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I. - INTRODUCTION.,

While longitudinal instabilities of intense electron beams
were the first ones predicted theoretically and observed experimen-
tally their theory still remains uncompleted. In particular the collec
tive longitudinal instabilities inside an RF bunched beam have not
. been investigated.

The recent observations made at ACO and ADONE storage
rings showed that the collective longitudinal effects are definitely of
practical importance(l). The observed bunch length 2A was found to
be }];»J;oport]onal to the beam intensity in some degree (apparently

} and decreasing with an energy increase.

We shall consider here excitation of internal coherent
synchrotron oscillations as a possible origin of the above mentioned
effect. Proper frequencies ¥y of these osciliations at zero beam
current must be real multiples of synchrotron oscillation frequency,
Lie. Vp = ni, if one does not take into account Landau dam mping.
One may expect that at sufficiently large currents the space-charge
frequency shift would be complex, i.e. that at least some of the
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coherent modes would be unstable. The instability increment should
increase with a linear space-charge density, i. e. with I/A. At the
same time the well known radiation damping which stabilizes the oscil
lations does not depend on the bunch length. Thus a certain equili-
brium bunch length can exist which has to exceed the natural length
determined by radiation fluctuations only,

Several general remarks are to be made on the interaction
forces between particles of a bunch. The above mentioned experi~
ments showed that the bunch length depended only on the current in
the same bunch and was independent of intensity of other bunches. It
makes a good reason for excluding {rom the beginning all long-distan
ce forces, that is beam-~cavity interaction or resistive wake fields
related to a decay of eddy currents induced in vacuum chamber walls.
We have to take into account short~range forces which are essential
at distances small or comparable with the bunch length. These forces
may be classified as follows :

a) A longitudinal electric field induced in a perfectly conducting stra~
ight pipe. This field obviously has a head-tail symmetry.

b) A non-symmetric field related to a finite conductivity of walls, At
shori distances this field may be of a Jarge value.

c) Fields of radiation (synchrotron or Cerenkov type) related to the
orbit and/or chamber curvature. They are also non~symmetric,

The type c) fields might be of importance for the problem
under consideration{?) but we shall treat here only the model of a
straight orbit in a straight vacuum chamber. It will be shown that
under this assumption only type b) fields may be responsible for the
excitation of coherent oscillations.

II. - BEAM DYNAMICS.

If ¢ isan angular coordinate along the orbit, £ (<4 1t) a
perturbation of a linear space-charge density and Z (<%, 1) a longitu-
dinal effective electric field generatied by the perturbation, then a
general linear integral relation may be written

/5& lﬁ , E: & Qj . af

U g vy = L D daerd o uyYyz ‘,Qi_n,;}«i«'
(W) = 55 Fdrgv, V) Z(v -0 V)

(1)
UG, 0) = R JEH, vy add

Here R is a synchronous orbit ratius and /Ac the synchronous velo
7 o

. R . S0 gt . .
city. The function Z( 4"~ , ¥ ) takes into account all the boundary
cenditions and may be called a chamber impedance, Note that per-



turbation are supposed to be oscillating ~ exp(ivt) (v & e/ R)
where the coherent synchrotron oscillation frequency v is to be
determined. It has to be mentioned algo that in a stationary case
(v =0) Zis real even if the chamber walls are not perfectly con-
ducting.

For investigation of internal degrees of freedom of the
bunch it is convenient to use Vlasov equation. So let f be a distri-
bution function in a synchrotron oscillation phase plane. The cano-
nically conjugated coordinates in the plane are either (4p, %) or
(c:fs ) (see Fig. 1). The value Ap is a momentum deviation from

. 9. [ ORI SUUTRUTN USSR
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o nf

f I A . : .
the equilibrium value, & = (A p)Z/ZM + eU(zﬁn) is an energy (Hamil
tonian) of synchrotron oscillations and % = R / (Ap( £ ,cjia)“'ldi}i

. af -

L-=const
is a coordinate along a fixed phase trajectory £ = const.

e 3 . . s . s 1
eU(+h) is a stationary (equilibrium) '‘potential'’ of synchro
tron motion and

= § .
M o= mo ¥ - 722

y 2 1 , .
f ;= 4 ( ol - momentum compaction factor)
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is an ei'fecilve masgs of the longitudinal motion. In a relativistic casge

when the energy 77 is larger than the transition energy 7, the va-
. -1

lue of lei = ~mgTjol  1s negative.

A single particle equations of motion may be written now

aslx)
& o ’;;
(32) ® = Ap/MR;  Ap-=- % 5o (U + )
or
& ™~ f’“}m* &
U)U @ &L
(3b) < &p RM ERS SRR PR

Fa ¢ 0 I
4 e b E(5E) +U(se) | £ = 0
( ) (i} t é(t £ )ZA ( a,} & L‘:ﬁj

Now let us suppose that the perturbations are small enough
to linearize eq. (4) with respect to small deviati ong from the equili-
brium distribution f(£). Then

~ .
s f{E2)Y+HE, 7,0 ) e

(5)
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f 31 df d
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Ew +€'}";"‘Nm£ e, o, vw) = qz 3% eU(4,v)

The synchrotron oscillation energy £ enters into the eq.
(5) as parameter only so it can be easily integrated along a fixed
phase trajectory & = const. Rea rixw in mind that the solution must
be periodic with a period T = 27Z/L7 L{ %) we obtain

fle z,v)+ (g, -,v) =

B 41
(6) d!:’ \,1-1 } N 2 :f;l f rj1
i1f 5 ] o n# 7
= (Y ogin ) e / eU(d )cosv (T e & ~m)d DY
d E 2 . 2 J A A 2
£ =const.

(We put ©=0 at the line 4dp=0, so eU(+* % ) ig an even and perio-
dic function of @), Now the linear charge density perturbation is re-
lated to the distribution function as follows :

(x) -~ Radiation damping terms are not included here and will be ta-
ken into account in a somewhat artifi cial way,



(7)

f.«;{*"’=con@t.
- (“Q
where I is a total beam current and 1 is supposed to be normali~
zed for un ‘Ly the coordinates { Ap, # ). Combining now the egs. (1)
and {7) we obtain a linear in’aegr 1 equation
8L gt
(8) g (o1 PN
with the kernel .
roo di
YR eM / d &
K(th, 9, )= <= y %
i %-"; - Dlg sin VT
t=const, 1 H T 9
(9) i“"n IT
X f S Mlcos V(g - T e )dT dE
o 2

& =const.

Note that neglecting the dependence JL(&) i.e. Landau damping,

the kernel ’"(f L )“‘ hag poles at ¥ =nJf (n-integer ,i 0. It
means that the eig mrer}, wies o at zero current (I - 0) are

4

muliiples of the yanh rotron frequency as it follows from simple
physical arguments s{x)

Now our problem may be formulated in general form as
follows : to find those compiex values ¥ which make a real value I
to be an eigenvalue of the non-hermitian kernel K. To make the

next step the following add fitional assumptions have to be accepted :

; n . . a8

a) The short-range forces play the mo.fs“i‘ important role, so 4%, 4

and ¥~ in egs. (8), {9) may be co ered as belonging to the sa-
me bunch.

b) The equilibr Eum digtribution in the phase plane is uniform up to

B30mMe enery Note that

53 and is ‘C"ﬁﬁlc?‘
Landau dampin

o 18 absent in

o

s

(x) = To take into.account Landan uqm; ing one has to bear in mind
that the kernel K is defined by the eq. (8) unly in the lower half-plane
of 4::0mp3.@x v and has to bf: ca,rm}.iz,.l_call‘ prolongated in the upper
half-plane,




where IN <1 ig a relative intensity of the bunch.
c¢) The current per bunch IN is suff ly small, so the eigen-
frequencies are close to their zero-current values:
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Under these assumption the kernel K may be essentially
simplified:

3
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and becomes multiplicative so the eq. (8) can be readily solved:
T2 T/2
Il
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One can see from eq. (11) that the imaginary part of ¥ is propor-
tional to the current per bunch IN and is determined by an imaginary
and non-symmetric (for linear synchrotron oscillations) part of the
impedance.

I, - STRAIGHT VACUUM CHAMBER IMPEDANCE,
mpedance let ug note that & longitudinal
[ by the beam can be represen-

kz} where z is a longitu-

e

To evaluate the
component of electric fie!
ted a8 & sum of harmonics ~v exp i{ 2
dinal coordinate. For an amplitude of k-th harmonic By we have:
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In the case of high electric conductivity of walls the boundary condi
tions of the problem can be written in the form

ts
-
-
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(13) E I aw e 5:;& ('/;4 > mire e

where @¢/&n means derivation along the normal to the wall. The

value 37 (#:) (surface impedance) is related to the wall conductivity
E‘fw b'\'r

bl = /
g b s e 12 =
(14) ‘z;;; (o) =(1 2 1)y lwi/8r e for Rew "= 0O
aw wak

To obtain the solution of the eq. (12) we shall expand it
over eigenfunctions g, of the transverse Laplace operator A
with the same boundary condx tiong as {13). Denoting the correspon-
ding eigenvalues as -~ C: are complex because of wall
losges) we ohtain the eld averaged over beam cross-
section:

(15) =

n expression for (, V) (see the eq. (1)) one
i

o

To obtain from here
has to put £ {2) =d (44 (i e, ¥y =R/2
27

7, muliiply the eq. (15) by

.,,ﬁm;m? exp (- WkR‘;— ) and integrate over k with & =k ic+ V.
<

As a result we have

+o
r 2 # -k R
e, Tob e |7 / LR :
(16) Z{E ,v) = codbe e dk
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Lo -0 /3 Ve . Z &

The imaginary part of . can be evaluated by the usual periurba-
tion theory methods and-is determined by the associated magnetic
field at the walls:

(17) Im ¢

where o ig the skin-depth at the frequency of re

volution and the 1 rration is performed over the perimet of the
oy oy e v S e S R T My Y ‘Pr—. 4 e P 12 3 ! .“1/2

chambez cro&a‘mmeaium@ te proportionality of Im 2 io gkz

reflects the above mentioned nou- mymmmmi* character of the regisii
2

ve field. All other parareters of the chambe ?:; e. g g, Re
mayv be faken at their ideal values i e. for &
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f Although the investigation of the : at emall
distanges is not a purpose of this
mentioned. At small distances (i. e. at _'Lar;?-‘
is determined by the zeros of the integrarn o
(16). A simple analy SE?‘ shows that &13 ia,_z.;z,m »ff of the 4-th mode is
described by

E o
4 o i g F B < < i

. el { K . b 2 - 2
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Usually it gives a very sharp decrease of
creasing unless the conditions are satisf
In this case the whole field pattern changes mxd that can seriously
affect all the resulis,

IV, = INSTABILITY INCREMENT AND BEAM LENGTH,

To evaluate the instabllity increment (11} one has to know
an explicit dependence f_~( *} i.e. the phase trajectories for the
1

equilibrium state. We shall suppose the synchrotron oscillations to
be linear

~
5
H

LA .
(18) W= const + A cosd

with amplitude A related to energy *n ag for a harmonic oscillator
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bubstituting (18) in (11) and assum] S fuy we obtain
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One can see from here that only ne )_w‘““\/ mimetri
tribute the increment and all reactiv

¢ regigtive fields con-

» are integrated to zero.

We shall substitute now (17} in (20) and perform in t;é ration
over k., Noie that # = ¢/ R¥, so the main part of the integral

»—)m

comes from large kmz*, S0 we may
Beggel functions

inptotic expregs sion
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and substitute the averaged value 1/2 for cos (n— + - —I kRA | ).
Then simple integration gives

. |
- 21 mJnZeNI/Sz'arl/z s
(21) ImAv = 3 2 75
|m|r%a32 V2 R
where S is a cross-section of the vacuum chamber and
- - 12 dgu | 2 -11/2 -1/4
(22) A--%]% fdcl 2 Mo s
. . /4, 1/2
The coefficient S7 /R is inserted in the eq. (21) only for scaling
to make the form factor /1 of order of unity. Values of are

plotted in Fig. 2 for the case of a cylindrical beam with radius a in
.a cylindrical pipe with radius d.

The most essential feature of eq. (21) is the proportionality
of the increment to A~3. Hence at 1arg1e currents the equilibrium
bunch length must be proportional to I

To find this equilibrium length one can equalize the radia
tion damping to the excitation due to the considered space-charge
effect and quantum fluctuations. If T, 4 is the radiation damping
time and Aypyq the natural half-length of the bunch one gets

*2 2 2 ,..-1 2 -1
(23) A ~o’- -A"ImAv - A ZradJ”Arad" ad

The solution of this cubic equation is (see Fig. 3):

%251

A 2 )
21,

- 1
(24)7 A = Vs cos( arcos:

Where the- critical value of current I, is given by
2 2 3 1/2
|M]R%" V2 A7 R

(25) = :
2 AT 3 nZe /W.L/z A_81/4

(o]

If the current is small the bunch length is determined mainly by
fluctuations

b
2

(26) 4o IN << I

=
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but in the region IN > I it increases with current as

A IN Y3 1 Lo 18
(27) A (L) tElE) ot
rad 0
For ADONE parameters
/2 2/3
AV n
A ~ -3 kV 173
(28) Arad - 6.2x10 85 (INmA)
GeV

The value I, aside of machine parameters, depends also on n, the
number of the excited mode. Very high modes can not contribute very
much to the bunch-length although their increments are large. Obvi- -
ously some effective n exists which has to be inserted in the eq. (25),
(28). Of course this effective n must be larger than one and much
less than c¢/R, because the coherent synchrotron oscillations were
supposed to be slow as compared with the period of revolution. In-
serting n=2 for the lowest (and probably the most dangerous) mode
contributing the bunch length we obtain at V=30 kV

A

2 1/3 _-8/3 A
= E

= 6.,0x10 (INmA) GeV’ A
rad rad

(29)

> 1

That may be compared with the experimental result

A > g310N

1/3 =53

(30) ma! Fgev

A rad

The eqgs. (29) and (30) give the same dependence of the bunch length
on current but the energy dependence is stronger that the observed
one (The numerical values of (29) and {30) coincide at E X 0, 2GeV).
Moreover, the RF voltage dependence seems to be in contradiction
with the experiments. The most probable origin of this discrepancy
is an arbitrary choice of number n which is to be calculated from
more general theory (taking into account Liandau damping, more rea
listic equilibrium distribution, etc.). Anyway the excitation of cohe-
rent synchrotron oscillations considered here has to play an impor-
tant role in the bunch lengtening effect.
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