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1. - INTRODUCTION, -

Coherent instabilities of intense ecoasting beams have been observed in several par
ticle accelerators or storage rings in the last years, In some cases (MURA, CESAR,....)
these instabilities seemed to be indebted to the presence of conductive plates, such as clea-
ring electrodes or deflecting electrodes, inthe accelerator vacuum chamber.

To understand this beam-equipment interaction a theoretical investigation has been
started by L.J, Laslett 1), Using a rectangular geometry. and taking the transverse average
value for the charges and currents induced on the plates, L.J. Laslett studied the effect of
a conductive plate, practically covering all the accelerator circumference, with a single ter
mination placed at the centre of the plate itself,

He found a coupling resonance between the termination impedance and the distri-
buted impedances of the two plate branches separated by the feed-point.

(2,3)

More recently A.G. Ruggiero, P, Strolin and V.G, Vaccaro ,». continuing the in
vestigation, used a circular geometry and a more rigorous expression for the induced char
ges and currents (always averaged along the transverse size of the plate), They 1nvest1ga—
ted the effect of the plates also at very high frequencies,

They assumed again to have a single termination, but the position of the feed-povint
had been taken as a variable,

The above mentioned authors encountered in their investigation two different types
of resonances, The resonances of the first type happen when the termination absorbs cur-
rent from the plate surface, and at those frequencies for which the total impedance of our
plate - termination structure as seen by the feed - point appears as infinitely large. One has
resonances of the second type when the termination does not absorb curreni, and the con-
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ductive plate structure appears as an unloaded transmission line, In the last case the posi-
tion of the connecting point is very important. In particular one has shown that a plate termi
nated at one of the two ends can never resonate as an unloaded transmission line.

The following analysis is devoted to work out the fields produced by a coherent
oscillating beam in the presence of conductive plates terminated at both ends.  The
termination impedances are used as variables,

We will take a beam perturbation with z,t-—dependence of the kind exp [—i(kz—wt)] s
travelling along a continuous beam with circular cross section and placed at the centre of a
cylindrical straight pipe. The perturbation is taken tobe any mode of transverse throbbing
configuration, We will investigate also the effect of a longitudinally perturbed beam.

2. - THE METHOD. -

The method used in the following is very alike that used in reference (1) and (3).
We have a coasting stationary particle beam of circular cross section with radius a, tra-
velling along the axis of an infinitely long straight circular pipe of inner radius b, Conduc
tive plates, terminated at both the ends, are placed parallel to the vacuum chamber wall
with a given lopgitudinal distribution having periodicity equal to one revolution around the
circular accelerator circumference, Thereare M plates per period, and all identical each
to the others,

To the beam we can associate an unperturbed charge and current distribution

= .e_>‘_g >
8 e Nia-r, J, =2(0,0,vQ ),
where
/1 (x) = 1 for x>0
= 0 for x<¢0,

v is the beam velocity, and

e>\0= Ne is the charge per unit length,

N, number of the particles in the beam
R, radius of the beam closed orbit
e, particle charge.

In the perturbed beam the radius varies as a+ ScosmY , where 2m is the mul
tipole number, and

5 - 5 e-i(kz-wt)
o ‘ .

Thus the total charge and current distribution can be expressed in the following
way
-ty

(2.1) - e +9. T=3 +7,.

A self-consistent solution satisfying the charge conservationlaw, in the limit k«b/Vl- -Yz— s
is c
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(2.2a) §’1= 5 2
a

where S(x) is the Dirac function, and Sm 0 is always zero except when m=0,

Similarly we have

" m-1 r2
(W -kv) (-E-) [1+ gm’ 0(—a~2f ~1ﬂ7{(a-r)cos mtp

; ) e N
(2.2b) T = -i(w--kv)({r)m ' #(a-r) sinm Y ”ag 7

1

~ 2
(p-gq) - — -r {
v[é(r a) o ) ’ %(a;)] cos mlp
For a longitudinally perturbed beam we can make still use of eq. (2.1), but now

(2. 3a) 8, = :_ 5 %(a-r) ,
Lta

~i(kz-wt)

with el =e >\1 e the perturbed charge per unit length, and

> e
(2.3b) J1=(0y 0, . 91).

The perturbed charge: and current. densities §, and ?1 induce on the conductive
plate surface a surface charge density & and a current per unit length I. We compute & and
I neglecting, in zero-th approximation, the presence. of the plates themselves; i,e. we assume
that the charges and currents induced on the plate surface are equal to the charges and cur-
rents induced onthe vacuum chamber wall, these also to be taken without resistivity,

The distribution & and I can be expressed in the following form

(2, 4a) & = @o gcosm e—l(kz-wt)’

(2. 4b) 1=/3c6,

where FO has the dimension of a charge per unit of surface, and g and Aare two a-dimen-
sional parameters, The three factors 6‘0, /A and g, have been calculated in the approxima-
tion k <<b \’1-(v2 /CZ' ), and they can be found in the Appendix. In the case of a longitudinally
perturbed beam, the cosm l{’ factor must be dropped,

In the Appendix we have made use of the following notation, which will be used
also in the subsequent analysis:

¢ = light velocity, /5p= v/e, ﬂw= wikc,

~ 2 _ ’/ 2 .
a(p-l/ 1-/$p, ¥, =1/ 1-30, a=k/ ¥, .



With I we are referring to the longitudinal current induced on the plate surface. Re-
ally, we should consider also the transverse induced current IL? .

The charges & and the currents I and I‘? travel along the plate surface in both the
two longitudinal .and transverse directions,

It is very complicate to take into account the distribution of 7, .1 and I¢p, since one
need use some bi-dimensional transmission line equations, and the problem would be equivalent
to that of an oscillating membrane with some boundary conditions.

To make easier our problem, we decide to integrate the value of I and & over the
transverse size of the plate, and consider this with the surrounding media as some one-dimen-
sional transmission line structure.

We define

(2.5) bm=b\/cosm>0 dy ,

where the integral extends over the transverse size of the plate,

The total charge per unit length induced on the plate surface, assumed to be a sector
of cylinder at r=Db, is, hence,

o~ = -i(kZ-Wt)
(2. 6a) =6 gb e )

Similarly we define the total induced current
(2. 6Db) It=/5c &, -

With this assymption the transverse current Iy will not appear in our analysis, and
the potentials V; and A 4 at the plate surface are governed by the usual transmission line equa
tions, apart from a forcing term depending only on I; and €.

Our goal is to investigate the self-forces produced on the beam perturbation through
the potential distributions V; and Aj.

3.- THE TRANSMISSION LINE EQUATIONS AND THEIR SOLUTIONS, -
With reference to the Fig, 1 we use the following notation:

Z0= 1/eC, characteristic impedance of the plate-wall structure,
C, capacitance per unit length,

Z4, Z9, termination impedances,

ry=21/Z2, and r9=Zy/Z,,

z, , coordinate of the plate centre,

1, plate length,

2 \/’o, transverse angular plate aperture,

17, angular position .of the plate axis with respect to the transverse throbbing oscillation,

We will deal with the transmission line equations in the form as used by J.L. Lase
tett(1), and subsequently adopted in ref. (3)."

These equations are
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A, is the longitudinal component of the vector potential Kl ; the other two components, for the
assumptions mentioned in Section 2, are taken to be zero,

Eq. (3.1a) comes from the charge and current conservation law, applied to the gene
ric surface plate element of infinitesimal length and extending along all the transverse size of
the plate, Eq. (3.1b) is equivalent to impose that the longitudinal electric field E, onthe plate
surface is zero, assuming the plate perfectly conductive,

Taking into account eqs. (2.6), eq. (3.1a) can be transformed as

L %Vl 9A

1 . -i(kz - Wt)
(3.1c) ';:— 3% +—,a—z°—=1Zokc(/3—/GW)-?ogbme ;
Salutions of the above equations are

7 ~i%(z-zo) i{:’—(z—zo) it ~i(kz- &)t)}
(3.2a) V1=JA(, [51 e + 62 e le +A, ¢
and

A2 (z-z ) 1% (z-z )] ikt -ifkz-ot)

(3.2b) A=t Qi€ e © ~E,e © e +e )

with



(3.3) | A-s &3

The coefficients &4, Ez can be determined with the usual conditions at the feed-

-points,

= =/ 4
(3. 4a) v =T, (A1+ZoIt), at 2=z 1/2,
{3. 4b) vy =—r1(A1+ZoIt), at z=zo-l/2 .

Using these conditions, we obtain

@sa  E=[arE-ay Oy ) (24 8, ei(g*m] -e—%k—z—?— ,
‘ ' -ikz
(3. 5b) - £, ='[(1-r2) (¥ ) e1(9'¢)+(1+r1) (Fo-fby) e‘1(°‘¢)] =
with
~ 1-A, /A
(3.6) rfri/";w_/zw_f}s“’ i=1,2,
0 =kl/2 and §= wljec= B o,
and
(3.7) A=z [(r1+r2)cos2¢+i(1+rlrz)sin2¢] oo

4, - THE POTENTIAL DISTRIBUTION AROUND THE ACCELERATOR CIRCUMFERENCE, -

We denote with V and X respectively the scalar and the vector potential in the re
gion of space inside the vacuum chamber. We denote with A the z-component of A, and we
take the transverse components of A equal to zero,

Using cylindrical coordinates r, ¢ ,z, we can write the potentials at r=b,

(4.1a) Vb, ¥, 2, 0= ¥ (2) R () g p) e EE O,

(4.1p) Ab, ¥, 2,1)=A (2) () 3(P) oilkz-Wt)

fL(z) and @( ¥) are two functions respectively of z and ¥ ; they are everywherezero
except on the plate surface where they are 1.

Besides we have also used



(4.2a) ‘ v, 2;;1(2) oilkz-wt)

(4.2Db) A =KI(Z) eei(kz-wt)

where Vj and A; are given by (3.2a and b),

Our problem is to look for that V, A potential distribution inside the vacuum chamber
matching with the distribution (4,1) at r=b,

The potentials V and A satisfy the following wave equation in the region r < b

(4.3) v f——-f

where V and A must be used in the place of f,

Before solving the differential equation (4.3) we decompose the r, h, side of equa-
tiorls (4.1) in a double Fourier series, For this purpose we observe that \—fl(z).ﬂ.(z) and
Ay(z) fu(z) are periodic functions in 'z with period equal to the accelerator circumference,
2 TR, and that §( Y) is periodic in ¥ with period 2 7. In the more general case where the
plate axis forms an angle 17 with the throbbing beam oscillation direction (taken as origin of
the YP-coordinate), we have at r=bh,

-i——— z

_=i{kz-wt) .

(4, 4a) V=e Z Vh(¢pcos pk(J +9ps1np&f ) e
p.h
and.
_j_—h— PA
(4. 4b) A= e-1(kz-wt) E Ah(¢pcos pY +9psinp\/’ Ye R .
p.h
It is
; 2T . 2
bm7 [ Breoseyay. ot [ apemppay
o o
for p=1,2,3,..... , and
27
[ —_1__._ { =
a‘o_zfr %(W)d‘f’, 90-09
o)
Besides, it is
2ILR . h 2R . h
1 - "R, 1 < "R ©
Vh‘ZIL'R Vl(z).ﬂ(z)e dz, Ah=§_7FR—/ Al,(z).h.(z)e dz
o



Denoting with z,g the coordinate of the centre of the s-th of the M identical plates

around a period of 2/ZR, we have

(4. 5a)

and

(4. 5b)

where

and

(4.86)

hl . hl

, m oy 4 fy <>1n(9+-——-¢) . e' s1n(9+2R+¢) ‘ sing—
h 2TR h 1 g+h1 _ 2 9+___+¢ w hl_
2R 2R 2R

sin(6+ -——-+¢) sm—IlL N

M1 ﬂ_- ! ' 2R
A =_——d 2 - s
h 27TR h 1 hl 2 h
Q+2R - ; 9+—~’+¢ 2R
. ikz
£1= E,le 8 i=1,2,
ilz
! R “os
oLh——M ;e .

Then, the solution of eq. (4.3) taking the value (4.4) at r=bis given by

(4.72)

(4. 7o)

h
-1 - I(qr) -i——z
p,h

-i(kz-wt) Z 1 (th) —i——%—z
A=e Ah(¢pcos p\/+9ps1npy’) —E———-—Ip(qhb) e

p,h

Ip(x) is the modified Bessel function of the first kind and p-th order, and

2
q, = (k+ ) \/1_————— .
h R 20kt 11;)2

5. - THE FIELDS PRODUCED BY THE PERTURBATION, -

from

The electric (ﬁ) and magnetic (f{’) components of the field can be calculated

- -
H=rot A .

. _8v o= L 9V g -9V 1 A
r dr ' " "1 oy z B9z ¢ Dt
P 2a
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Using the expression (4,7)for VandA anddewoting with: a dash the derivative of I with
respect to the argument, we have

' h
; : I(qr)y -i—z=z
o ~ilkz-wt) » ; ) . . ph ' R
E_=-e péh Vh(¢p}cos pk/+9ps1np)0) 9 Ip(qhb) e

(5.1a)
i(kz-wt) Z p Hlr) 'i%’z
Eg=e 0 V, (§ sinpy -0_cospy) e
¥y o h''p Y p r Ip(qhb)
itkz~t) h w ‘ L (th) -ii-z
E =ie Z[(E+k)vh~——Ah](¢ cospl/)+9 smp\/)fp—((ihT)e
P P
and
H =-e ikz- W) Z’ A (¢ Slnpy 0 cospV)—P— ( " e-i%z
r e r I (qhb)
(5.1b) _i(kz-Wt) Z . v y 1 (th) —i—%—z
Hy = -e A (f: cosp¥P+0 _sinpV¥) q e
b o h'"p p h Ip(qhb)
H =0
z

With the expressions (5, la, b) for the components: of E ‘and H we construct the force
per unit charge acting on the beam

s o T
F=E+—xH,
c
The three comptonents of ;E‘. are
I'(q r) -i h v2
-i(kz- wt) z , : ph’' R
5.2a F =-e Vv, - A cosp W+0 si e
( ) r h( h /.))p h)(¢p pso p npw)qh Ip(qhb)
, h
I(qr) -i—2=z
~i(kz-wt h R
(5.2b) Fy=e i(kz-w1) E (Vh /5 A o Sinpy-0 cospY - (q oy e
h
(5. 2¢c) F =K,
Z z

The: two transverse: components in a Cartesian frame are given by

(6. 3a) Fx=-(Fr sin‘/’+F\/, cosy),

F =F,cos Y -Fyp siny,
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having denoted with y the axis directed along the throbbing beam oscillation direction.

Generally one is interested in taking only that term of the force-components, Fy, Fy
and F,, which oscillates in the same way as the perturbation; i. e., the term of the series at
the r. h. side of each eq. (5. 2) having h = 0, In fact the other terms having the mode number
n' =n+h different from the fundamental mode of the perturbation, n=kR, are orthogonal to it
and hence do not interact with it. Nevertheless these other force modes having n' fn could act
on the other perturbated modes eventually present in the beam, so that it coild be possible to
have a coupling between the different modes of the unstable beam.

This coupling can exist only when one has (as in our case) some discontinuities
of the boundary conditions. When this is not the case, as for instance in the uniform resistive
wall effect, the coupling cannot be present,

If we limit ourselves to the modes k <¢b/y we have

1
I (q r) I (qr) -1
o 2 . p ph ,op r)f
h Ip(qhb) r Ip(qhb) b 'b
and
. h B .
gz du -i(kz-wt)
(5. 4a) Foe- |Y(V-pA)e Y52 ,
b'4 h /p'h ox
L h . P
a2 o av :
(5. 4b) Fo= | Jv.-paje B 2__3 orilkz-wt)
y ™ h "ph s dy
. P
PN
. h ) R ~ikz~Wt)
| S (o]
(5.86) LY, oA e ZUP e
h P v
Up is the following potential function
r P ;
(5.6) U ey, ¥, 9] (4 (F eospyra_sinpy),
with
p=0,1,2,.....
and

2, 2 X
r=y§x + R = -arctg — .
Vx"+y V4 g

We see from egs. (5.4) and (5.5) that the force components Fy, F_-'and F_ are expresséd as
a combination of all the transversethrobbing configuration modes. " The seff-force produced by
a transversely perturbed beam is obtained taking the term in the series at the r.h. side of
each eq. (5.4) having p=m, The other terms can act only on the other p#m multipcle modes
of the unstable beam, Then we see that we can have in a beam twokinds of coupling, the first
regards all the transverse throbbing modes and the second all the longitudinal propagation mo
des,

Also the force F, produced by a longitudinally perturbed beam is expressed as a
combination of all the transverse p-modes; but in this case allthe modes having p#0 are in-
sensitive to any unstable beam configuration,
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Besides, we observe that a coupling exists also between perturbed beam oscillations
along different directions. Really a longitudinal perturbation produces also transverse field
components, and viceversa; a vertical (y) beam oscillation can produce also a radial (x) field
component, and viceversa,

We widitowell remark that all these coupling have their origin in the discontinuous
nature of the electric properties of the conductive plate - vacuum chamber wall structure.

We observe, at last, that the self-field of the 2m-pole of a throbbing perturbed beam
goes as (a/b)m'l. So that the dipole mode produces the highest field, the other modes producing
field decreasing with m. The relative intensity of the modes is determined by the ratio a/b of
the beam size to the vacuum chamber size. In an electron or positron machine a/b is very small
so that, apart from the dipole mode, all the other modes produce very weak fields, Instead in a
proton machine the ratio a/b can even be close to unity (expecially at the injection or in a full
stacked beam in proton storage ring case) and all the modes ean produce self-fields of compara
ble amount.

6.- THE EFFECT OF THE PLATES DISTRIBUTION AROUND THE ACCELERATOR CIRCUM-
FERENCE, -

Inspection of eqs, (4.5) shows that the forces produced by the perturbed beam are.pro
portional to M1/29 R, i.e, the fraction of the accelerator circumference occupied by the conduc
tive plates, -

The distribution of the plates around the accelerator circumference enters the expres
sion for the forces. through the factor o(h

h

i Zz
1\ R “08
.1 K =
(6.1) I :
s
We investigate two particular simple cases:
6.1.,- Uniform plates distribution, -

We assume that the plates are equally spaced. Thus, denoting with Zoo the coordina-
te of the centre of a reference plate, we have

. h .
6.2 = -
(6.2) L, i Z e ,
s=1
and by some simple trigonometric relations
. +
1%200 cos MMl 7Eh+isinM1\—/[’-1-~7Ch
(6.3) ok =e L sin Th ,
MSIn*-I\—/[““

This quantity is always zero except when h is zero or a multiple of M, in that case

(6. 4) A =e B 00(‘-1’) M

Thus the first significant term in the series at the r.h. side of egs. (5,4), apart from
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that with h=0, is that corresponding to |h|= M

6.2.- Two series of uniformely distributed plates. -

We assume that in each series the distance between two consectuitive plates is constant
and that the plates of one series superpose those of the other series by a shift of an angle
We have

1§z00 MLZ 1s4ﬂ:‘h M/2 ,i(s4’rh+l\h)
ay | g
H M )
s=1 s=1 “
(6.5) .
h cosl\—/1217¢th+1s1n1\’/I—L2———l Th
14 %00 iAh M/2 M/2
= e (1+e ) sinZTh .
. 27Ch
M sin M

Also this quantity is generally zero except when h is zero or a multiple of M/2, in that case

h R M+2
i— 2z iAh —h
R 00 1+ M
(6.6) R =e (1) .

From eqs, (6,4) and (6. 6) we have

in both two cases.

For h#0, the o, -factor depends on the absolute position of the plates with respect
to the phase of the perturbeg travelling wave, e-i(kz-wt),

From eq. {6.4) we have for example for h=M

iz
00 -+
T

and we see that moving the coordinate z,,, i.e. rotating unifermely the plate distribution, we
can change the ratio of the imaginary part to the real part of the term with h=M at the r, h
side of eqs, (5.4) and (5. 5),

7.~ THE SELF-FORCES ACTING ON THE BEAM PERTURBATION, -

The Self-Force components are obtained taking that term with p=m and h=0 at the
r.h, side of eqgs. (5.4), and taking that term with p=h=0 at the r,h, side of eq, (5.5).

We have

PU :
(7.12a) = _(V A A ) __-m 'i(kZ-Nt)
dx
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au . ‘

: - . m ~i(kz-wt)
(7.1Db) Fy— (V0 /APAO)_"“ay e s
and

. ~i{kz-wt)
(7.2) FZ—1k(Vo-/_§on)¢oe

F,and F_ are the self-force -components produced by a transverse perturbed throbbing beam.
F, is the  self-force produced by a longitudinal beam perturbation.

We make inspection of the egs, (7.1) and (7.2) separately.

7.1,- Throbbing beam, -

Multipole modes (m#0), From eqgs. {(4.5) and (3.3), and egs. (A, 7) and (A, 8) that can
be found in the Appendix, we have

(7.3) Fo=- ~—~.~(~——)(%) R gradU_ )P

-
where with F we have denoted the vector with components Fy and F

y*
We see that the force is proportional to the electric dipole per unit volume
| °X\,¥
(7.4) —
T a

and to the percent of the accelerator circumference occupied by the conductive plates,
The ratio a/b enter with its (m+1)-th power,

The -effect of the angular plate position with respect to the throbbing beam oscillation
axis is given by the factor (7.5) that represent also the dependence of the force on the transver
se displacement

. bm
(7.8) ——— grad Um ,

C
where b, is given by eq. (2.5) and U by eq. (5.6).

The dependence of the forces upon the space and time frequencies, respectively k and
W , of the travelling perturbation is described by the factor

(7.6) L ] g Lo sn@-0), ¢ 1y sinforg) HBy/3)
: trans 1_/52 1 1-/3,W 0 2 1+/5W 0 w /"p

1
where Ei are given by eq. {(3.5) by replacing A with ﬂp.

7.2.- Throbbing beam monopole mode (m=0};-

It is soon seen from eq.(5'2.b) that the azimuthal component Fy of the force for h=0
and p=0 is identically zero, The force has only a radial component,
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Introducing the potential

we have, in a cartesian frame,

U . qu_ .
o -ilkz-wt) - 2 o -i(kz-wt)
—e . Fy—_-(Vo_ﬂ,’pAo) q 3y e g

_ 2
F_= -(Vy- /!;pAo) q 5

From eqs. (4.5) and (3.3), and eqgs. (A, 8a) and (A, 14) in the Appendix, we have

eX 5 b
o M1 a o 2
T2l Grr ()G egradU )k (l-ﬁp,é?w)P

s

7.7 F -
(7.7) Fo=- long

-’
where again F is the vector with components Fy, F_, b is given by eq. (2.5) with m=0; it
results to be equal tothe transverse size 2b\Y of %’he plate.

is the function which describes the dependence of the force —ﬁ on k and &, it is

-8
(7.8) Plong= ﬁ_—.zvv___
-5

Plong
{5'1 sin(0-§) + éz',sin(9+¢)},

1] 1]
where /A takes now the value /3 We observe that the coefficients £1 and 5—2 contain terms

linear in the quantity

w*

1-
A A
Ah
as one can see-from-eq, (3.5); thus the r.h, side of eq. (7.8) is not identically zero.

We see that the general dependence of F on the ratio a/b as (a/b)m-l_1 is respected also
for the monopole case, but the force for this case results very small compared to that produ
ced by a multipole throbbing beam, since the presence of the factor kz(l-ﬂp/&w) at the r.h, side
of eq. (7.7), and for the limitation

k <<bY

under which our formulas are valid.

7.3.- Longitudinally perturbed beam.-
From egs, (17.2), (4.5) and (3.3),and eqgs. (A.19) and (A, 20) in the Appendix, we obtain

2 ¢
_ Ml o'o
(7.9) Fz—le)\(sz)( T1iC

) Plong’
where Pjong is still given by eq. (7.8). 2 Y, is the transverse angular extension of the plate.

We see that in this case the self-force is governed by the perturbed charge per unit

length e A ,
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8, - INSPECTION OF THE P-FACTORS. -

Inserting eq. (3.5) with ﬂ =ﬁ'w in the expression (7.8) for Plorig’ and with ﬂ=ﬁp
in'the expression (7,6) for Pypane. We obtain

. _ A 21r‘p(cos2¢—cos2 0) -sin2¢
long 2 2cos2¢+2i Wsin2 ¢

(8.1)

and

-sin2¢ [(1 -ﬁ'wﬂ §)2+( ﬂw- /Sp)zl .

trans

v Q(I-ﬂ‘z”)z (2cos2 (+2i Wsin 2 ¢)

. . 2
21rp(1- ﬁwﬂ’p) (cos2@-cos20)

+/Gw 2,2 ) . . *
9(1-/5w) {2cos 2 ¢+2i Wsin2 (f)
(8.2)
24 ,-A)0-p A )sin20 (/3W—ﬁ,p)2

w 0(1-3 w2)2(200s2¢+21Wsin2¢) 1~ﬂ‘zﬂ

-+

+ /’3

2i r:(/}, w—/Ap)z(COs 2@-cos20)

w 0(1-/33/)2 (2 cos 2 ¢+2i Wsin 2 ¢)

where rp=nLh / (ry+rg) is the impedance of the circuit formed by the impedances ry and rg

in parallel, rg =rytry is the impedance of the circuit formed by r; and rg in series, and

l1+r_ r

(8.3) w-—2>i2_1 .
r1+r : rg P

Eqs. (8.1) and (8.2) must be compared with the companion equations (2,22a,b) of ref.(8). Tfefor
mer equations reduce to the last oneswhen one takes & =+1 and rp=W=r, i. e. when one of the
two ends bof the plate is open,

At the r. h, side of eq, (8.2) we have the last term in ré,l that has no equivalent in
the companion eq. (2.22b) of ref, (3). This term vanishes when r;l is zero, i, e, for a floa-
ting or a single terminated plate,

For small §§ and 0 we get

Zirp(}l(l-/ﬁi’)-/ﬁi’

=8
(8. 42) Plong ™ 2 1+21 W g
and
2. .2
2ir ¢(1-/6 )—/é»
(8. 4b) P bR

P =
trans 1+2iW¢g
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These equations are very similar to egs, (2.23) of ref, (3). The difference.is that for a plate
shorted at both the ends, the r.h, side of both eqgs, (8.4) is exactly zero; thisis contraryto the
case of a plate shorted at one end and open on the other one,

It is soon verified, from the general expression (8.1) valid for any frequency k or
@ , that Plong is identically zero for a plate shorted at both ends. However that is not veri-
fied for Pipans at large valuesof k orw ., '

We consider some particular cases.

a) - Floating plate, -

2
ﬂw 1—/3W/$p)2 cos2¢-cos20 (ﬂvfﬂ’p)

(8. 52) Pirans™ o ( 1_/52 sin2 ¢ 1_-/32
w w

b) - Plate shorted at one end and open on the other one, -

. , 2 9 9

(8.5b) P N Aw z(ﬂw-/bp)(l-ﬁw/&p)smz 9—s1n2¢B1-ﬁW /;p) Hﬁw_ﬂp) ] _(ﬂw'ﬁp)
. trans (4] ) 2 l—ﬂz

2(1-ﬂaw) cos2( w

c) - Plate shorted at both the ends. -

2
Aw (/!’w-ﬁ"p)2 cos2(-cos20 (ﬂwuﬂp)
0 H/”i, 8in2 ¢ 1_/53‘,

(8. 5¢)

trans =

Eqs. (8.5a) and (8.5b) have already been compared in ref. (3), and it had been shown
that it is more advantageous, to reduce the effect of the plates on the beam, to use plates with
very high termination impedances rather plates shorted only at one end.

If we refer to plates with two terminations we see from eqs. (8.5a) and (8, 5b) that
floating plates or shorted plates give rise practically to the same expression for Pipgng, the
only difference being the factor in front of the first term at the r,h, side of the egs. (8.5a) and
(8. 5b),

The two functions

2 2
1-p_4) (A _-A)
(8. 6) ___/5_‘)_"____9__ and —_—w'p

2 2
1_/5w ’ 1—ﬁw
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(%)

hatre been plotted in Fig, 2 against Q/n" /, assuming

Q
/3W~ﬂp(1+ n ).

If Wp is a very large quantity the two functions result identical apart from terms in ’2’;)2 .

The three pictures in Fig. 3 can help.us to understand better the effect of the plate ter
mination impedances, The picture (a) shows a floating plate; the standing wave of the potential
distribution exhibits two bellies, The picture (c) shows a plate shorted at both the ends; the stan
ding wave exhibits in this case two zeros at the ends, In both these cases the potential average
along the plate length for a fixed time is zero, although the éffect on the beam is not zero but
given by the difference between' the velocity c:/.’>W of ‘the perturbation and the velocity ¢ of the
induced electric signal on the plate, This difference enters just ther. h. side of eqgs, (8.5a) and
(8. 5b) through the term

cos2@-cos280
sin2 ¢

plate open at plate shorted at-one end, plate shorted at

both the ends and open on the ather end both the ends

(a) (b) {c}

_vacuum chamber wall

FIG. 3

- 2
For small § and @ the above quantity is practicallyﬂ(l—ﬁw). At high frequencies the conductive
vacuum chamber wall structure rescnates as a transmission line shorted or open at both
ends, and the resonance frequencies are given by the relation

2¢=7V,

with v an integer, This resonance has been described in ref, (3), and it has been shown that the
resonances can be damped by dissipation on the plate finite resistivity.

The picture (b) shows a plate shorted at one end and open on the .other one. The po
tential distribution has now a zero at the former end and a maximum at the latter one.

(¥) - Q is the wavelength number of the betatron oscillations to be taken with the sign + for a fast
beam perturbation, and with the sign - for a slow beam perturbation. Besides it is

n=kR,
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The potential avervag‘e along the plate length is not zero, and, also taking into account
the difference between the velocity of the perturbation and that of the induced s1gnal we see that
this case is the worst with regard to the effect on the beam.

9, - CONCL.USIONS. -

In this paper we have investigated the effect of conductive plates in circular particle
accelerators or storage rings excited by some travelling wave beam perturbations, We have de
voted this paper only to the case of plates with two terminations placed at the ends of the plates,
We avoided! to consider the more general case with two terminations but placed anywhere, for
two orders of reasons:

a) The mathematical approach would have been very complicated by the increase of
the problem variables,

b) In ref, (3) one has shown that in the case of a single terminated plate the best situa
tion is to place the termination at one of the two plate ends with the effect to eliminate those re-
sonances for which the plate appears as an unloaded transmission line, It is not difficult to verify
that also in the case of two terminations the above mentioned resonances disappear when the two
terminations are at the plate ends, otherwise we would have always some frequencies for which
the plate structure resonates as an unloaded transmission line, Nevertheless we must say that
this kind of resonance can happen also for plates terminated at both ends when the plates
are either shorted or floating. Our intention writing this paper was to complete the analysis
of the conductive plates effect made in refs, (1) and (3) for an intense coasting beam. We summa
rize the following aspects of our results,

a) We have used a circular geometry with the beam centered in a straight pipe. The
beam perturbation has been taken to be a travelling wave of the kind

e—i(kz— w t)~.

We have made use of the following approximation

k << ?/b ,

b) We have extended our analysis t@:throbbing beam oscillations-as well as to longitu
dinal beam oscillations. It has been shown that, for the discontinuous character of the boundary
of the problem geometry, several kinds of coupling car be present in a perturbed beam:

- coupling between longitudinal mode oscillations having different wave number k,
- coupling between throbbing beam modes having different m-mode number,
- coupling between the oscillations with different axis,

¢) The distribution of the plates around the accelerator circumference can modify the
amount of the force of the above mentioned coupling.
d) We have devoted large part of our analysis to the investigation of the self-for-

ces,i, e. of those force terms which oscillate in both the longitudinal and transverse directions
as the perturbation.

It has been shown that the self-forces have no dependance on the plate longitudinal
distribution,

We have seen that the monopole throbbing mode (m=0) gives rise to a very weak self-
-force governed by the term

kzu-/sp/sw).

All the other multipole throbbing modes (m #0) give rise to forces practically of the same
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amount except for the factor (a/b)mﬂ. The self-force of longitudinal perturbed beam results

be a small quantity in k,
e) The behaviour of the plate against the frequencies k and 4 is measured by the Pypgng
and Pjong factors,

It has bken verified that the effect of the plates excited by a longitudinal perturbation
or by a monopole throbbing beam is reduced to zero shorting the plates at both ends;

We have seen also that a shorted or an open plate (at both ends) gives rise also
to the smallest effect on a multipole throbbing beam, although this effect can never be reduced
to zero. .

f) The coupling between the perturbed beam and the transverse geometry of the conduc
tive plates is described by the following three factors

brn grad U, , for multipole throbbing beam,

b, grad U, for monopole throbbing beam ,
Yo I .

20, % > for longitudinal perturbation,

We have included also the case of plates with axis forming an angle ‘,—0’ #0 with the throbbing
beam oscillation axis,
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APPENDIX 1, - Derivation' of the 6‘ and g-factor for any m- mode transverse beam motlon
m#0, -

We have seen in Section 2 that the sources of the field are the following charge and
current densities (in the limit k <<b?¥ ),

e ¥
(A.1a) 91 = 9 S(r-a) cosm‘lf
Ta
and
. r m-1 o
1(w—kv)(~—;) , }f(a-n)cosm}?
. e\ % m-1
{A. 1b) J: = **92——— -i(w -kv)(~'£—) %f»(a—r) sinm{ .

v 5 (r-a)cosm (/

In the case of perfect conductive wall, the z-compenents of the e, m, fields have the form:

(A.2a) Ez =3' Cl rmﬂ(af-r)%[‘cl rm+C'1(r"m a } cosm\f
and
(A. 2b) HZ =}’{D1 rm% (a-r)+ [Dl rm+ D‘Ikrm a }sin mY .

All the other field components can be der1ved from E,, HZ, 91 and Jl

The four constants Cl,Cl,D1 and D1 are determined by the usual condltlons at r=a
and r=bh,
From the two Maxwell equations

rot\fﬁr-i—‘i’—H , rot ﬁ=ﬂJ +i~0—d-E,
c ¥ L r c ‘r " e

and inserting eq. (A.2a) and {A. 2b}, we obtain, for r » a,
(A. 3a) B =_£L [(C +C')+ (D, +D" )" _m—1+(c| /-” Dv)izj_n_

: r 2 HC P APy | 17 PPy g (cosmY

k(i-4 ) r
w

and
(A. 3b) -————L (C +c' }+ (D +D'; -‘m C -D' 2m

. Hy k(1- /5 ) Ay(Cy¥Cy)+ (D, ] " +(/5 % m+1 cosmlf.

Imposing E,=0 at r =b, we obtain

(A. 42) (cl+c'1)bm'1-c' 2 =9,
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Imposing that E, and H, are discontinuous crossing r =a, and that the amount of the disconti-
nuity is determined by the perturbed surface charge of the beam, we have

2ie >\0
(A. 40) Cim K- A, 4
ma
and
' ie N
(A. 4c) D, = k(B A
ma

Imposing, at last, Ey =0 at r=b, it results

2m

A : to.om-1 ' a
A +D +D
(A, 44) (D1 1)b 1 N )

=0,

having made use 6f eq, (A. 4a).

Inserting the above equations (A, 4) in the equations (A, 3), we have for E, and Hy at

r=h,
de xo‘s o Tl

(A. 5a) . Er = T (—b—) cosm VY,
4eX Y m+1

(A. 5b) Hyp = —5>— () o sinmy .

a

We define the induced surface charge € and the induced line density current I in the following
way,

E .
(A. 6a) G = le;(_: eog cos mip e—l(kz-wt)’

H? C
(A. 6b) 1=-~4x% =fhcb ,
where
4. Bep,.

1Y
e
(A, 8a) s = - ____Q_Z_O_,
) ° nta
and
5 M+l

b
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APPENDIX 2. - Derivation of the €7 and g-factor for the zero-th mode transverse beam motion:
m =0,

The sources of the field, in'the limit k4€b~y , 'in'this case are

e %
(A.9a) 91 = ———°2~—- [S((r-a) - % X (a-r)]
Ta

and
i(w —kv)-z— H(a-r)
e\ %
(A. 9b) 3’1 = -°2l 0 .
Ta
v [X(r—a) - -i—-%i(a—r)]

It is immediately verified that

anywhere inside the vacuum chamber,

It can been verified that

H‘/’ = /3w Er for r>a, and Er = ﬂw H, for re<a,

so that it is sufficient to limit ourselves to the E,-component. We have for it

(A, 10) Er=;’{Clr?’t(::urj)-i-c2 r—l ?’L(r-—a)} .

having used the fact that E,, given by

E 9E
ikE = ——%
Z

is zero atr="bh,

From

- N
1k(l_l,bw)Er_ c ﬂw Jﬂrr’

relation valid in the region r < a, we obtain

4e N A -5
(A.11) c,= 3° ¥ zp
a w 1—/5W

Imposing, then, the discontinuity of E, at r=a, which is given by the surface perturbed
charge, we have:
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CZ 4e)\0
(A.12) -5 =C +—F "
\ 22 C1 .3

From (A.11) and (A.12) inserted in.(A.10), we have for E, at r=b

4eX 1-4_A
= o (a8, W'D
B =¥ —2 () >
r 2 b 1_/52
w
Using again the form (A,6) for the induced charge and current densities on the va-
cuum chamber wall, we obtain that 6, is still given by eq. (A.8a), while, in the limit gb<«<1,

1- 4
(A.14a) g = (=) ———Eg—w—
1-A
and
(A.14b) sp=p, .

APPENDIX 3. - Derivation of the & o end g-factor for a longitudinally perturbed beam, -

In this case we must use, as sources of the field,

el

(A.15a) [ H (a-r)
1 2
Ma
T - W
(A.15Db) J1 = (0, 0, » 91),

-i(kz- W
with A = )\1 e ilkz-wt) the perturbed charge per unit length,

For symmetry reasons, and for perfectly conductive vacuum chamber wall, we have
E‘P = Hr = Hz =0,

while the two components E and Hq satisfy respectively the following equations

B 2

w

(A.16a) vzﬁ:r—m-éﬂ+-§wEr=-i% $ (r-a),

r ¢ a

H 2

2 ¥ W .

(A.16b) \' HV —”""z“+”*é—*H\p = -ﬂw ig—gl-’é‘(r-.a);

r c a
from that we have immediately
(A.17) Hy <A E_.

and we can limit ourselves to the E.-component. This can be expressed in the following way
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22
EVI‘ = A‘{Cl r%(a—r)-’-[cl r+Cl(r- -‘a:'r—)]%(r_a)}'

having used the continuity of E,. atr=a,

From divE =0, to apply in the region r> a, we can compute the E,-component. Impo-
sing that EZ is zero at r=b, we have
'
-+ =
C1 C1 0,
and E,. becomes

2
(A.18) Er#xcl{r'}{(a-r)+ E;—?{(r—a)} .

We find also that ikE, is zero for r» a and is given by (2 )\.01—4 TT®,) for r<a. The continuity
of B, at r=a yields

G - = - 28
2 C1 47L‘_?1 0, or C1 D)
a
Thus, at last, we have, at r=b,
E = =
v 2eX/b, Hy /.SWEr
from that
A1
A.19 =- £
( ) eo 2T b °
(A.20a) g=1,
and
(A.20b) A=/
w
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