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We explicitly show, using the factoriz
deduced from a

ation theorem, that the M =0 and 3 =
alyticity in unequal-mass scattering processes, are the same as tlw, families generated, in

=] Regge-pole Mrmhes,

the equal-mass situations, from M =0 and 37 =1 Toller poles,

I INTRODUCTION
the Regge- pole model hasg
ble success In the phenom-
enological  desert pvon of strongly mtez’mmw arti-
cles, both in connection with their intes i()ha, de-
sy Lbcd hy Regge TchfoQYLL\ at negative values of the
invariant mass squared, and In connection wz'f‘- their
i "rxc&’no*t (u,bulb ad by chﬂ, ajectories

e values of the mass squared. In ¢ seme sense
this duality is one of the most attractive aspects of the
theory.

However, from the oversimplified models
the data in the early days, many theoretical J
wnnr'('t“d with the complicated kinematico] :sz**‘ure
of real par reactions, had to be overcome. In fact,
interactions that can bhe studied e\pﬂ ‘u“nt‘aﬂy
aiwm*z involve part art from the
ase of elastic scartering, with different masses.

In the first discussions of the Regge-pole model, the
spin complications were considered “inessential” to a
better ui’(““lsidu’ilh& of the theory, and the mass com-
plications were simply ignored.! The experience of the
fellowing years showed that such ideas were too opti-
mistic and that a detailed study of the linematical
comniications was essential. In p&ltl(,ul ur, the study of
the problems that arise at the pomtz t=0led to very
inter :f».i.uz\h, and sometimes %w*mwmg, results.

L1, in order to clarify the aim of the present
work, we will hriefly review some of the previous works
ot the subiet, both analytical and group-theoretical.
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e

d to fi
culties,
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tsing vhe simple 1 behavior
o b °xmg can already be found, I mple, in
s,

A1-Mann, and ¥ Zachari,

hys. Rev, 126,

s as energy variable ang
0 We wﬂ be mtu sted 1 the lwg' zation of the
plitude, we already use the crossed #-channel

eniific.

We will discuss some spin complications that led to the
concept of conspiracy, and some.mass COHIpHC“tiOnS
that led to the introduction of the Regge-pole families.
The group-theoretical approzu;ﬂ. to the Regge-pole
families is also discussed.

In Sec. [T we will cleatly establish what our assump-

tiens are: These are essentially the usual S-matrix
theory assumptions adapted to the Regge-pole theory,

namely, analyticity, crossing symmetry, simplicity, and
factorization.

Tn the subsequent sections we will show how the
'prope“ Reggeization of the scattering amplitude natu-
rally leads to the Toller-pole structure of the theory.
Since our approach is apalvtic, we will start from the
study of the Lmequa‘! -mass configurations where the
analytic approach works. We will then use the factoriza-
tion theorem to recover the group-theoretical results
in the equal- "11' ruation, N

We will discuss in detail the Toller families with
quantum number M equal to zero and 1, and we will
t ourselves expiici’*iy to config

irations in which
the equal-mass vertex Is provided by an V-N system;
of course, these are the most interesting sitt

Testric

ations from

the pucmmcnol gical point of view. However, our
results about the Toiler families will be of general
validity.

Class-1 families will be discussed in See. IV, class-I1
in Sec. V, and class-I11 in Sec. VIL In \DDendvc A we
give some notations, and In Appendix B a useful
1(14: Hiy iz proved.

A Drief account of our work has already been pub-

lished®; the spinless case has also been discussed in-
dcper«,xdem 1y by Bronzan and Jones.*

L REVIEW OF THE PRESENT SITUATION

Let us first review some spin difficulties which are
comipon to any scattering lh cory and then the mass
i¥ Regge-pole theory.’

difficulties which ars pecublar to the R
3P, Di Vecchia and F. D
¢ J. B. Bronzan and C.
{1952),
b Or at least of any theo
tening amplitude in terms of the cosine of
scattering angle.

rago, Phys. Letlers 278, 387 (1968).
E. Jones, Phys. Rev. Letters 21, 564

ry that uses an cxpansion of the scat-
the crossed-channel
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2330 P. D1 VECCHIA
The most difficult problems are, of course, those due to
the mixing at the same kinematical point of the two
kinds of Comphcatlons.

We start by briefly discussing some of the properties
of the helicity amplitudes that we will need in the fol-
lowing. In fact, the helicity amplitudes not only pro-

vide a forma hsm suitable for a uniform de 11pnon
of arbitrary-spin scattering processes, but alsc, ouce

formed in the so-called parity-conserving com bwmmmc,
are particularly suitable for Reggeization.® This is the
main rezson for their popularity in recent years, We will
not discuss their merits here, but only some of the
difficulties associated with their use.

It was early recognized®™ that the pzmtv -CONSET vmg
helicity amplitudes have kinematical singular ities in
both the kinematical variables s and f separately. More
recently the existence, and the importance, of kinemati-
cal constraints among the helicity amplitudes bas been
rediscovered.® In fact, while the existence of thiskind of
constraint has been known,'™ ' in some particuiar case,
for a long time, their relevance to Regge-pole theory™® ™
has not been full\: understood until the present fime.
These constraints eccur at some well-defined kinematical
pumts‘ at the thresholds, pseuaothusbo ds, and at
(). However, they are very different in nature; in
f%t while the threshold (d]](). pseudothre o0
strcnnts are merely an expression o[ threshoid properties,
the (=0 constraints reflect a pew symmetry of the
amplitude at this point and are lnluculmux nupax tant
from the point of view of the Regge theory m t they
gave rise to the concept of ‘‘conspiracy” va ween dif-
ferent trajectories.’t® In the following sections the
{=0 constraints (Appendix A) will play a central rele.

Moreover, other difficulties, peculiar to the Kegge-
pole model, arise at the point t=0 when different-mass
particles are involved. In fact, the coniribution of a
Regge pole to the Sommerfeld-Watson fransi med
scattering amplitude is introduced through the use of
the variable cosf,: This variable, in the ERICH ual-rass
case, is bounded by unity for all s when f1sin 2 {orward
cone, and thercfor e the conventional Regge re
tion does not furnish an asymptotic limitm t
Indeed, any representation As, = cost b i
pzcxf)uo“ at == 0 because the transformation of variables
is singular there.

Thrb difficulty can be seen in an alterna
one considers

oid) oon

ive way: If
the contribution of a single Regge pole

B
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for ¢ outside the forward cone, where cosfy—o -,
s—o0 does the usual cxpansion in pow ev of s, and then
tries m extend the result in the forward cone, onc tin-
that the expression so ob tained is singular at (=071
simplest way to avoid these unwanted ssinﬂulzu-im-q
{0 assume'® that Regge trajectorivs veally occur
families, with definite requirements on the spacing
the members of o family and cn the behavior of the
residue functions at #=0.

However, factorization implics that such famiice
have to be exchanged also in the equal-mass conficur
tions, where analylicity 1 requirements do not imnos:
any additional exchange on a single R exge e pole.

On the other hand, the {=0 p"m(mss of an equal.
mass scattering amplitude have been uwf‘stmdrel ’:_;);:
an altogether mﬂercnt rcthod by vacious authors'
and similar results were de

.

. Tn fact, in the pau-
wise cqucxl—mdbs case, at [=0 the four-momentun: J

hes identically.
i anplitude ax
up of the genera
Domcmc 1oup buurwm” 1o ’-’ =U which is isomorphic
o the houmommoum Lorentz y,muu 0{3.1). Toller—
Reggeized expansions of amplitudes in terms of the
;cplesenhmon of the group O(3,1); the simpler com
group O(4) hasbeen used later by Froedman and Wa
and by Domokos.! 1t has heen found that a Toll
pole, that is, a po‘o in e “four sional angulat
momentum plane,” Jeads to an infini iy of Regue
poles, with defined ‘ en the trajectorns
and the residue functions at i=0. The families of Re
poles so generated are character ized, apart from th
internal quantum numbers, by a Lorentz guantum
number M which, for boson trajectories, can take i)
the integer values.”

However, the formalism sketched above 2 applies n2
orously only exactly at the point 1=0 and for eq
mass scattering. Formalisms which permit these i
tions to be overcome have been J_‘zr sposed by vanvds
authors.2-22 The nost geperal work in this directs
has heen done by Cosenza, Sclarrino, and Toller,”
hy a generalization of

crossed f~channel va

exchange in the ¢
Now it can bc: ho\ 591 ﬂ t *‘h:* scat

¢ eyt Ferrnalior, Lo
the Lorentz-group formalism.

doing this, however, they were forced to introduce son

new and quite strong assumptions.
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REGGE~POLE FAMILIES

We are thus faced with the following situation: The
analytic approach works in the unequal-mass case,
where it requires the existence of an infinite family of
Jaughter trajectories, but fails to give any information
o oequal-mass cagze. On the other hand, the group-
ieoretical approach works well in the equal-mass case,
sut its extension to the unequal-mass problems meets
many difficulties.

I this situation it is highly desirable to bridge the
sap between the analytic and the group-theoretical
approuach and to study whether the analyticity and the
croup-theoretical families are really the same.

Some results in this direction have already been ob-
ained®® by showing, under the same assumptions listed
inSec. I, that a classification of the “analytic families”
is possible, and in some sense equivalent to the group-
theoretical one; moreover, the 7==0 behavior of the
ractorized Regge-pole residue functions, satisfying all
ihe kinematical constraints, has been found to be the
same of the one derived in Ref, 25 by group-theoretical
methods. However, the discussion of Ref. 26 does not
ciminate the possibility that an “analyticity family”
represents a string of integer-spaced Toller poles rather
than a single Toller pole.

The aim of the present paper is to show that the
daughters deduced from analyticity in unequal-mass
salteriag add up to give a single Toller pole in the

&
&

sual-mass case.

111, ASSUMPTIONS

Our assumptions are the usual ones of S-matrix
theory, adapted to the Regge-pole theory and SUp-
plemented by a simplicity requirement which has been
faciely used in all the previous analytical works.

We use the following assumptions: (a) analyticity,
) simplicity, (c) crossing symmetry, and (d) factori-
zation. Their meanings and implications will be dis-
cussed betow,

Assumption (a) is the fundamental one of S-matrix
“heory: A scattering amplitude, once its kinematical sin-
cularities have been removed, should have only the sin-
fulasities required by the Mandelstam representation.

in the unequal-unequal (U) and in the equal-
mmequal (EUY mass problems, the contribution of &
' ge pole to the scattering amplitude is not an

nle R ey
Salytic function at =0, This, together with our as-
tmption (), implies that poles in the angular-mo-
“entum plane cannot occur alone, hut for every parent
wie an infinite family of daughter poles satisfying the
SAHIOn 0, (0) = ao{0)—n is needed.’*

g

he way in which the ¢=0 singularities of the parent
sole ave cancelled by the daughter poles is also fixed by
" assumption (h). This is an essentially dynamical
Sumption and it establishes the relations between
e parent and the daughter trajectories and residue
“iictions, The simplicity assumption amounts to saying

o P Di Vecehia, F. Drago, and M. L., Pacicllo, Nuovo Cimento
1, 1185 (1968) and (to be published).
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TOLLER POLES: 1=0 2331
that only the minimum number of daughter trajectories,
required in order to save the analyticity of the full
araplitude, is present. Also, this assumption is in the
spirit of the analytic S-matrix theory.

Morcover, the requirements of analyticity andrcrossing
syminetry impose some constrain(s on the helicity am-
plitudes {(Appendix A) that must be satisfied by the
Regge-pole families.

Assumption (d) is necessary in order to connect the
various mass configurations. [t amounts to saying that
the Regge-pole residue functions factorize, as a con-
sequence of unitarity, not only at the particle pole,
but also all along the trajectory.27-29

IV. CLASS-I REGGE-POLE FAMILY

This family is defined by the quantum numbers
M =0, =1 Tts parent Regge trajectory has P=t= 1,
The quantity ¢ is defined in terms of the internal
(uantum numbers 7 and & by f£=G(— 1 P is the
parity, 7 is the signature, and o=Pr. We will first
discuss the UU case, then the EU case, and finally
the nucleon-mucleon case.

A. Unequal-Unequal Mass Case

We consider the s-channel reaction 142 - 344 and
the #channel reaction 4--2 - 34+1. The notations
used are explained in Appendix A. In order to study the
class-I family in the {7 case, we have to study?® the
amplitude fo'%, which, for simplicity in writing, we
call f(s,£).

The contribution of a single Regge pole to the
amplitude f(s,f) is given by

2a()++1
116, 0) = = (1 i), (— )5(0), (A1)
sinma(7)
where .
tanmro T (01 -+ %) 2

(Pa<'*2) = “““*””‘Qma——l '“Z) = (H_Z)a

Dlat+Dvr

XI(—3e; b —4a; f—a; 1/22)

Tlat+4)2~ w
e (= 5) % 57 ()2 ,
at-1v/n k=0
(4.2)
s 1
572 COSly = e e

2090 4qiqot

4
XLt~ 22 m®)+-(mye— ms?) (ma?—mq?) ],

d==1

T —~‘f}czf{-k)I"(h:%a"{-%—f—/e)f' ;—13“-0_/)
aple) = — - :
P(~Fa)I(~3a+-1)T F—a+h)k!

¥ M. Gell-Mann, Phys. Rev. Letfers 8, 263 (1962).

%Y. N, Gribov and 1. Ya. Pomeranchuk, Phys. Rev. Letters 8,
343 (1962).

B E. Arbab and J. D. Jackson, Phys. Rev. 176, 1796 (1968),




2332 P, Tr
and ¢; and go are the initial and final momenta in the
can. frame of the 7 channel. We introduce a reduced
residue function v(f) through the relation®

By =y (—2q:qe/s5)*?. (4.3)

"The function v{&) is supposed to he analytic at =0,
and ¢ is a scale factor. Furthermore, we define

2eqige S B
So S 2
and
2990 D)
So i ’
with
i £
Bl =—Ti(t— 3 m&+ (gt —ms®) (mad—m,®) |
Zsq #=]
and

D(8) = {1~ Gt ma)? [t (mam—mg) VY[t (-]
Wi (ma—ma)* ] As}

With these definitions, one has

By«
freole(s, )= gla)y(®) 2. z.., m(u\(m- )
i t

O
x(=) , @
- NE
where : ’
2a4-1 _ Platg)ze
glay= =L 7g )
sinm Mat+Dve

From (4.4) we see that the cwtwlmtxon af a ;ingle
Regge pole is not an analytic function “at t=0. We
therefore introduce a family of daughter cra.;m,,mries

aa(t), with @, (0)=as(0)—n,"and whose residue func-
tions are singular at f=0 and are written s v.(7)

x{ &m/ ‘fo)", where fo s a scale factor. Qur asstunption (h)
of Sec. TIT determines the most singular part of the
danghters residue functions in terms of tﬁrm parent re-
sidue. The contribution of s whele family 0.{ Regge
trajectories is therefore given by

o, R

o JD(ONF BN
e

flof)= 3 glaral

NP Dag—2k1) /s
%0
¢ I (o 2B 1— 1) \s

% {H N 2hetnth
=y 2‘.., - ) @il n(S,0) {4.5)

rest) ksl Bt N f

\‘lv»—uul/
$2

38 Ty the general case of Ay#us20, the reduced residue function
is defined by

- N
ﬁn,)\(i:) (i) . Ku. l\(;m (07}1,)\(:‘;)([}5 -

o et -y
0y ,
/

kinematical Wang

[
where Vwm@{ My el) and K¢ ”a) the
factor {Ref. 8) (°Lc Appendix A).

VECCHIA

AND F.

DRAGO P

i3

Assuming he above series can be sumimed in
order, and dcumﬁg

B(‘{\/\' ’Fﬂ/ § \ cp{tyfa—~m
O «»Zlc—-azgis;n(«?;z) = (""““"" i - d ", W(f\
f@ ‘\,S(,
will
2 BN
o (1) = g{0ta) ya(Da(a n)\ B \> ( ““““
-/

(m~-n-

2N T e 1 /.‘m%- "
one has

o I/ m fg/f) f LN
sn=3 () (22) (5
fio 3’“70\; \ t ) \)

S

N{m) m~-2k J N\ caltin
;)/\‘ W T4 ,mi"'\)' o
Lol mES 13 i\ s
L= n==0 5 S
where
N(m)=3m, H o (—Dm=1

=3(m—~1), i {(—Dm=-—-1,

Since the function f(s,0)
any s, we

has to be ‘cLI].Ei;},"CfC 41 f= (i, Lar
must reyuire that
i

N{m) w2k / $5 o {84

- A
2 dan({—

=0 for
b=l el g /

These are the fundan:

ental relatiens of cur qprm}aw
From these equations, in fact, not only the quanti
v (0) can be expressed in terms of 4,(0), but also
behavior of the family for 1540 can be studied. In
paper we are only concer
therefore have®

l

r
ned with the peint =00 W

Ao i (0) = Fnl)e[ 22 i 2k)!
WA —abnd-E)), e
with
1‘{“ eI 2v.‘:;~,—.£
Snlg) =2 e e
sindre Tla-tl—mn)

pre= [ o)+ 1]

e
.Wu’\o) 3 o
and the residue functions ave given by the system

N (m) m~"1 ;"’7' ey
~ 4 g
\ = O L
ARSI B £
LRI g otat-i)
or
k2
-~ R {d X
2,,. Egqnd TNy -
ne=l)

3 Flere and in the following, « is ihe inte
“tm} Ty o (0. We have 2lso done th
the scale factor fp: fo=D(0) =5{0) = (-
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3
.
Wwhere

Nlm~n) i
3'1‘73 '3 = 4:
b 2R (e i UM T (b b )

1 1 22 (- )

2258/ (m—n)! T(m—-n—~2a) '

(4.12)

The solution of the system (4.11) is given by
2a=n)+1 (=1)* D(n—~1--2a)
e —

Za-1 #l

o0 (4.13)

[

(=) P(n—1-2a)
il T(~1—2a)

@ = 70(0). (4.14)

Inorder to show that (4.13) is the selution of the system
{4.11), one has to show that

/lm\”_ m
i‘\';2 } LA

Ee=f, ksn

‘ZJ (— 1)~ (#tk—2a—1)}1=0.
This is expiicitly done in Appendix B.

B. Equal-Unequal Mass Case

This case is somewhat simpler than the unequal-
unequal one, because of the presence of weaker singu-

larities. This is due to the simpler kinematic: One has
D{ty==1D(H P2, with

D)= (t—dam®)[ 1~ (mi-tma)* i (my—mg)? ) /ds?

ud B =158 /s, with Bly=1(1t—3 ma).

At the equal-mass vertex the selection rules due to
parity and G-parity invariance must be taken into
unt. In the present case one finds that the parent

40

wd the even-daughter trajectories couple to the ampli-
ade fos,p 1= Fo o while the odd daughters are de-

coupled from the V- system.
he contribution of the whole family is thercfore
dven hy

; o <
l‘?,ﬂ(\]’) = L g(a:’m)’)’:in(z) ot al\'z(a27f-)
n==Q k=0

S.f-ﬁ(;}\txm@%?k D"‘(f)\fv /51>n+k
D el N [p— -
) GG

@\ sHB (i o2
5 ~> bzu;k(z><~-»--<~-> » (4.15)

a=g f=p \/ So

“here & is g scale factor and

b'n; ,’:(Z) == g((ﬁf;/#)')/n@)(l}g(a’n) [fj (L‘)/f]_]'“ N (4 1 6)
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Assuming that the series (4.15) can be summed in any
order, one has

<y (AT BN
‘]LO,O‘T):: Zo - e
me=) N f So

m s+ B\ e (O+en
X Z: b%n;m—m(t)( ‘—‘\

S0 / '

Therefore, the /=0 analyticity conditions turn out to be

-71}1 kS‘}LE(t) agp{f)+2n
Z,,' 52n,m_n<f)L~——~—-—t’
)

o

(@.17)

n=sf

=00t for m>1. (4.18)

At £=0 one has the following system for the residue
functions®:

m S‘-Qn

2. =0, (4.19)
7= (1m—~m) | D(;—a-tm-tn)

whose solution is

2a—2n)F1 (—1)» I'(n—i—a)
- )

201 nl D(~%—a)
o (—1)" Pln—%—a)
Y2n(0) =’ (), (421)

nl T(—%—a)

as can be seen using the results of Appendix B.

C. Toller Pole

The factorization theorem now provides the bridge
necessary in order to study the contribution of the
analyticity family to nucleon-nucleon scattering. The
factorization theorem can be stated as follows, in
terms of the complete residue functions:

[@cc.% %(Hzn(t).jz‘:ﬂcC.cc(—Hm(t)ﬁ% 3. %(.Hzn(t) . (4'22)

Note that the most singular part of the residue func-
ticns in the unequal-amass cases that we have obtained
previously is enough to determine completely, through
(4.22), the finite part at £=0 of the residue functions in -
the equal-mass case. Inserting the expressions (4.14)
and (4.21) into (4.22), and remembering the definition
of reduced residue functions and the particular choice
of the scale factors & and #; done in Secs. IV A and TV B,
we get, after some rearrangements,

(2m)! Ylo+1—n)
6}5 7 js("f“mn(o) -

2l To1)
INCE
Koo B3y O7=0(0) . (4.23)

. #The cholce 2=D(0)= —(m*/so)[ (m P-ms82/s0] has been
dene.
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The same result applies to the spinless case.”* We wiil
now comparc the expression (4.23) with the results of
the group-theoretical approach.

In the simpler O(4) formulation,'® one finds the
following expression for the residue functions of the
Regge-pole family generated by a single T ciler pole:

R (at1)?
Bi3.33(0) = — e Jdamamson00Gm) |7, (4.24)
w? 2a—2n)+1

where R is the residue of the Toller pole and

[2(a—2n)~4-13(2n) I\
da—?n;o;oa’%%’]r) = ( > (25y72m

(a-+ DT (2a-+-2— )

Tt is easily seen that the expressions (4.23) and (4.24)
are the same. This proves that class-T “analyticity
families” are indeed the same as the class-1 “group-
theoretical” families. ’ :

V. CLASS-II REGGE-POLE FAMILY

This family is defined by the quantum numbers
M =0, =—1: Forn even, one has

as= o E=T, (51)
and for # odd

Fp=—Py=E= T, (5.2)
where £ is common to all the members of the family and
7 is the signature of the parent pole.

The discussion of the amplitude Feeroet in the TU
case goes on in exactly the same way as that in Sec.
IV A and we do not repeat it here. In the EU case,
however, some new spin complications appear.

A. Equel-Unegual Mass Case

Because of the selection rules at the nucleon vertex,
one finds that the parent and the even daughters con-
tribute to the amplitude fee 3= fou&7 (in the N, u
notation: Appendix A), while the odd daughters con-
tribute Fee33= Jo,007. The contribution of a single

pole to the above amplitudes s given by

~ 2a()+1 ‘
Jogttes e @ul = 2)nll),
sinme(r)
= 2a(f)+1 Bl
fo'l("‘)l pole o ..,_._,__,_/,W{pal - Z)"‘—"""""‘“"“'" s
sinma(f) OO IR

The contribution of the whole family is therefore given

AND F. DRAGO iy
by
P * 3 ) o )
‘70,0(~_>= 24 g(ain-%-l)"/(),Og”TlU) E af}c((fﬂn»i-l}
n==0 o)
s B 2t (=2 (DN 7R\
(IO BN s
Sg L 7 i/

Jou©r= 3 glaz)—— —-
L(l7n(szn+ 1z

n={
o By
X3 arlazn)oan(ty— 28 | -
k=0 \ se 7/

THONE /2T
><( S &‘> _
AV

Assuming, as usual, that the series (5.3) and (5.4) czn
be summmed i any order, we have

~ © \™ S’i“E(Z) --2m
fo,o(‘“')r: 5 <~« } <W_,A,.,,__>
m=0 \{i/ So

m /5—{—@(5)\"2%—1(2‘)*2"-
X Z b2n+1;m«n,<t>i - ~ 4

—~
n
o

. i s (S 5
n==0 \ So ,;
~ AN fs,jl E(f)\n?m
Joa =20 4 ( """""""""
=} t Sa

o (131 )
» Ul‘zrf\l) —2{(m—1)
X Z.« b 2n; m--»’ﬂ»(l )wh.vkﬂﬁﬂ-‘—w—j—:

Y [Cﬁzn(ﬁ"ln“{- 1)]1/“

Seb- B(m \\m;z(t)w‘z.’zwi
X

_.M/ 5 (‘:)")}
So

where by, ® is defined by (4.16) with the ApPIoprits
functions. Lhe f=0 analyticity conditions are thereior
given by

m (’S"~§~—]§ (i) agp+1 ()20 )
32 bt gmen(Df ) = O(), m21 5

kY
1520 N\ Si

n aan{t)— 2m— 1)
b :?(71/ J R ([ T ————— —M—:—‘»{T:
n=0 7 EOCQ):(C‘?)L"{’ 1)_} e

/3_};_.]’3 (f) N ORS T
(Y

N S

These conditions are to be satisfied together with =
constraint (AS),

ifor = Fo =00,
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svhich requires

i

o= 2(m-—12) /5—!~§(¢‘)\l“?“W'*“"““‘l

“

‘;&’?n;m-«na) - -
Lmn(ﬂ’zn“f“ 1)JU2 So /

hu]}@ gty (6420
= ZJ‘Zn»}»l:m—-n(t) <“‘~‘_“> ] N O([”ﬁ‘ Xl) 5

So

N

!
0L,

i

At £=0, the relations (5.7)-(5.9) take the simpler form

w
2 S, U (am—n) D (3=t medn) T-1=0,
nw==l)

m=>1 (5.7

mn
2. S0 { (m—m) Tk~ at-mtn)

2=()

X[(a~2121)(oz-~27z~}—1)]1/2}*’120, m=1 (587

iﬂ ( $oa®"
20 b[ (= 2m) (e 20+ 1) P 2(m—n) I1(3 ~ a1
1 ‘{-0'0212—.*-1
. : ):o, m>0. (5.9
2 (m—m)!D(E—at-m-n)

The constraint equation (5.9) is automatically
satisfied for m> 1 once the analyticity conditions (5.7')
and (3.8} ave taken into account. However, for m=0
it gives an additional relation between the parent and
first daughrer residue functions:

2e—1
Fo,0" = gy 20

[alet+1)T] ’

. Zabl
Yo,0""H(0) = — ey 00

[alat1) ]

(5.10)

or, equivalently,

"his relation, which connects the residue functions of
Regge trajectories of angular momentum spaced by a
unity, opposite signature and parity, but same charge
conjugation, is the result of having satisfied the con-
‘raint (AS) in the simplest, nontrivial way, namely, by
«daughterlike conspiracy.

The solutions of the systems (5.7) and (5.8) turn
ot to be

n

29,1

2a—2n)+1 (— 1)"/(&*212)(@4——27%{-« 1)>“2
- 2041 n! \ afe1)

T(n-—-%—a)

g 0 {5011
-
20a—2n)—1 (—1)» Pln-ti—a)
;an>02n 1 - _ E‘Q’Qn::l) (5‘12)

201 nl IE—a)

AND

TOLLER POLES: =0 2335

or

rY(),i?'n(O) o

(—1) ”((aw 2n){o— 2n-+ 1))”2

n! alat1)
I{n—%—aq)
X -j-»——~——~2_~-——'yo A"70), (5.11)
-
(=) Dln+i—a) .
0,02 1(0) = e Ty () (5.12%)

nl IE—a)

These relations are to be considered together with
(5.10/). Using these results and those of Sec. IVA,
we are now in a position to veconstiuct explicitly the
class-IT Toller pole in nucleon-nucleon scattering.

B. Toller Pole

Using the factorization theorem, we get for the com-
plete residue functions in nucleon-nucleon scattering

(@)t (a—2n)(a—2n-1) ~I’(*a)

Bi-p,3-4"(0) =

222 ala+1) T(n—a)
T'(n—%—a)
Xy 5 y™0(0), (5.13)
P(—§—a) ;
2+ 1)1 T(—a)
Bypg ()= Tt Do)
2o h)? I'n—ca)
Plot-§—a)
R Br3a171(0), (5.14)
I'(3—a)
2o4+1
Br3a3" " (0) =~y B1-1,5-4"~°(0) (5.15)
ala-t+1)

Owing to (5.15), the Volkov-Gribov constraint (Ap-
pendix A) is satisfied by a daughterlike conspiracy. We
stress that we have not imposed this constraint, but we
bave found that our results satisfy it.

The results of the O(4) approach are the following:

2R (a-f1)2
Bs w3 *(0) = e
3n? 2{a—-2n)41

>< {da«—dn;l;lavo(%?r)’z’ (5‘16)

R (e-1)2
B11.3 27H0) == e oo
3w? 2{a—2u)—1

X ["Z«—-%wl; 1,0%%(3r) ] 5, (8.17)
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P, D1

where R is the residue of the Toller pole and

O(Ew)=1

)+ 1200 (o 2m) (e — 2m-1-1)

d«w-i‘m; 1; 1

<3EZ((‘
2alot- 1+ T 2a—
2o~ 20y~ 132041

' l
da-——Zn—-l; 1 0“'0(%7;“) TE e (
oot \Ys

A

L2020 20 ]))

AND F. DRAGO 1ig
N\ M2 I‘\?Ta— 11)
) @iy (5,15
- 2914-2) {i-tn)
)1 {i-to—n)
(2? )rcwzu(_.__ l)u i (5‘1();
P(n-+1)

It is easily seen that also in this case the analytic and
group-theoretical families ave the same.

VI. CLASS-IIY REGGE-POLE FAMILIES

The discussion of this family is much more involved,
essentially because o is no longer diagonal with M ; heve
for the first time the parity-doubling phenomenon
appears. This means that every family contains, in {act,
two subfamilies of Regge poles with all the same quan-
tum numbers, but w1th opposite parity [and with the

same a at {=0: g=a™0)= “(O)] The complete as-
signment of quantum numbers is the following:
o=-+1, neven: r.=Pp=ki=7r
=-L1, nodd: m=Pp=—f=—r
o=—1, meven: rp=—Fy=-tf=-d7r
=1, modd: ram—Py=—f=—7,

We will first discuss the UU case, then the EU case,
and finally the nucleon-nucleon case.

Fra dowblet= gty () L La+<fuzfqzak<a+>(~.

So ¢

Jys

where glo®)=— gla®)/[at(ct+1}], and a similar ex-
pression for f1,16) with the interchang

In Ref. 26 we noted that when
doublet is necessary in order to s v the constraint
equations in any mass configuration, Now we want to
stress that the parity doubling is also required in order

1,\ the parity

\ 7

")
02

—y

<«

b

ot

J=0

2
el ) (2

D(N\
x(i 3

lo /

J1i = {or, T~ 2k) *an (e, ™)

<f§<’)\\
P/

L
2 1)& (£2n )(

{6

>\ > (am

Le=Q

— 2k} (cren

c(‘

and a similar expression for fi..

s L{(z\ a@tepf—1

X3 (a=—2E) (o — 2%k —Dyonle) \M-L —-—~—>

/

A. Unequal-Unequal Mass Case

We have to study the amplitudes fi,1®. However,
since these amplitudes are dominated by the exchangy
of definite parity only acsvmp‘ao*imliy, we must study
them simultaneously. The contribution of a parity
doublet to the amphtuqcs in discussion is given by

20741
f (4:) doublet e oo _(1_% TG—‘-H"L!TKT} ,cx:l:"i '_‘4')/31](:}@
sinra®
2aF41 .
“"”“"""—"(1'{—1‘6 -dwa )]“uo’}l—(_:')pn ) ((‘“
Sm7ra
where
BuieHe)= [alar D0 (0H0. 6, (6.
Py (5) = —[olat D06, 6.3;

tmdh ing the 1<:duced u;m»u‘ functicns, since™
K1 () =K1 10 (f)=1/t, we have, using the notation
of Sec. 1V,

- VO/

a1,

D(on\*
(e
t

L

/s BN 2/1)@)\ 2k

¢

(6.4

to have an analytic contribution, at /=0, to the ampi-
tudes f11@®, as can bhe seen from an inspection
(6.4).

Introducing the daughter trajectories, with
appz:c:;:)riaf singularities factoved out from the ¢
functions '\swm definition as in Sec. V), we have

the

A /S \an‘-~7n~—7—-

\sa
N 2E+1 -‘(f!:\ 2k

f'./i

\ / ‘G\‘ -1

z’j

; ((X;{‘ Vit 7<fn
7

T
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After some manipulations,

sxpressions:

bl B(i) s ~-g= N ,(fa) Y A
. () ("““‘) (&) EE a0
Sh m=f) \ 1 fo So o

s ant(i)tn to 7tl /B( ) wobd s g —m» g

G 20 G 6

S0 Y N Z(O N Q}

N (m) *n-_-:‘z#: Ky \0-’:3 ()-ha
X2 T ao(=)
So

k=0 n=0
0 ([5/ N(rﬂ) m--2k N
=5 ( Y <~~--) ) Y ()
m=0 \{/ \So ;c—o n=0

/ 3 >a,;"(t)+n (O\WHXJB(U)"?I-%I( ).—mu»a’
\S.r) j* So

N{m) m—2 s\ ant(0Fn
Xz T amo(D) L 69

k=0 m=)

§ M

(6.5)

where

Tusi™ (D) = #lan®) v 7 () (et~ 2k) (nF—2k—1)
Du) 5k4+1 rB(ﬁ —n
Xﬂ«?s(&'nij( """" ) ( )

J‘S’(i) N7
T(Ciniw 2h— 'i)
(= 2k —n) T (et — -t 1) ’

wE—2k B()

eepE—m-u—1 D)

’Zn; ’»W}'\/O =

Tan™ (D),

i“Gm {6. ‘S) and (6.6) it is easy to extract
analyticity conditions:

$ a4
(ln L(m_LI)-}«(t)(‘—)

S

the following

N(m} mw-‘"'k 7 s\ on —tn
3L 2 Ta (D) ~) =00, (6.7)
k== m==
\" F e -2k fg\ @ahn
Loz dn;kvn~r-1>~-(z>(a«-n
=} So N
I (e} -2k s antta
SETE wam(2) 0w, 68
k=0 n=0 so/

hich must hold for any m> 0.

In order to satisfy the analyticity requirements com-
i rily, we must also take into account the =0 cop-
‘taint (Appendix A):

fl :1(% (510 + f‘l.l(w) (‘g}t) = O(O 3

AND

we arrive at the fcllowing

TOLLER POLES: t=g¢ 2337
which, explicitly written, gives rise to
oo™ (1) (s/s0) =1 do.o (1) (/s O=1=0(), (6.9)

N (1) mpl—2k s agtdn

z: }: [d k(mH)—}-O)( )
So

I=() ==

5 . s an™tn
’%“(Zn;k (m~;~})~-(l> <“‘""> ]
AR -

N(m) m~2k s agttn
s [cn;km*m(»-)

k=0 w0 So

s

SR () <-~>an‘+n} =0(+?),  (6.10)

We now restrict ourselves explicitly to the point
{=0. Defining

a—n—2k
L
{a—m){a—n-+ 1)
1
2FRIT (G — e nk) (m— 2k —n)! ’

an /.J’I/L

bd kﬂt:’:”_w
a—n—2%k" i

we have from (6.7) and (6.8) v

N (oet1) mpbl~2k
- -
22

E=Q a=0

a;n'km“i‘lg‘l,l'i-n

N(m) m—2%

— 2 X bamturm=0, (6.7
k=0 n=0
NGni1) mii=g
z Uy, o }-1(-1 —n
k=0 =0
N(m) m—2k
- Z 20 bap1tr=0 (6.87)
L= p=0
and from ,(6.9:)
?‘nao.*_g'l =G , (6’91)

while (6.10) does not give additional relations between
the residue functions,

[t is easily seen that (6.7'), (6.8"), and (6.9') are
equivalent to

raril) mdie2k
Z, 2o On g
B0 n=0

N(m) m-tk

o }: Z Z7n,is:m§.l,1~'"=O,

k=0 n=0

foat =0,

(6.11)

(6.12)
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We niust therefore look for the solutions of the system

N (m-+1) mi1-2k

G, km—}—lg‘i ’1+n

k=0 n==0

N () m—~2k

LY bartatt=0 (6.13)

F=0. n=0
that can be written

m
§1,1+'"+10m+1;nmJ"l'f“ 5 Tunb1t =0, {6.14)
n==0
where
N (md-3—n) NA{m-—n)
Jmn: }.‘ a’n,kWH'{” Z bn,km
=0 k=0
1 T(m—e)

2 (m—n4+ DTG n4n+1)--a) TG imtn)+1—a)
Since amet; "= J e, we have the final system
m+1

Z ]7rm§1,1+n: 0 3

n=0

(6.15)
which must hold for any m2>0.
The solution of the system (6.15) can be written
Wo—n)+1 (— 1) T(—1-—20)
C1TP=— - ¢
2o+1 n!

==

1,1

16
M(—1-2a) (6.16)

) . ‘;—o« ‘ : . \(’S%“E(f> at--32k ﬁ(zﬁ) x
Ty 0 dobletmg (o) 32 (ot —2k)Pare)yaat(l) o —) —gle)
S

=0 So

st BN 22k DN [N
a0 20T OO

0
f1’1(—') doublatmgf(a—-) }:
k=0

0 /

Note at this point that the trajectory o cantributes a nonasymptotic term to the amplitude J1.16) which s si
at 1=0; such a singularity must be cancelled by the trajectory . This implies that
function of the first daughter of the subfamily with ¢ == — 1 must have a simple
structure of the daughter residue functions, necded in order to cancel the

inspection of (6.19) and
can be written

- j}'(;) a=—-2k-1 7 [} O\ *
(a“‘—~2k)2ak(a‘)’)’11" @(\s* ‘ \ ( zf ) —3(e™)

(6.20). Therefore, the contribution of the whole family to the amplitudes under stus

AND F. DRAGO

o
-3
fe)

The final results for the UU case are therefore the
following:

(=D Te—1-- 20} ]
G (1) E e ey B0 (6,17
nt T(—1—2a) ’

1,1 I R=0(0) == —rpy 1 CIP0(0). (6183
Note that the daughter-to-parent relation (6.17) tums
out 16 be the same as in the spinless case (4.14).

B. Tgqual-Unequal Mass Case

Owing to the parity and G-parity selection riles, the
parent and even daughters of the subfamily with o= —]
couple to the amplitudes Py @=Fe7 ) (inthed, s
notation) and the odd daughters to the amplitudes
Fiyoy/ ©e=F1 170, The parent and the even daughier
of the subfamily with o=-+1 couple to the ampliludes
Fyy 7 P=Fy 47, while the c=-+1 odd daughter:
ave decoupled {rom the N-N system.

The study of the amplitude 71,00 goes on in the
same way as in Sec. V. We witl discuss heve the ampli-
tudes f1,1¢2.

_The contribution of a parity doublet to the amplitades
Fua@ ig given in (6.1). In this kinemat
however, one has K a P @)=t/ HH* and K&

The contribution of a parity doublet to the ampli-

tudes Fi1G9 is therefore given by™

i (=20 (e —2k 1)

k=9

(6.1%

\ Sa vy 11

S (ot 28) (et — 2 Daale?)

N\ ey

st =} |
\ 4 N

N S

) /S+B'{¢)»>m+mzkﬁz{ﬁ(;)\ k+1/2<,;1>x;+1

already the reduced r 4
) - . . e
pole at i=0. The simplest sip gulant:
rularities, can be determined by dire

) w w /4 bk ~ o }3(/) aypt-2k—1 A nd kbl /]j (0\ 1/2 o
=5 £1(5) s O ) - I o e
¢ YY)

/

pe= k=0

8 The reader is reminded that, owing to the P and & selecti

1/ t
- s+ B ) Gtk .
szwl,f(l)( --------- -> 1 , 0
5() "}

iles, here ot is anr even daughter of the subfamsly with o=

say, the parent trajectory, and o is an odd daughier of the subfamily with o= — 1, say, the first daughter.
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-1
N " r/vl\nr ~
. . . o B — YL\ 77 -
Jut =y ot § i\/ (g™~ 28 )%y, s (d
n=el) Le=) N/ )

AND

TOLLER POLES: /= 2339

i FYN @212 e | / k-1 ])(0 1/2
. \i - ("1> ‘)&n & U)( “) ((—Vym b 2/3)
b

:

.1 ﬁt agpF-2f—2
o O) ] (6.22)

So

X (ctaat— 2l 1)(

where b, ) is defined 4sin (4.16) with the appr opriate residue function and with Z{an®) in place of g(e,).

rom these expre

ssions we get the folic ywing é=0 an alyticity conditions:

wl Sf—]ﬁ([) asatrin-y L, 5(!) ”2~
E bln,m-H- ( e 977&+2""“ ,)) ( '*_""> :Z_: < """ ) b‘Z?z-H;m»»-nﬁ([j(@{?n-{-,lpd"‘2777,“"‘2”)
s=el} So R} fl
5 ]LB(Z)\ 221720
Klatanig™— 2420 — J)(-‘—*w } =0@mt), (6.23)
So
- / S‘IL'B-(D Q2120 nj(t) 1/2
,} b’n,l [T — (f} (le’n S f)"n“l’ )77) ("”h'w> - 2“, ‘b‘r R (Z)< """"" > (0[2"—{“‘"27?2‘[“2%)
n=0 S 1
D w21
Xzt~ 2m2n— 1)( — \ =00, (6.24)
S

for any m >0,

In o%dcr to satisly the analyticity requirements completely, we must take into account the £=0 constraint

Appendix A)

ifia = Jp & =0(1),

which, e xplicitly w ritten, gives rise to

’

i

9,9 %

o ” AT S-J‘»—“B(_//) g (E)—1 |
2o, ’)[ g’ (l/ L E——— -«-bﬁ

; as(?) .Z?(l) ag™(4)—1
e ()T o,

(6.25)

B T N .
‘L }: (Q'Qn-%"" 2773”}" 2” - 2)26273,17z~{»1-~n+<0< ) - Z ("_’"*> <C(2n+1—_‘ 27”"}" 27/1/) (Ol?,n-;wlm" 277Z+27Z e 1)
. == $o = # ’
R B(I) @nb 20 0y b1 *71) .S‘*;LE(Z) azn " on—1
>< 55271--}-1 N Mgy (Z> <_“ “"""‘“\ } - T e Zn mt Lo ( ) (’ "—"—’“) = O(Z'm-H) 3 (6. 2 6)
S J s J [(YZ:L (a?n -+ 1)]”2 So

for any >0,

Wenow explicitly restrict ourselves to the point ¢==0, "

hen from (6.23) and (6.24) we get

wig o~ dnp— 7 §‘1’1+2’7l m 1 g 1 1~"n+ i
L LT S S —— . (6.23)
ae=f (aw 20 ) o= 2n4-1) 2(m—n-+ DITG—otntm) = faz~ Zn—1)(a-- 2u) (m—=n)1T(3 g f‘ll‘f"ﬁb}

;: g 2?% — 1 §1’1~,)n-¥1 Z 1 fl,l+2u

- e S (6.24')

From (6. 23"y and (6.24) we get, after sorne manipula-
')HS

. S
Tl {107
L 0, w20, (6.27)
w0 (A L= 2) 1T (e f-m4-11)
The solution of this system is
2(a-2n)+1 (- 1)7» I(n—1—a)
‘Z'I.H’n R —»—--—-§‘1 1% n==Q (028)

Zot-1 71!

(—4—a)

— 2.
< (o= 23— 1) (o 21) 2(m—n)I T — q-+sm 1) nen (a = 2n){a—2n-1-1) (m— TG —a l—m+n)

=1 I'(n—1% ~-a)

({-)2/1(0)
Cnl D(—h-a)

~Y1, 1(“"*0{0) (629)

Going back to the determination of the {17 we
find that (6.24') is equivalent to the following two
relations:

2a--1

YL 0) = ey (D) 0),  (6.30)
a1



2340 P. D1 VECCHIA

mrt-1 o« 2m—3 .{’1,{”2'"*"1

3 - .
st (q— 20— 1){a—2m) 2(m--1— TG —a-tntm)

m+tl i

g- 1, 1—{‘2 n

Y S e =0. (6.31)
(m4-1—n) TG —atm+ n)
Using (6.31) and (6.23"), we obtain
il o
b 0, m20. (6.32)
w0 (m+1—n) IT(E—atntm)
The solution of this system is
2Wa—2m)—1 (= 1" T{n-+5 —a)
ry it — ———— —“—*”—2‘}"""“{ it (6.33)
201 n TE—a)
i (— 1) Tt} —)
—1)* T3«
Q) e ey 1O (6.34)
nt TGE—a)

Moreover, from the constraint (6.23), we cbtain
- ' w 12
@)= =) a0, (639
4 +1

while (6.26) does not give additional relations between
the residue functions.
From the study of the amplitude Fr,0™? (Sec. V),
we obtain .
— 1) Tn—g—«
P il i PN
nl D(—}—a)

(o 21) (e~ 2n-- DN
__,_W.,«”M) . (6.36)
alat1)

"This completes our work in the BU, M =1, case. Wesee,
from (6.29), (6.30), and (6.34)-(6.36), that at {=0 the
residue functions of all the members of the class-1II
family can be expressed in terms of only one quantity.

We are now in a position to reconstruct the clags-111
Toller pole in nucdleon-nucleon scattering.

C. Toller Pole

Using the factorization theorera and the results of
the two previous subsections, and remembering the
choice of the scale factors fo and 11, we get the following
results for the nucleon-nucleon scattering: From (6.29)
and (6.17),

NG
Bs3,3-12(0)

T ge(a))? T(n—a)

Ma—%—a) _
S oty 3 33 E0(0), (6372
I(~§—a

AND F. DRAGO rery
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from (6.36) and (6.17);

(@ 2m)(@—2n-1-1)

Xy OO0, (635
ala-+1)
and from (6.34) and (6.17),
(n+1)t D(—a)
By gy (2AF(0) e
225())2 T{n—a)
Torti—e) o
“‘";;“‘M”‘f»’a-mm*-‘,»("')""'1\0; - (639
r(—a)
Moreover, we have {wo velations between the residuc
functions of the subfamilies with a=-1 and o= -1
which connect, respectively, the even members of the
subfaruily with =1 to the evenm embers of the sub-
family with o=—1, and the even members of the sub-

family with o=-1 to the odd members of the subfamily
with o= —1. These relatious are derived from (6.343,
(6.30), and (6.17), and are

o
By3.43m0(Q) =~—Bs-1.4 0, (6.40)
a+1
2a+1
By-p34 N 0) = 83-1,4-370(0). (641
(177

Relation (6.40) is exactly what is necded in order to
satisfy the Volkov-Gribov constraint (Appendix A
by a parity doublet conspiracy.

According to (6.37)-(6.41), all the #==0 residue func
tions of the members of the M =1 “gnalyticity family”
caw he determined in terms of only one parametes.

T.otus see which are the results of the 0(4) formula
tion. In this formulation, the (=0 residue functions o

all the Regge poles associated with an B =1 Toller
pole can be expressed in texms of the residue function !
the Toller pole R throvgh the relations
2e(e+2)R
Py %(”')2”( O) e

3w [ 2(o— 203+ 1]
X id«-—’ln;i;oa’l(”]éw) ‘ ? ) (6“‘%2}
4alo-+ )R
X ‘ do:»—-‘),nw-l;l; 1“'1@?77{:} 'i 2 5 (6'52
dofor2)R
‘8:; _ﬂ%,%&_g“‘)g"'(()) == ”‘W*'M """"""""""""""""" ~
3w 2am-2n)+-1]

x dam?n,; 1 la'll # 5 (()3,: ‘
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where I Ve 132 )
_ S302 - 252) -+ U] (2m) Mo 2m) (o 2m4- 1)\, 122 o Pe-1~m)
ecamtof Gy = ) iy (a5
et Da+2)al'2a-12—~ 21) (1-+n)
{3 20e— 20y~ UN(2n-4- 1)) 2 Ma+1-—-n)
do:-—»'ln——i; i 1“'1('%7{) T e 7( A - - > (2'2) r,z~2n~-~1(,,__ 1) e , (6,46)
(ot Vet 2)1 2ok 1 22), P(14n)
130 2(a—20)-F 1)(20) (o 1) Lz Pla-t-1—n)
st (i) = TN e gy I . (6.47)
2N e 2T (22 2) »

Using (0.45)-(6.47), it is casily scen that the group-

theoretical velations (6.42)-(6.44) are equivalent to the
analytic relations (6.37)-(6.41).
[he proof that the # =1 Regge-pole families are the
same as the Regge-pole families derived from 2 =1
Uoller poles in equal-equal mass scattering is therefore
completed.

Vi, CONCLUSIONS

We have built a formalism that enables us to study
the behavior near £=0 of the Regge-pole families whose
existence is required from analyticity in the unequal-
mass scattering problems. In this paper we limited
ourselves to the study of the point /=0. Using the
factorization theorem as a bridge from the unequal- to
the equal-mass kinematics, we have shown explicitly
that the 3 =0 and M =1 analyticity families?® are the
same as the families deduced from the M =0 and 47
Toller poles. In the following, therefore, we will not need
to distnguish between analytical and group-theoretical
families and we will call them Toller families.

Although we have limited ourselves to the discussion
of the nucleon-nucleon system, our results about the
=0 and M =1 Toller families are, of course, of general
J;\,&ity.

Our approach permits the study of the behavior of the
Toller families for £ 0. This isa particularly interesting
problem from the complementary point of view, ac-
cording to which a Regge trajectory is assoclated to a
whole string of resonances, provided that its real part
wwaches the “physical” angular-momentum region for
sositive values of £,

The possibility that some of the recently discovered
‘esonances could be associated with Toller families
‘bmuiated a study of the properties of these familics
*r 140, The results of this study will be the subject of
» forthcoming paper. (In this connection, see Ref. 3
«l the references quoted therein.)
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APPENDIX A

We use the customary notation Jea.as to denote a

“t-channel helicity amplitude for the reaction a+8—>
- ¢-kd. Helicity anmplitudes free from kinematical singu-

lazities in s are defined by®
Joayap= (V2 sing0) "= (V2 cosdf)~Mel £,y o (AD)

where N=g—5, u=c—d, and 8 is the scattering angle
in the ¢ channel, When no confusion can arise, we use
the notation f, .

The amplitudes are now formed in “parity-conserv-
ing” combinations,® which are suitable for Reggeization
and whose kinematical ¢ singularities can be easily

factored out®:

f?\..d i)(g’t) = va,)\(i_’)(ﬂﬁu,}\{‘ﬂg(s,i} = ]‘_',_;,)\:!L:,Of%,;,)\ , (1"\2)

, where p==ooog(— 1MV, Ve=max{|\],|u]}, ¢ is the

natural parity [ = P(—1)77, and K, & (1) is a known
factor containing the kinematical singularities at #= 0,34
The f,2® have the following partial-wave éxpansion:
=X @r41)

X (EA.,uJ’{‘(Z)ch; ain‘"i" gkp',_<z>ch'abJ:F) R (.AS)

where the ex,’* functions are defined in Ref. 6, 5= cosb,
and can b eReggeized following the method of Ref. 6.

I the present paper we limit ourselves to the study
of f-channel reactions of the kind N--# - J+8 and
the others related to these through factorization. Here
& is a nucleon, and J (S) is a particle with spiv J (S)
and mass my (mg), where w7 m g (nucleon nass).

Analyticity and crossing symmetry impose the follow-
ing comstraints on the amplitudes?® 536,

(@} EU case.

Z'](uci,% w3 S ""fc d,% 4}(“) == O(t) (A‘4)
for any ¢ and 4 satisfying the inequality ¢54d, and
Z‘j:cc,*}'—*%(-—)mfﬂb‘:%’;‘(‘-)::O(l) (AS)

for any ¥

¥ %W¢ have not factored out the kinematical singularities at the
thresholds and pseudothresholds L% = (myd=m)?, since they are
aot relevant for ihe present discussion.

3% P. Di Vecchia, ¥, Drago, and M. L. Paciello, Frascati Internal
Report No. LNF 63/5, 1968 (unpublished).

¢ 7. D. Stack, Phys. Rev. 171, 1666 (1968),

7 Note that the relations (AS5) differ by a factor % in front of the
amplitude fu,3 3¢ from the corresponding one given in Refs. 26,
29, and 36, because of the different definition of the amplitudes
fcd.ab; EC}' (AI)
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b
(b)Y UU case. (¢) EE case. This constraint is not imposed in ow
~ N discussion, but our resulls satisfy it automatically,
fcd,cnb(-%')"‘hfcd,vb( )—:'()Um (-A()) Jg,“ 1z
if [A—p|<IMtul, and FipasO-afi s P =FasaO=00. (A
Foarar™ = Foa,ap™ = (") (AT These constraints will play a crucial role in our dis.
cussion, imposing strong resinctions on the trajectories
if [ N—pl>[Mul, where m=min{ REAVISE and on the residue functions at {=0.

APPENDIX B
In this Appendix we will prove the identity

£ (Mo / 1 wrminee 1)

n=0 h=0,ksn
We start by showing that

kS0 n -1 7 m
s (Mo / I wrati)=( Y1/ 1 bt o
¥ k P

n=0 1 h==0,h%n

for any integral k less or equal to n—1. Relation (B2) is satisfied for k=1, as can be ~asily checled. Assum

that it is satisfied for k—1, we can show that itis satisfied for £. In fact, one has

7 /1 m
)(wl)” 1« {wte-t-1r) i(\ > (—1)F / Y S )
i

h=t), R R A\\ 2_.1

7% ke fF

7/

e

" a1
(0 Yo () et 2 )|/ TG
A Bl

E r(””“)ww ~ =1 ”>+nz\ ’“>§ 11 (oot

=0

which js the required result.
Using (B2), with k=m-—1, we can evaluate the sum in (B1):

m , m 7i—1 Eo -1
- <m>(~~— 1 1T (nth)=2 ( /(_” e / TE (x4-n-+0) (1)) 2 (ebmA-l)
n=0 \7 he=0, hyin n={ =4, hyin n=="0

m

= (=)™ T (aebipm— 1)+ (= 1)7/ H (st Jr)

b= L=

w1 M i

= (=111 1T (e ebm) 1/ }

f==0 fre=()
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