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Summary. It is shown that a bunched electron or positron beam of
a storage ring can become unstable because of an effect not previously
considered ; the instability is due to the regenerative effect introduced by
synchrotron oscillations, which enhances the action on the beam of rapidly
decaying electromagnetic signals excited by the beam itself on its sur-
rounding media. The results obtained show that the effect can produce
instabilities for small beam currents (in the milliampere range), and that
it can be influenced and reduced by properly choosing some parameters
of the storage ring.

1. — The instabilities of relativistic electron and positron beams of storage
rings are essentially due, at least in the range of currents achieved up to now,
to the electromagnetic interaction between the beam itself and the material
structures surrounding the beam, like vacuum chamber, clearing-field electrodes,
radiofrequency cavities and so on. This interaction produces an exchange of
momentum between the revolution motion and the oscillation modes around
the revolution path, which, in some circumstances, can lead to an increase
of oscillation amplitudes and hence to beam loss.

TIn general the mechanism is as follows. A particle of the beam, going through
one of these structures, produces on it a signal proportional to its oscillation
amplitude; the electromagnetic field thus produced acts on the particles which
go though the same structure at subsequent times. Hence on these particles
acts a force proportional to the induced signal delayed in time by a quantity
proportional to the particle distance. If the phase relationship in the oscil-

(*) To speed up publication, the author of this paper has agreed to not receive
the proofs for correction.
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lation of the particles is appropriate, this will produce an increase of oscillation
amplitudes.

It is convenient to consider in different ways the two cases in which the
induced signal decays in a time longer or shorter than the revolution period.
We will call the effects of the first type « multiturn instabilities », and the ef-
fects of the second type «single-turn instabilities ».

An important difference exists between a multiturn and a single-turn effect.
Let us consider, in the multiturn case, a bunch producing a signal in a point
of the machine; this signal acts on the same bunch after one revolution, thus
introducing a feed-back mechanism which is clearly absent in the single-turn
offect. Nevertheless a feed-back effect can be introduced in the single-turn
case by the synchrotron oscillations.

Let us consider, for simplicity, a bunch consisting of two particles only.
The «head » particle, when oscillating, produces a signal which then acts on the
« tail » particle and gives rise to a forced oscillation. After one half of a period
of the synchrotron oscillations, the head and tail particles have exchanged
their positions giving clearly rise to a regenerative effect.

A classical example of multiturn effect is the resistive wall instability ().
A peculiar characteristic of the multiturn effects, for the case of transverse
oscillations, is their strong dependence on the betatron wave number . For
instance in the case when there is only one bunch in the beam, and for the
resistive wall, the motion is stable if

n<@<n4§,
and unstable if

nt+i<@<nt1,

n being an integer number.

For a multiturn effect different from the resistive wall instability we can
have an exchange of the stable and unstable region, but a similar rule still
applies.

The instability observed in the Adone and ACO storage rings during the
last years do not show any strong dependence on the betatron wave number,
and cannot be described as a multiturn effect.

In this paper we want to show that they might be due to single-turn effects
excited by electrodes or some structure present in the machine.

(*) J. J. Lasrert, V. K. NEIL and A. M. SESSLER: Rev. Sci. Instr., 36, 436 (1965);
E. D. Courant and A. M. SEsSLER: Rev. Sci. Instr., 87, 1579 (1966); N. 8. DIKANSKIJ
and A. N. SkriNskI: Institut of Nuclear Physics Report, Novosibirsk (1966) unpublished;
E. FerrENGHI, C. PELLEGRINI and B. ToUsCHEK: Nuove Cimento, 44 B, 253 (1966);
C. PELLEGRINT and A. M. SessLER: in Proc. Intern. Conf. on High-Energy Particle
Accelerators, Cambridge, 1967,
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In order to simplify the treatment we will completely neglect the multi-
turn effects, and limit ourselves to a discussion of single-turn or « head-tail »
instabilities.

The effect of « head-tail» instabilities in proton syncrotrons, are being
considered by HEREWARD, MorTON and ScHINDL. Hence here we will only
consider the case of electron-positron storage rings, assuming also to have a
single beam in the machine. Furthermore since the head-tail effect can act
only within a bunch, we assume also that in the beam there is only one bunch.

In Sect. 2 we will write the general equations of motion and reduce these
equations to a linear system of homogeneous equations. We consider only the
case of transverse radial or vertical betatron oscillations. Couplings between
these osecillations are neglected. The analysis is hence made for a one-dimen-
sional transverse oscillation and should be valid equally well for both radial
and vertical betatron modes.

In Sect. 8 we first show that for a storage ring in which the change in betatron
wave number with energy is zero, the «head-tail » effect does not introduce
ingtabilities. Afterwards we reduce our problem to the solution of an infinite
set of linear homogeneous integral equations, whose eigenvalues determine
the characteristics of the bounch motion.

In Sect. 4, 5 we discuss two approximate solutions of these integral equations,
limiting ourselves to the case in which only resonant types of forces, as due for
instance to electrodes, act on the beam.

Space-charge forces or forces due to images on the vacuum chamber wall
are neglected, although they can, in some cases, be important. Nevertheless,
since usually in a storage ring resonant forces can play a dominant role and
are responsible for the worst instabilities, we believe that it is reasonable, at
least in a first approximation, to neglect nonresonant types of forces.

In Sect. 6 we make some numerical estimates of the rise time and frequency
shift due to the head-tail effect. These show that unmatched clearing electrodes
or low-§) resonant cavities can introduce strong instabilities, with thresholds
near to those observed in Adone.

The forces due to the electrodes or r.f. cavities are evaluated in the Ap-
pendix.

2. — Let s, #,, be the longitudinal and transverse co-ordinate of the I-th
particle, s, being defined assuming the synchronous particles as origin of the
co-ordinates. We introduce also the quantity

o,= 8V,

» being the average particle velocity, which measures the distance in time be-
tween the particle 7 and the synchronous one.
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Then the equations of motion can be written

1) Z,(0) + V?zz(t) = Z F}cz(t) ’

k#Y

2) G,(t) + wigz'zt) =0.

The quantity v, is the betatron frequency of the I-th particle and w, is
the synchrotron frequency, which we assume equal for all particles, and much
smaller than v,.

The quantity F..(¢t) represents the forces due to particle K and acting
on particle I. The relevant part of this force, that is the part proportional
to the displacement of particle K, can be written as

+ o

(3) Fu(t) = 2,(t + 0.(t) — 04(t)) > exp [inw,(t + 0:(1))] 0x(04(t) — 0:(2)) ,

n=m—c0

w, being the revolution frequency.

The sum over n takes into account the fact that the part of the machine
generating the force, for instance an electrode, reappears periodically at each
revolution.

It can easily be shown that, assuming F,,(¢) to represent a small perturbation,
only the term n=0 of (3) is relevant in the analysis of the motion. Hence
in what follows we will consider only this term.

The betatron frequency », depends on the betatron oscillation amplitudes
and on the energy displacement from the synchronous particle. It is convenient
to factorize the last dependence, writing v, as

E M\ AE
o E)

where v, depends now on the betatron amplitude only.
Writing v as

v == Qw,,

where ¢ is the betatron wave number and o, is the revolution frequency, the
change in v with energy can be written, for relativistic beams, as

EA _EAQ
yAET QAE %

where o is the momentum compaction factor. On the other hand, above tran-
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sition and for relativistic beams,

AE
0y =—a—z,

g0 that we can write
(4) ¥, =~ v, {1 + ’% -@Ul)
with

1E AQ
5 =91 =222},
®) a=2(1-55%)

Agsuming ¢, <1, we can also write
v; ~ 931 + D6,) .

Equation (1) becomes now

(1 'z.z(t) + V:;(l “+ 9f.’z)zz(t) = zzk(t + oy (t) — Gk(t))Qo(Uk(t) ““O‘z(t)) .

kAl

If the force on the r.h.s. of (1') is zero, a solution of (1'), to first order in o, i8

2,(t) = &, exp [ivg,(t + $D0,(1))] .

‘When the collective force is different from zero, we look for a solution of (1)
of the form

(6) #(t) = &:(1) exp [ivt - JruDar(t)]

where the function &,(t) is periodic with period equal to that of the synchro-

tron oscillations, and v is the collective oscillation frequency.
Let us introduce the quantity

(7) 0= (v—01) /%0 s
where v, is the average value of the v,. Since » F, is a small perturbation,
we can assume ;< 1. 4

Using (6) and since w, < v,, eq. (1') becomes, neglecting terms like 'él,
0, él and so on,

8)  E(l) ind E =— 2% Z ooty —auh)-

-&.(t) exp [@ % (Vo O — V1 01) — t9(0% — 0'1)] .
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Since the term on the r.h.s. of (8) represents a small perturbation, we can
approximate in it the quantity with the average value », of »,,. The quantity
YouOx — V001 can also be approximated with v(g,—o,) if the betatron fre-
quency spread is not too large.

Using this approximations, the solution of (8) can be written as

9) Eft) = — Q%Jdt exp [iv, 8, — )] -

2 eo{ou(t) — o) (1) exp [— im(ax(t)) —0u(t))]
with
(10) Fo=po(1 — D[2) .

The two funections &, and g0, 0,) exp [—i¥,(0,— 0;)], being both peri-
odic with period equal to that of the synchrotron oscillations, can be written as

(11) &(t) =2, C,exp [inw,t],
(12) 00(0%— 07) €xp [— 7 (0, — o)1 = > H' exp [inw, 1] .

3

Substituting (11), (12) in (9) and assuming the appropriate boundary con-
ditions for £,(¢) at the lower integration limit, we obtain

1 + o0
13 N S e
(13) 24(v &, + n00;) Igl qzoo

We can now apply perturbation theory to simplify (13). Since in the limit
of g(o,—0,)—=>0, & becomes a constant, eq. (13) yields, up to second order
in the H’'s,

(14) 01+1{2H70l0k_ D .ﬂg’_ﬁof}:(}
° 7 2930, ) =1 aZ0 290 Or + qavs) ’

But for the case in which the condition
(15) Yor b + g, =~ 0

is satisfied, the second-order terms in (14) can be neglected. In the following
Section we will consider only this case.
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8. — Neglecting second-order terms, eq. (14) is written as

(14') Cit 5o SHYCh=0.

2
20501 71

This homogeneous system of linear equations determines the eigenvalues »
of our problem, at least in principle.
The matrix H'' is symmetric and non-Hermitian; its elements are given by

2nlw,
(16) HY = % f olow(t) — 0:(t)] exp [— i#,[04(8) — 0:(t) | i .

0

It is interesting to notice that if #,—= 0 then the matrix H}' is real and
symmetric; hence the eigenvalues of (14') are real and the motion is stable.
From (10) and (5) it follows that the condition %,= 0 corresponds to

D=2,
or
18 AQ
(17) ~oan ="

This means that for a machine in which the change in betatron wave number
with energy is zero, there is no « head-tail » effect.

In general, from this result one can expect that the effect under discussion
should be more important for strong-focusing rings than for weak-focusing
Tings.

In the general case, #,5=0, introducing the Fourier transform of the
function ¢(0),

1 .

(18) Flo) =5 o(o)l-*°do,
and writing o.(¢) as

(19) 0(t) = Az cos (w,? + @) ,

we see that (16) becomes

(20) Hg' = H{ :fdw F(w —io)Jo[w(A?c + AT—24; 4, cos (pr— ‘Pz))é] .
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As i3 seen from (20), H}' is periodic in ¢,—¢, and can be written as

(21) HP'= % F, (A4, 4,) cosm(pr— @) ,
m=0
where
2n
1 "
2) Pa(dsy 4) = o= [ cosmipe—p) dlpe—p)
o

It is now convenient to introduce the longitudinal density distribution
function, and rewrite (14') considering the bunch as a continuous system.

The longitudinal density distribution function is assumed to be stationary
and is written as

n(A)AdA dg

with the normalization condition

«© 27

ffn(A)AdAd(p:N,

N being the number of particles in the bunch.
We define also the two quantities

I'(4;, @), A1

obtained by summing respectively C! and 67" over all the particles in the surface
element A4,d4,de, and dividing by the number of particles contained in the
same area. I'(A4,, ¢;) represents the trangverse centre of mass in the point
Ay, @¢,. The quantity A can be written explicitly by introducing the distribu-
tion of betatron amplitudes. Assuming this distribution to be independent
of 4, ¢ and writing it as f(£)dé we have

1 [ f(&)dE

1
22) A7 %) =@

In a self-consistent calculation f(£) should be determined considering the
effect on it of the collective force. This self-congistent calculation is outside the
aim of this work and, in a first approximation, we will agsume f(£) equal to
the unperturbed distribution function.
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Considering the bunch as a continuous system and using I, 4, eq. (14')
can now be written as

(24) T(A;, @) + A A, dA, dppn(Ay) I'( Ay, @) Hy' =0 .

A partial diagonalization of (24) can be obtained by assuming

(25) (A, @) =2 D (A)I77,
Then (24) becomes, using (21),
2
(26) Do(4,) + —/’T‘ f A A A n(A) DA Fo(Ayy A)) =0 .

The solution of eq. (26) will give us the eigenvalues and eigenfunctions of our
problem.

4. — In general it does not seem possible to obtain an analytical solution
of eq. (26) and it will be necessary to use numerical methods to get the eigen-
values of our problem. Nevertheless it is possible to make an approximate
evaluation of these eigenvalues in some simple cases.

Let us assume that the collective force acting on the beam is due to some
resonant structure present in the machine, like resonant cavities or electrodes,
or that the force can be analysed’a,s a sum of resonant contributions. Then
the function Z(w) can be written as

(27) Flo) = —= s

w—wy -y’

where 1, and w. are the complex conjugate quantities of 7,, w, and Imw,> 0.
Then from (20) it follows that
(28)  HE = qwin{Jo[(w,+ 50) @] + i8s[(0g + 7o) dul} —

— (T (F — ) ] + iBo[(o— ) dal}
where
= {4+ A]— 24,4, c08 (9, — Bl

and 8,(z) is the Struwe function of order zero.
When o, and #, are such that

(29) Iwo;]dkl << 1 ) iodkl << 1 )
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the expression for H:' becomes, to first order in dy,
(30) HP'= — 27 Imy,— 4{Re (w,n,) + i, Imn,} d;, .

Having assumed |w,|dy; < 1, one has that the term of (30) proportional to
Re(w,n,) is important only when Reyn, > Imn,.

In the following part of this work, we will limit surgelves to considering
only the simple case in which condition (29) is satisfied and the term of (30)
proportional to Re(w,n,) can be neglected, hence assuming

0i
(31) HY = —2nImy, (1 + -év},dm) .

The eigenvalues of our problem can be obtained very easily if we con-
sider a simple model, such that all the particles lie on the same invariant, of
amplitude A4*, in synchrotron phase space.

Then one has from (31), (22), that

n A
(32) If’m(A*,A*)z—2nImn,,,{6m_o—8w°A 1 }

Cowr dmr—1
Since An(4) is now given by
An(d) = Nj(A — A%)
the eigenvalues are easily obtained from (26); namely

Ay=—2aNF, (4% A*),

or

c e 1
(33) Ay = 472 N Tm s {6,“ _ Bifd } ,

7 4dmr—1

N 7being the tetal number of particles in the bunch. The eigenvalue /4, has a
large real part. The ImA, has opposite signs for m =0 or m +#0 so that,
when the frequency spread.is not large enough, there is always at least one
unstable mode. The rise time, in the case when all the particles have the same
betatron frequency, is given, for m =0, by

(34) —1— — 8(2—2)NA* Tmy,.
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5. — In this Section we will try to get the eigenvalues and eigenmodes of
our problems, making use of the following approximations:

a) The longitudinal distribution function is assumed to be a step function

N
n(A) =5 for 0 <A <4,
n(d)=10 for A> 4,

the quantity 24 being the bunch length.

b) Only the two modes m =0, m=1 are considered (we notice that
these two modes should be the most important ones, as can be seen, for
instance, from (33)); for these two modes we approximate the kernel F,,(4,, 4,),
substituting in (22) H}' cosm(p,—¢,) with its average value; then one has

9
— 27 Imn, (1 4 ;31701‘11) , if A,<< 4,
(35) Fo(Alca Al) = 24
— 2 Im v, (1 - ;ﬁoAk> , if A, <A,
2¢Imwn, 5,4 , if A,<A,,
(36) P (4, A)= . .
2iImn, 9,4,, it A, < A4,.

The integral equation (26), for the two modes m =0 and 1, becomes,
using (35), (36),

A
2 N Imwny [ — o N
(37) DO(A)—Tf Dy(A)dA — 47 Tma, A"A
)]
{ fAD (A)d4 +fA2Do dA}
2nIm17“w0

(38)  Dy(A)+ {fAle(A)dA + AfAD A)aA} =0.

Equations (37), (38) can also be written as differential equations with suitable
boundary conditions. Performing the transformation of wvariable

Y= A/A ’
vy) —D,(4), 1=0, 1,
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the differential equations are

az i N
(39) gy(?y) + Ayypdy) =0, t=1,2,

with the boundary conditions

opo(y) ( 7 )
1/)0(1) ay -t + 27;"10A ’
(y) |
- ’
(40) Y o
¥ (0) =0,
pu(y) —0.
Y |y
The quantities 1,, 4, are defined as
lo _ 47Z Imm; /“"oj—N y
(41) 4 — — 92 Tm ivg AN
1 — T 7T 7’]“ A .
The solutions of (39), (40) are given by
(42) wo(y) = const-y*J_y(32kyh) ,
(43) yu(y) = const-y*Jy (3aiyh),
with the conditions
5o, b 7 ¥
(44) T2+ 2 (14 5 ) ) =0
for m =0, and
(45) RT3 =0
for m=1.

The values of ,, 4, corresponding to the zeros of the two last equations
determine the eigenvalues A of our problem.

Due to the oscillatory behaviour of the functions J, there is an infinite
number of zeros for (44), (45), which we can call A, 2*. The corresponding /A
will be denoted by A}, the index m referring to the normal mode in ¢ and K
to that for 4.
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We want to make now an approximate evaluation of the zeros of (44),

Since 7,4 < 1, these zeros are given, neglecting terms of second order in 7,4,
by those of

.e.

The corresponding A’s are

16 . 170ANIII171“

(46) Ai=—F T Tiaea’

In addition there is another zero for A, <1, given by

o dnd
0 + 2ip, A
or
0 2,
47) Ag=mNImna{l -+ EWOA .

In the case m =1 the zeros of (45) are given approximately by

2 3 b
gﬂ.lﬁ(k+§)7t, k:(),l,...,
or

8 Im 7a i, AN

1 ~
(“8) Ar= 9nu(k + 5/12)2’

kE=0,1,....

As can be seen from (46), (47), (48), in the case m =1 all the eigen-
values have the imaginary part of A of the same sign (Im A; < 0, for Imz,> 0)
while in the case m = 0 the first eigenvalue has Im./ >0, and the other
eigenvalues have ImA< 0 when Im#,>0 and the opposite for Imz,<<0.

Notice also that A™ goes rapidly to zero for increasing K, so that only the
first eigenvalues are of practical interest.

To close this Section we want to evaluate the transverse centre of mass
amplitude Z™, integrated over all the bunch length, for the various modes m, K.

This quantity is of interest since it is related to the possibility of using an
external feed-back system to stabilize the beam and can be easily observed.
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From (6), (25) we obtain

Z5(1) =

=y

(— 4)m irtdimot f AdAn(A) DoAY (v DA2) .
0

For the model discussed above, assuming
124 <1,
and considering only the modes such that

I} <1,

one has approximately

Z,c:(t) ~ Li Jevt [@]—}’

2=p '3
Zu(t) ~— _7_"1-5__ Lo L2y, 94
e TR

This shows that, under the conditions assumed above, theintegrated centre-
of-mass amplitude is smaller for m =1 than for m = 0. In any case thig
quantity is very dependent on machine parameters and can give rise to a
variety of situations for different rings.

6. — We will now make some order-of-magnitude estimates of the head-
tail effect assuming as possible sources of the collective force some of the pos-
sible elements usually present in a storage ring, like clearing electrodes, r.f.
cavities or discontinuities in the vacuum chamber cross-section. The forces
due to these elements are discussed in Appendix A.

a) Perfectly matched clearing-field electrode. From (A.13), (A.23) the
function g¢(¢) can be approximately written as

270762 7,
o(o) =~ — _yd_:l}— (o

with 6(c)=0 if 6<<0, O(¢) =1 if b'> 0, and where Z,= characteristic impe-

dance; d= distance between the electrodes, L = storage-ring circumference,

y = particle energy in rest mass units, »,— classical radius of the electron.
Then -

i Zyvotr,
Flo) =2 yOdZL
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Comparing with (27).we have

We then have from (47)

_ w2 Z,00* N7, {1 4}21704!}

[}
Ao = 2yd> L 7

Here and in the following we will denote as usual by U and V the real and

imaginary part of 4.
In the Adone case, and assuming

L=10*cm, y=10%, d=>5cm,

Zy= 20 Q (2-10-11 ¢gs) , yo=2m-107 871, A=10"sg,
we have

9
Uy~ 3N 872, Ve~ 012N (1 —5) 572,
For the Adone case & is negative and large,

9 ~—30,

g0 that the approximation 7/ < 1 is not strictly valid. If nevertheless we
estimate V? using the above formula, we obtain

Vi~18Ns2.

Hence the motion is stable (V > 0).
For the modes m =10, k=1 and m =1, k== 0, we have, from (46), (48),

Ay~ —40.1TN s, Ay ~—1i0.34N s,

so that these modes are unstable. We can evaluate the rise time for these
modes using the relationship
1V
T 2w
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Introducing the current per bunch I, which in the Adone case is related
to N by

N = 210°T (mA) ,

one has
1.1
Tg ——“’“‘TS/mA,
.55
Ts = —OT S/mA .

The real frequency shift for these modes is introduced only by neglected terms
like space-charge or image forces. Since this frequency shift is small, this mode
should be easy to stabilize.

b) Grounded or floating clearing electrodes. From (A.25) we have, for
an electrode of length I,

= hmefl

with h an integer number, and

 Zyoir, (vo 1)2 (—1y

= yad2oL v h

Since Imzn =0, we have V=0 for all modes so that no instability can arise.
Of course grounded or floating electrodes might give very strong multiturn
instabilities.

¢) Clearing electrode closed on resistance and capacitance. In this case the
quantities w,, 1,, have been evaluated with the use of a computer. Assuming
the impedances to be formed by a resistance and a capacitance in series and
also

R=17Z,=:20Q, 0 = 500 pF,
one has that the first pole of F(w) is

@y~ (14 1.762)-108 571,
and

Ren,~Imn, ~16 g2,
In this case one has, using Adone parameters and (47),

Up ~ 160N s2, Vo~ 96N g2
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Since ¥§> 0 this mode is stable with a damping time

As before we have instability for the modes 1,0 and 0,1 with a rise time,
in absence of frequency spread, given by

7y ~—2.2:10"2/] §/mA , 7p ~—1.1-10-2/1 s/mA .

To evaluate the rise time and the threshold of the instability in the case
of an arbitrary distribution of betatron frequencies, one should solve eq. (23),
obtaining v as a function of /.

We do not want to consider here the destails of this caleculation and we will
limit ourselves to performing a simple order-of-magnitude estimate of the
threshold, by comparing the width of the distribution of betatron frequencies
with the quantities U/2», and V/2,.

Let us consider the case m =1, K == 0, which is the most dangerous. The
electrode gives

Us v
Tl 555::_“2'10 BN,

Assuming that the contribution to U} from neglected effects is such that
U, remains smaller or of the same order than V:, we can use, in order to eval-
uate the threshold, the relationship

£ Ay Vs
vy Ag2 T 292

where & is the betatron oscillation amplitude.
Since, for Adone,

1 Ay B _
—’;[3—52:310 4 em 2,

we have, for £=1 mm,

Ny =15-10°,
corresponding to a current of about 2 mA per bunch. The observed threshold
in Adone for radial instability was about 200 pA, but the number of electrodes,
in the initial design, was very high, about 50. These electrodes were termin-
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ated only in one point, at about } of their length. The termination was
designed to avoid multiturn effects, but did not provide a good matching
of the electrode at frequencies of the order of the characteristic frequen-
cies of the plate.

Since we use here the result of Appendix A, hence considering the less
dangerous case of an electrode terminated at both ends, our results do not
strictly apply to the Adone case. Nevertheless we believe that the above
crude estimate shows that the electrodes could well be responsible for the
Adone single-beam ingtabilities. Notice also that we obtain a threshold cur-
rent inversely proportional to the bunch length, as was observed in Adone.

In general we can say that the presence in a storage ring of unmatched
electrodes is a source of strong instabilities, generated through the head-tail
effect.

d) We consider now the effect of a resonant cavity. From (B.4) we have

3/7(@):—1%{ 1 1 } @'R{ 1 I 1 }

o—ow,—il ©+ w,—il T 4Q2 o — w0, —il o+ w,—il"
with
NZ.)c%"e
T 2yacL’
One has

i

omefi gy o)

We consider here only the most dangerous case of @ of the order of one.
Using (47) one obtains

n*RN
Ug = 4QZ ’ V(‘!) =

v, ARN
— g

which shows that the mode m =0, k=0 is now unstable. All the other
modes are stable and will not be considered here. In order to make an order-
of-magnitude estimate we assume o,= 271088, Z,=102Q, @ =1. Then
one has

R~1582, Up~—40N 572, Vo —24N 572,
The rise time for the unstable mode, in the absence of frequency spread, is

Tp A2 —B5-10¢/N s =—17.5-10-3/1 s/mA ,
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and the real frequency shift Av/y is

Lg
—— ~ K108 .
5t 510N

Evaluating the threshold in presence of Landau damping as in case ¢) of
this Section, but using U instead of V since now Uj> V3, one obtains

Ny~ g10°,

corresponding, for Adone, to about one milliampere.

e) At last we want to make some remarks on the effect on the beam
stability, through the head-tail mechanism, of the finite conductivity of the
vacuum chamber. Strictly speaking this case is not included in the present
calculation since the force is not of the type agssumed in (27) (*). Nevertheless
we can make an order-of-magnitude estimate assuming for the force due to the
finite conductivity the approximate expression obtained by evaluating the

wall impedance
k3
L
Z(w) = (1 ———@)(gﬁ}) s

where ¢ is the conductivity, at the cut-off frequency
w=cld,

d being the vacuum chamber radius. Then. one has (%)

Gy e L AT (0 ¥
F(w) = w 2myd? = 8nyd

and

w,=0.
This approximate expression of F(w) should be good enough, in the case of
bunches not much longer than the vacuum chamber radius, as to allow an
order-of-magnitude estimate of the effect. Using the above expression of F(w),
one has that, when @< —2, the mode m==0, k=0 is stable, while the
modes m=0, k=1 and m=1, k=0 are unstable.
For these last modes we have

32 9, ANr.c®( ¢ \*
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Again the rise time, in the absence of frequency spread, is given by

4
Ty :——?:].09/1\7‘ s ~—2/I s/mA,
2 10°
t~——— g ~—1 .
7} 3y " /I sfmA

It is interesting to notice that the « multiturn » resistive wall effect gives a
rise time for Adone, with three bunches, of the order of

T2 —4/I gfmA .

f) The effect of discontinuities in the vacuum chamber wall on the beam
stability has also been evaluated and found to be usually negligible, being small,.
for instance, as compared to the resistive wall effect.

dok ok
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T wish also to acknowledge many useful discussions had with Prof. C. BER-
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APPENDIX A

The forces due to electrodes.

We consider first the case of clearing field or pick-up electrodes. The results
reported in this Appendix were essentially obtained by LASLETT (?) and by
RUGGIERO, VACCARO and STROLIN (%) and are reported here only for the con-
venience of the reader.

Let us assume to have in the ring an electrode made up of two plates at

() J. J. Lasterr: in Proc. Intern. Symp. on Electron-Positron Storage Rings
(Saclay, 1966).
(3) A. G. Ruceiero, P. STrouIN and V. VACCARO: CERN 69-7 (1969).
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a transverse distance d and of length 7. We assume also that the plates are
closed at their ends on two impedances Z,, Z,.

Following LASLETT (2), we consider each plate and the neighbouring vacuum
chamber as a transmission line of characteristic impedance Z,= (¢0)~%, ¢ being
the light velocity and C the capacitance per unit length.

Then, calling A; and I, the charge and current density induced on the
plate and V and A the scalar and vector potential on the plate, the trasmission
line equations can be written as (?)

10V | 94 3 | oL
o E§+§"“Z°{"a_t+”a_s}’
- ov  1oa_

dz c o

where s is the longitudinal co-ordinate.

Equations (A.1) must be solved considering also the appropriate boundary
conditions at the ends.

The force on a particle of charge I, due to the electrodes, can then be written,
to a good approximation, as

(A.2) F= —g(v—~ BA).

Since we are interested in transverse forces, we will consider only that
part of A;, I, proportional to the transverse displacement.

Considering an electron K which moves in the longitudinal direction ac-
cording to the law

(A.3) s = v(t + o%)

and whose transverse displacement is represented by
2 == 2,(1)

the induced chiarge density can be written as

(A.4) ® — gez,(t) 8(s — vE—v0y) ,

where the quantity & is a geometrical factor which, to a first approximation,
can be assumed to be of the order of 1/d.
The induced current density is related to 1; by

(A.5) I,=vl;.

Introducing the Fourier transform f;(w, k), fi(w, k), Zl(w, k), defined in
general by the relationship

i(s, 1) = f dewdk F(w, ) exp [i(wt — ks)],
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the solution of (A.1) can be written as

it o o—k = w @

Viw, k) = —Zo‘g m‘ Aw, k) + a(w) 5(;——]{;) + b(w) d (E- + k) ,
(A.6)

< w—kv

Aw, k) = —Z, & k?N( )~|—a(w)6(—-—k)—b( )6 (%)—}—k).

(wfe)?

The boundary conditions, assuming the plate to be between s =0 and s =1, are

(0, k) | Ao, k) | = _
7 fdk{ P T 7 —{—M,(w,k)}—o,

A. ~ ~
A0 oy Viw, k)  A(w, k) ~
fdk exp[—¢kl] {— Zi(o) -+ 7. + vA(w, k)} =

Using (A.6), (A.7) the force can be written as
27 . ~
(A.8) (s, t) = — —O%c—fjvdwdk exp[i(wt—ks)] Aw, k)g(w, k, s) .

Using the notations

(A.9) Bo=2 rw) =212

the function g(w, k, s) is

(A10)  glo, b, s5) = ﬁ ’32 +(1ﬁ—w%:,+pﬁ() exp[+¢(ﬁ+k)s]-

{1 —r)[(BBw—1) 71+ f— B, exp[—iwljd] +

BB — 1=+ pulexpl—itl} — =GB

exp[—z(——k) ] {04+ 7)[(BBw—1) 71+ B — Bu] exp[iwlfe] +
+ (L —r)[(BBs—1)7s ,B—{—,Bw]exp[—zkl]}

and

(A.1l)  D(w) = (1 —7)(1 —ry) exp[—iwlfc] — (1 + r,)(1 -+ 1) exp [iwl/c] .
Using (A.4), (A.8) and assuming

(A.12) Z(t) = L {&, expivt] + & exp[— t]},

the force acting on particle I of longitudinal co-ordinate

=0(l + 07)
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is
27, ce?
dz

(A.13) Fyft) = — Z(t + o, "“Gk)\[dw exp [iw(o; — 01] 'g(a), uﬂj, Sl) .

v

Congidering the circular structure of the machine, we must generalize this
result to the case of an infinite number of electrodes separated by a distance L.

The effect of the m-th electrode is simply obtained from (A.13) by sub-
stituting in g(w, (0 —»)/v, $,), 8, with s,—nL. The integral on the r.h.s. of
(A.13) hence represents, in the case of an infinite number of electrodes, a
periodic function of period L, which can be written as

(A.14) >, exp [inw,(t + oz)]fdw exp [1w(o, — 01)]ga(w)
where
(A.15) gulw) = %fg (w, @ ——v’ sl) exp[2mins,/L]ds, .

o

We are essentially interested in the term n=0 of F,, since this is the
part oscillating on the betatron frequency ». This term is given by

27 ,ce?
(A.16) Fr(t) = — ‘—C;lec(t + 01— 01) 0o{0K— 1) »
where
(A.17) 000, — 07) =fdw exp [tw (o, — 01)]1go(®) -

Evaluating g, from (A.15), and remembering that the force is different
from zero only for 0<s<l, we obtain

wis) agor= BB g~ g

o
fir+pa—rg et BRI 0=
exp [ilfw(l — ) —v]/v] — 1} N

T — ) —lf
[(BBo—1)Ta— B + Bl

— (1—B)(L 4 r2) explinl/e]

B
R BYIT)
—exp[—ilf(l+ ) — ]
ol + py—r]fv
—exp[—il[w(l—p)— V]/@]}
Mol —p—lfo |-

{a+ma+mmmwmm1

(L= B)(L— ) exp[— iwslje]
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A few general properties of the function o,(0,—0;) can now be easily
established. Since all the zeros of D(w) are in the half-plane Imw>0, by
choosing the integration path as shown in Fig. 1, it is possible to see that

(A.19) gloy—a)) =0, if op—o,<—I(1 —B.

Imw
Execluding the case of a matched line (r, =7, =1)
one has also that g,(c,—0,) is determined only B~ B~ pew
by the zeros of D(w) if N~ S
(A.20) or— 0, > 1 —pf).
Fig. 1.

Hence in the case of an unmatched electrode and
for ultra-relativistic particles one can neglect the
interval —I(1—p)~1(1—p), and assume that the force is only determined
by the zeros of D(w).

Calling ws the generic solutions of D(w)=0 and 7, the residue of golw) in
® =y, it is then possible to write g,(w) in the form (27), namely

(A.21) .qo(w)zz{ 1 - }

Tlo—ws © 4 ok

To write (A.21) we used the fact that if w, is a zero, also — w? is a zero.

The evaluation of the quantities w., 5, will require in general the use of
a computer.

Simple formulas for g,(o,—0,) and go(w) can instead be obtained in the
simple cases of r,=r,=1, or r,=17,=0, or r, =r,—>00.

In the case of matched electrodes we obtain

00(0'70— o) =0,

if op—o0,<—U1—p), or if o,—o,>UL -+ p).
In the interval

—l1—P) <o,—o <l +8)
one obtains

o gl . pv . O — 0q
(A.22) golor— o)) = §7 exp[iv(o,— o)/ + B)] {T— fwﬁ[l — (T—I——ﬁ)i]} .

If the conditions

!
1> bunch length , % <1
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are satisfied, one can approximate (A.22) with

apv
(A.23) Qo(o'lc—‘o'l)—’AL“ for o,—0,> 0,

goloy— o) =0 for o,—o0,<<0.

In the case of grounded (r,=7,=0) or floating (r,=7,—>00) electrodes, one
has that the zeros of D(w) are

(A.24) w;, = kmell

with & a positive or negative integer different from zero.
A gimple expression for go(w) is obtained by assuming that

kne/l>> v .

Then one has, near & ZzZero wy, that

(—1)* ¢ 1-—cos(lfv) (—1)* ¢ 1-—cos(¥lv)

(A.25) go(w):—w_m/lgz o " w + knefl 2L ket ’

valid for both the floating or grounded electrodes.

ApPENDIX B

Force due to a resonant cavity.

We consider a cavity as shown in Fig. 2, and assume the cavity to resonate
on a single mode. Calling w, its resonant frequency, I its decay time related
to the loss factor Q by I'=,/2Q, and Z, its shunt impedance, one has that
the voltage induced by particle K on the cavity can

be written, with good approximation, as _r—_L

: R s
(B) Vi) = 0,2 exp[—Tt—1)] B —
1 h
-{cos w(t—1)— 50 sin w, (t— t')} J (2 dt’, Fig. 2.
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where J, is the transverse induced current, defined as

(B.2) J (1) = ezg(t? > 8(t—nT + ou(n)) .

The quantity g,(n) in (B.2) represents the time displacement at the n-th
revolution, with respect to the synchronous particle, and 7 is the revolution
period.

Using the deflection theorem (*) and (B.1), (B.2), we can write the force
acting on particle I at the m-th revelution as

(B.3)  Fult=mT—0(m) = g’ =0 -
> Zy(nT — o(m)) exp [— I'[(m—n) T + oy(n) — o (m)]]-

-{sin o[ (m—n)T 4+ o,(n) — o, (m)] — COS , *

1
4Q>
Jm—n)T + o (n) — al(m)]} O (m —n)T + 6.(n) — oy (m)] .

where 0(x) is the step function.
Considering only the single-turn effect, m = n, which is the case of interest
for the head-tail effect, (B.3) can be simplified to

Fnc(t) = Zy(t + oy —Uk)Q(‘Uk— a1),
vw, Z, \
(B.4) o{or—0y) = OF;L—((U?—%—f?) exp[— I'(o,—0o7)]

ITE

1
~{sinw,(ck —0,) ———cos w, (0, — O’Z)}O(O‘k —a,).

This force is applied only when the longitudinal position of particle 1
is in the interval 0 — A, modulus one revolution, and so can be written in
the general form (3).

(*) W. K. H. PaNorsky and W. A. WeNrtzEL: Rev. Sei. Instr., 27, 967 (1956).

RIASSUNTO

Si mostra che un fascio di elettroni o positroni di un anello di accumulazione
pud diventare instabile a causa di un effetto finora non considerato; questa instabiliti
¢ dovuta all’effetto rigenerativo introdotto dalle oscillazioni di sincrotrone, che esalta
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Pazione sul fascio di segnali elettromagnetici di brevissima durata eccitati dal fascio
stesso nell’ambiente circostante. I risultati ottenuti indicano che questo effetto puo
dar luogo ad instabilith per correnti del fascio piccole (dell’ordine del milliampere),
e che esso pud essere influenzato e ridotto da una scelta opportuna di alecuni parametri
dell’anello di accumulazione.

O HOBOH HeCTAOWIBHOCTH B 3JICKTPOH-TIO3HTPOHHLIX HAKONUTEIHLHLIX KOJbIAX.

Pestome (*). — IToxaspiBaercs, YTO CrPYNIUPOBAHHBIN NEKTPOHHBIN WM  ITO3H-
TPOHHBIHA IIy4OK B HAKONMTENHHOM KOJBIE MOXET CTaTh HEYyCTOMMMBEIM H3-32 abdexTa,
KOTODBIL paHee HE PACCMATPHUBAICH; 3T HEYCTONUMBOCTE 00YCIIOBIICHA PEeTeHEPATUBHBIM
3(deKTOM, BEI3BAHHBIM CHHXPOTPOHHBEIME KOJEOaHMIMH, KOTOPBI ycuimBaeT AeHcTBHE
HA TYYOK OBICTPO 3aTYXAIOIMX ONEKTPOMAIHUTHBIX CHIHAJIOB, BO30YIKIEHHBIX CaMUM
[y4KOM B OKpyXaroieif cpeme. IlomyveHubll pe3ysipTaT IOKA3BIBACT, YTO 3TOT ahdexT
MOXET JaBaTh HeCTAGHIBHOCTH Il MAaiblX TOKCB B Iyuke (B obmacTu MUJLTE-AMIED),
¥ 9TO Ha 3TOT >Q(exT MOXHO OKa3BIBAThH BIMSHHE W YMCHBINATH €O, Grmaromaps cOOT-
BETCTBYIONIEMY BHIGODY HEKOTOPBHIX HApaMETPOB HAKOIHMTEIBHOIO KONBIA.

(*) Ilepesedeno pedaxyueil.
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