function B (X)of ¢
can be neglected.

Inserting eq. (7. 4) for e210 in eq. (7.1), we can write f(64) as the sum, of three
terms corresponding to the three terms at the r. h. side of eq. (7.4). That is

(7.5) f(os) = fo(os) +1,(0 ) + fz(OS).

Iniroducing
=70 A0,
and
- T 2T
2¢°—2p+21/5p0,
it results
e s Y177 s
7 ) = (_ — o} .
‘( . 6) fo(gs) (-1) /5p X sng{o , o
(¢s T+ /5p)

This quantity is-identically zero for either floating or shorted plates, and it gives
the most substantial contribution to f(Os) for the intermediate cases. The contribution for
floating and shorted plates cases must therefore be looked for in the terms f1(0g) and
£9(8).

2V’

We have

AP, \1-A . .
£.(0) = f/bw b~ P [(r1 ~1e s +r2)e21¢sl +
210 o /5p 1-p, |1 -, :

2
1+ . . | p -2my
- P [(I-r )e2‘¢s (1 +r )9'21¢sl i__s_.__._..’.?__P +

2 1 2
1 +/ *
(7.7) y Ay
A 1-4. 4 1-54 . .
- w Wz P P '[1'2(1-1r-1)e'21¢s + r1(1 + r2)621¢s +
210 & Ap 1-/5W 1 -/5W
' 2
1+ . . g -2y
Ey - [rl(l-rz)ezlyjs + r2(1+r1)e-21¢S i __s___2_7_g__ =
w ﬂp7p
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= flsh(gs) + flﬂ(gs).

It is easily verified that the first term at the r . h. side of eq. (7.7) contributes sub
stantially to the shorted plate case and can be neglectud for the floating plate one, This
term has been indicated by flsh(gs{)' The second term, indicated by flﬂ(gs), contributes
to the floating plate case and it can be omitted in the shorted plate one. Thus taking exac-~
tly ry=ry = 0 in the former term and rq] =ry = @ in the latter one, and recalling that,
gince in both cases p = 1, it follows

sin2@ = (-1)%,

we obtain
‘ 0)/&2 0

. - p S
(7.8) £145(08) = (-1)° —5

(#s "‘1"’1‘77;'")2

p

and

p

~ s _’2_ s
(7.9) f15(0s) = 1D 5 PRI
(s~ “i*;—/g; )

We observe that flsh(os) and fy l(OS) are equal apart from the factor /52 appearing
only at the r.h., side of eq. (7. 7). Tha’cf is nothing but a consequence of the resuft,obtained
and discussed in ref, (3) for the wake field produced by a coasting beam perturbation in the
presence of conductive plates. '

We also observe that the above quantities are small, being multiplied by the small
quantity 7., When we move away from the floating or shorted plate cases to some inter-
mediate ones, we still obtain for f1(8g) a quantity multiplied by % or v-land therefore ve-
ry much smaller than f,(0g) given by eq. (7.86). P

Exact computation of the term f9(0g), i.e. the third one at the r, h. side of eq. (7.5),
‘would yield small quantities in % 2 or 42 for any couple-of values ri, rg. We therefore
decide to neglect it.and consideri‘ls “ardd f10, as given by eqgs. (7. 8).and (7.9), as a good
approximation for f(0g) in the cases of shorted and floating plates respectively. Besides,
fo(0g), given by eq. (7. 6) will represent f(Bg) well enough for all intermediate cases, ex
cept the matched plate one,

For all cases we can write

. s+(>‘1

Hog) = Kir,, 1,) 2 (-1)° oy
[0}

2

where, from eqgs. (7.'6), (7. 8) and (7. 9), K{ry, ry) is, respectively,

rl + 1"2
K(rq, rz) = /-)>p —X sin2¢0

K(r,, r,) = "]/512)/2,

K(rl, r‘z) = M/2,

and



17,

=Pi2;n %
(7.10a) Fl 2+"1/!>p9

- 27 /w ~
(7. 10b) €0 14/ 6‘1.

p

Introducing

- 2n I
(7.100) Yy = T (x + 2 ):

with T = 4/bp the period of the-function 9»(26 }, we have

FX) = 2,10, 2/ TIs X
S

= K(ry, ry) - Gly).
The function

2 g 1 is
-2 5,250 oy
8 (s~ G'o)

is periodic iny with period 2w. In the n-th period ranging in the interval
ne&<y< 2wn n=0,1, 2, . ...

it is

(7.11) Gly) = [al(y-ZWn) +ta,] ¢! Soly-2m)

The coefficients aj and a9 are given by

6,+46
(7, 123.) a e
1 e21716‘0__1
and
S +4€" )
(7. 12b) 8y = e - """ 60
i(e“™¥o_1) (e“™%o.1)

Thus, denoting by y, and. % the functions y(X,) and g( X) in the n-th period, we
finally have '

(7.13) ’.;n =K(r,,r) [al(y..n-znn) + az] o1 €olyn-2m)

8. - CONCLUSIONS -

In this paper we have derived the expressions for the wake field of an oscillating
particle in the presence of conductive plates terminated at both ends by resistive termi-
nations. We have distinguished two cases: plates matched by their characteristic impedan
ce and plates terminated otherwise; and we have seen that this distinction corresponds to
distinguishing between the two possible ways of resonating of the conductive plate structu
re when excited by a wave current,
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Our results are in perfect agreement with our knowledge of the theory of transmis
sion lines of limited length and terminated at both ends. The current travelling along the
transmission line axis, is partially absorbed by the termination impedance and partially
reflected back every time it reaches an end. The amount of current absorbed depends on
the termination impedance, and the remaining current travels back until it reaches the
second termination where another fraction is again absorbed. After several reflections at
the terminations the current is reduced exponentially, We have seen that in our problem
the damping of the signal induced on the plate, and, hence, of the particle wake field, is
measured by the parameter 8. We have also shown that the wake field has an oscillating
behaviour with period equal to 24, times the length of the plate, The factor ﬂ)p appears
because of the difference between the particle velocity v and the velocity ¢ of the signal
induced on the plate. The periodicity corresponds to two complete reflections of the si-
gnal at the transmission line ends.

Our results can be summarized as follows.

a) The wake field produced in the presence of matched plates is "short ranged'' in
the sense that it acts only on the subsequent particles up to a distance of 2 £, times the
plate length. This is easily explained by the total absorption of the plate sur?ace current
after two complete reflections.

b) Floating or shorted plates. Inthese cases the current flowing on the plate surfa
ce is completely reflected at each end. The wake field produced by an oscillating particle
(always backwatrded with respect to the particle motion) is thus "long ranged' in the sen-
se that its action extends up to infinity.

c) All other cases of terminated plates behave in a way intermediate between ca-
ses a) and b). _
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