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I. - INTRODUCTION, -,

The structure of the electromagnetic form factors in the frame-,
work of the Veneziano model has been recently studied by several au-
thors(1: 2). By use of current-field identities, current algebra and off shell
extension of the Veneziano representation the expression

rl- oL o (t)]
P[5 -otete)]

(I 1) G(t) = P(t)

has been obtained for the isovector.electromagnetic form factor. Here
g (t) is the linear & Regge trajectory, n a positive odd integer and P(t)
a polynomial in t. The various off-mass-shell extrapolations used by dif
ferent authors only affect the detailed form of P(t). We remark that the
fact that n in Eq. (I. 1) is an odd integer is a consequence of the quantiza~
tion condition for Regge trajectories 3).

However all these models fail to satisfy a natural symmetry re
quirement. Namely that two chirally conjugate sources, the vector and
axial-vector currents Yf and A/%, , are coupled in a more or less symme
trical way to all the daughter poles present in the Veneziano representa-
tion and which have the correct quantum numbers. The representation gi-
ven in Eq. (I. 1) satisfy this requirement for Vu., but only the /& and the Aq,
out of all the possible 0~ and 17 particles have been coupled to A 4 .

These symmetry problems have been recently studied by Su-
ura(4) in connection with the pion form factor. The requirements of the
symmetry discussed above lead to the following expression for the pion
form factor

1 1

. P[‘z“ “'é‘xg\(t)]
(I 2) F (t) = .
2

5 1 N
r{é‘ - O(g (‘t)]

The obvious disease of all these representation is in their lack
of unitarity. In the following Sections we will study the problem of the
partial unitarization (the meaning of this will be clear below) of the above
expression:.for the pion form factor. However, before doing that let us di-
scuss in general some features of Eq. (I. 1) and (L. 2).

Eq. (I. 1), with n=7 and P(t) = const. , reproduces quite well(s)
the data on the electromagnetic form factors of the nucleon, up to a mo-
mentum transfer -t =25 GeV2. Moreover, as pointed out by Freund(6)
Eq. (I. 1) gives some very interesting predictions on the hadron mass
spectrum. However, as discussed above, in the derivation of Eq. (I 1) a
strong asymmetry is introduced between the currents Ag and Va.
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On the other hand Eq. (1. 2) correctly embodies the -symmetry
between A, and . However we remark that for t —» co, argt#0, Eq.(l. 2)
gives Fp (t) ~ -3 4, while composite models of elementary particles seems
to imply Ep(t) -1 asymptotically(7). Finally it has been pointed out that
an expression of the kind
Pz sl

1
2
r[2- %«g(t)]

(1. 3) G(t) = const.

(8)

cannot account for the behaviour of the nucleon form factor

In the following we will discuss the unitarization of the pion form
factor starting from the two possible representation (I, 2) or

Fil —\,O(g (t)]
NERE? ]

(I. 4) Fp (t) = const,.

The general idea of the following discussion will be that if a Ve-
neziano-like form factor gives a resonably good representation of the ex-
perimental data in some region, it cannot be too different, in an average
sense, from the correct unitary one,

Starting from this idea in Sec. II we derive a singular inhomoge
neous integral equation for the pion form factor, which can be solved fol-
lowing the Omneés method(?), The resulting form factor exactly satisfies
elastic unitarity: in fact elastic unitarity is imposed up tot & 1 GeV?2,

In Sec. IIl we discuss the results of Sec. II, using as iinput Eq.
(I.2) and (I. 4). It turns out that starting from Eq?(l. 2) a good agreement
with the experimental data is obtained.

For completeness in the Appendix we show how the solution of
the integral equation derived in Sec. Il is obtained.

1I. - THE INTEGRAL EQUATION, -
Liet us begin this Section with a . more detailed exposition of the

unitarization method sketched in the Introduction., Suppose that we know
that the function

o
’ 7
(I 1) (D) = co 2n — B,

n=0 t - tg

where f(t) can be either (1. 2) or (1. 4), gives an apprbximate representa-
tion of the form factor. Eq. (II. 1) is obviously non-unitary: however an..
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optimistic point of view.is that, in view of its phenomenological successes,
f(t) is in fact close, 'in some average sense, to the correct, unitary form
factor. We can therefore try to use Eq. (II. 1) as a starting point, but im-
posing the exact unitarity requirements in a limited region.

In more details, we have from (II. 1)
@

(IL. 2) Im £(t) = ¢co Z 75'3?1 S(t - ty)

n=o

The use of an unsubracted dispersion relation gives back Eq. (II. 1) from
(I1. 2).

Unitarity now tells us that
(11, 3) Im Fye(t) ='e_18\ sin § t) Fp (t) 0 (t-4 m,r) +inelastic contributions

where 511 is the J=1, I=1 phase shift for elastic -7 scattering,

We will use the elastic unitarity relation up to some t1(2 1 GeVz):
this is suggested by the experimental data and generally accepted. For tyty
we will assume that both the elastic and inelastic contributions to Eq. (II. 3)
are well approximated by Eq. (II. 2) from which the first term (correspon-
ding to the ¢ meson in our case) has been removed.

We therefore have

Im Fp(t) = e—i Jll(t) sin Sll (t) Bpe(t) © (t-4 m,ze) e (t, -t)+

1
(1. 4)

(00
te 2, EHI(t - ty)
as1

It is now clear that the whole procedure is meaningful only if Eq. (II. 1) is.
really a good approximation to the correct unitary ex%rpsslon This is es-
sentially the same philosophy used in an N/D attempt 10) {6 unitarize the
Veneziano amplitude,

Using now (II. 4) in an unsubtracted dispersion relation we get
the singular inhomogeneous integral equation

s B By
-id11(x) |
(I1. 5) Fp(t) = cgl(t) + Ilt f e sin erl:lFX) Fy (x) dx

Here g(t) = 1 g(t) - : in (II. 1) the constant Co is fixed by the norma

0
Co t -1,

lization condition f(0) =1 and c is fixed by the analogous condition for Fr(t).
We expect that if (II. 1) is a good starting point the renormalization effect
due to unitarity corrections will be small and ¢ & co. This is confirmed

""a posteriori'.



In Section IIT we will use a particular model for the phase shift
Jll(t), which reproduces quite well the available experimental data, With
such a parametrization gll(t) = 0 (mod. X') for some t = to-

We will choose ty =t,: in this way the discontinuity (I 4) is conti
nuous both at t=4 m%‘t and t=ty, We will fix the phase shift determination
in such a way that d&'91(4 mzzn) = - and Jl 1 (t1) = 0: obviously the results
do not depend on this choice,

Once Fy(t) has been determined from (II, 5) in the interval 4m%5 <
€ t = ty, then it can be obtained in the whole complex plane by using Eq.(]1.5)
again,

It will be shown in the Appendix that the most general solution of
Eq. (IL. 5) is

' ‘ W (t 1 .
(II. 6) F}t(t) =cC [Gm(t) + (t _ 4m%)n((t)— tl)m €xp [g (t)]] exp [1 gll(t)]

where |
Grlt) = gt) cos S, (W +exp[o(®)]  x
1. ,
(11, 7) P sin Jll(x) g (x) exp [- L4 (x)]
X = 5 dx
4mf, x -t
and
t
1 §y(x)
(1 8) §0) =5 / ——- dx
Am?
5

& (t) is an essentially arbitrary function of t, regular and non zero at
t= 4m%,... and t=ty, and n and m are a priori arbitrary integers.

We will now show how it is possible to remove this arbitrari-
ness. We require that F, (t) has no poles at t= 4m2,,_- nor at t=t;, Since
exp [£(t)] has a simple zero at t= 4m%.‘ and is finite at t=t; the only
possible choices are: n=0 or 1 and m = 0: the function W(t) is still un-
specified. We will agssume now that Fyr (t) has no singularities for t) <
< o, besides the elastic unitarity cut and the input poles. Therefore Y(t)
must be a polynomial in t. Moreover we will impose, in the spirit of
our approach, that the agymptotic behaviour of F . (t) is the same of that
of f(t), Eq. (II. 1).

Sinee exp [® (t)] =>1 for t —> w we are left with the only pos
sibility n=1 and \(t)=const, =k.

The constant k is fixed by the above requirements, namely:



t
1
(I1. 9) k = a’0+—71£- f sin Jll(x)(}m(x),dx
4 2
My

~The constant ¢ is now fixed by the normalization condition, and
is given by

Jy1(x) G w -1
(11, 10) c = [ (o) +-—— / sn o z (x) dx - 'kz exp [g (0)]]
, X 4m%

m
4 In

III. - ARPLICATIONS AND RESULTS, -

' We will now specify the form used for the phase-shift Jll(t).
We assume for the unitary J=1, I1=1 pion-pion scattering amplitude the
form suggested by Lovelace 1) and collaborators(l

Viq1(t)

(III. 1) f 1 +h) V ()

1=1
721 ® "

where h(t) is.a modified Chew-Mandelstam form(12)

2 ; —
(IIL 2) h(t) = -1 —% - ZmE g, —E—f—z—i-\ , (q=V%—m?€ )
Ve q V¢ 2mg |
1
(111, 3) v, () =12 f cos 6 d(cos 9) [V(t 8) - V(t )}
. 11 5 /] s cos ,,8) - P U
and
M(1-og () T (1- olg(t)
(111, 4) V(s,t)=-9

M- oRe(s) - Xe(t))

(Xel(t) = at+b~) and 7 is fixed in term of the mass and width of the g .

The phase-shifts deduced from (III 1) are in good agreement
with the experimental data(13),

We believe however that our results do not strongly depend
on the detailed structure assumed for 511(1:), provided that ;1 1{t)=0
(mod. ') at t= 4m2,c and t=ty1, and that it correctly reproduces the [
resonance. '



TIl.a) -Suura Model. -

We take here

1,
G- olet)
(I11. 5) (1) = co —= i 5
[ -5 Kelt)

¢, is given (in the limit m , = 0) by ¢, =1/ (1/4). The trajectory e (t)
is constrained to satisfy the Adler condition &e(m%.)=1/2.

Using (I11. 5) as input in (II. 6) we obtain the results shown in
Fig. 1: the agreement with the experimental data(l4 + 16) jq quite good,
Obviously at this point the only free parameters in the model are the
mass and the width of the @ meson,

2
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FIG. 1 - The predictions of the unitarized version of Eq. (1. 2)
compared with the data of Ref. (14 + 16) (Time-like region).



The curve shown in Fig. 1 has been obtained with me = 765 MeV
and r'g = 110 MeV. It is presumably possible to obtain a better fit with
small variations of the § mass and width: we did not attempt such a detai
led fit since we are here interested only in the general features of the va-
rious models.

Note that, if a small w-¢9 interference (which is obviously
outside the present model) exists, as suggested by the recent Orsay re-
sults(ls), one could probably obtain a better fit in the peak region (in this
connection compare our Fig, 1 with Fig. 2 of Ref. 16).

As anticipated in Sec. II the unitarity renormalization effects
turn out to be rather small: with the value of m e and /} given above,
and my= 139 MeV, we find ¢g/c = 1. 05, ’

The predictions of the model in the space-like region are pre-
sented in Fig, 2: the experimental information{17: 18) however is'very mea
gre in this region. In the figure we plotted the unitarized form of (III 5).
It is interesting to note.that the results obtained directly:-from (III. 5) and
from its unitarized version are practically coincident in the space-like re
gion: the effect of unitarity is to increase by a negligible amount theradius
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FIG._Z - The predictions of the unitarized version of Eq. (L. 2)
compared with the .data of .Ref. (17,18) (Space-like region)



90

calculated from (III, 5), These resulis seem to confirm "a posteriori' the
validity of our procedure, as well as of our starting point, Eq., (IIL 5).

III.b) - Other models, -
We take here(2).
1 -sss] M- oet)]
- = CO' 5
) r['z— - dg(t)]

- 2., )
M - Letm?) - ol ]
the last equality following from the Adler self-consistency condition(B)

(I11. 6) £(t) = cq

In the limit myp=0, cg= 1/[7? . If we now use (IIL. 6) in (II, 6)
the results are very bad: the resulting peak at the € mass is by far too
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FIG. 3 - The predictions of the unitarized version of Eq. (1. 3)
compared with the data of Ref. (14 + 16) (Time-like region).
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high. The results improve if we relax the condition o(f.(mlzt.) =1/2, but
even in this case are not very good.

We plotted in Fig. 3 the results obtained with o(g(m,zc ) =0,6,
me = 765 MeV and § = 120 MeV.

We considered the possibility of satellite contributions in (III, 6) ¢
we added a satellite term and repeated the calculation, but we did not find
any simple way of improving the results with this method. Of course by ad
ding a larger number of satellites (and a corresponding number of parame
ters) the results could improve, but their meaning is certainly unclear in
this case.

IV. - CONCLUSIONS, -

There are at present two classes of models for the pion form
factor in the framework of the Veneziano representation. Models of the
first class embody the natural requirement of symmetry in the couplings
of the vector and axial vector currents. Models of the second class fail to
satisfy these requirements.

We have presented here an unitarization method that, starting
from the narrow width approximation, gives a form factor that satisfies
elastic unitarity up to ti ™1 (GeV)2 and contains zero width resonances
for larger t.

It turns out that using as input in our unitarization scheme mo-
dels of the first class one obtain good agreement with the experimental da
ta. On the other hand if models of the second class are used as input, at
least in their simpler form, they cannot account for the experimental re-
sults.
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APPENDIX, -

For completeness we present here the general solution of the in
tegral equation

1 fee -1, ] s 8 P
(A.1) \f(x.)=g<x>+,,—_;/ P

a

following the method of Omnés(g). In (A, 1) g(x) is a function continuous in
the interval [a, b I and sin ';]Ll(a) = gin Jli(b)- =0,

We define the function

b
‘exp | -id, (y)]sin.& (y) P (y)
Fz) = — /‘ [ 11 ] 11 dy

(&.2) 2Xi. y -z
a

With this definition Eq, (A. 1) reads
exp [-— 2i &11(:{)] Fix+i&)-F(x-i&).=

(A. 3) ; -

for a ¢« x < b,

We now put
(4. 4) Fla) =4 (z) f(z)
where the function . (z) is defined by the condition

(A. 5) exp [-21 & (0] Rx+ig) - D (x-i€) = 0

Taking the logarithm of (A.5) we find its solution to be

. b , :
' _ 1 [ 9
(A. 6) L (z) = exp ’ I_L' —y——_—-z— dy
a '
Eq. (A. 3) reads now
(A.17) P (x+i€) - plx - 1€) = g(x) sin S exp [- 8 (x))

with a <« x <« b and
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| p S
(A. 8) f(x)=';c+‘ ——dy
The solution of (A, 7) is trivial and we finally obtain
1
Y (x) = [g(x) cos Sll(x) + 7 €Xp [S? (x)] X

(A.9) b |
dy]exp Li 511(::)]

. f gly)sin &, (3) exp. [~ ¢ (v))
Yy - X

a

The general solution of Eq. (A. 1) can be obtained by adding to {(A.9) the ge-
neral solution of the associated homogeneous equation

b . e . .
1 exp [—1 Sll(y)} sin 5\11(y) V’O(y)
(A. 10) P (x) == dy
© ¢ -x-i&
a yo- X
Following the procedure described above, we can defin~
(A. 11) F (2) = b _(2) (2)

where now q>o(z) satisfies, for a ¢« x € b
(A. 12) P (x+i€) - P (x-1&) =0

This relation shows .that <})o(z) is analytic in the interval (a, b)
except eventually at the points a and b where it can have poles (we are
excluding here essential singularities), The general solution of (A. 1) is
therefore '

(A. 13) Plx)= Px)+ x - a>r?2>§x.) Py eXP [9 (x) +1 Jll(X)]

where the function {(x), regular and non zero at x=a and x=b, is essen-
tially arbitrary.
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