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A non group-theoretical approach to the conspiracy problem,
based on analyticity, crossing symmetry and factorization, is presented,
The solutions to all the physically interesting cases are given. A classi
fication of Regge pole families is deduced,
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I. - INTRODUCTION, -

During the last few years the properties of the scattering am-
plitudes near t=0 have been extensively studied in the framework of
the Regge pole model following two different ways: the group theoretical
approach and the analytic approach.

The first one is based on the invariance of the scattering ampli
tude under the group 0(3,1) or 0(4) inthe pairwise equal mass configu
ration, In fact Toller(l,3) reggeized expansions of amplitudes in terms
of the representations of the group 0(3, 1); the simpler compact group 0(4)
was used later by Freedman and Wamg(4) and by Domokos(5), The Regge
ization of these expansions shows that a Toller pole, that is a pole in the
"four-dimensional angular momentum plane', leads to an infinite family
of Regge poles, with definite relations between the trajectories and the
residue functions at t=0, The families of Regge poles so generated.are
characterized, apart from the internal quantum numbers, by a Toller quan
tum number M, which, for boson trajectories, can take all the integer
values. | R | " |

Since this formalism applies rigorously only at the point t=0 and
for equal mass scattering, more general formalisms have been developed
in order to overcome these limitations(6, 7)., The most general work in
this direction has been done by Cosenza, Sciarrino and Toller(8,9) by a
generalization of the Lorentz group formalism and the introduction of qui-
te strong assumptions, This formalism permitted them to construct a
large class of families of conspiring Regge trajectories, which satisfy
the factorization constraints for an arbitrary number of two-body reac-
tions involving particles with arbitrary masses and spins, The contribu-
tion of one of these families of trajectories satisfies all the constraints
which can be derived from the analytic properties of the amplitude,

The analytic approach on the other hand is based on the usual
assumptions of the S-matrix theory, which, adapted to the Regge pole
theory, permit us to understand the properties of the scattering amplitu
de near t=0 for any mass configuration., The assumptions made in the
analytic approach are the following: a) analyticity; b)simplicity; c)cros
sing symmetry and; d) factorization. Some comment to these properties
of the scattering amplitude adapted to the Regge pole model can be found
in Ref, (10). The above assumptions require, for every parent trajecto-
ry exchanged, the exchange of an infinite family of Regge poles (daugh-
ter trajectories), with well defined quantum numbers with respect to the
parent pole(ll). The residues and the trajectories of the members of
the family are strictly related near t=0 through some analyticity requi-
rements(10), In particular the assumptions a)...d) permitted to evaluate
the contribution of a Regge pole family to the scattering amplitude at t=0



in the equal mass configuration and to show in this particular case the

complete equivalence between the group theoretical and the analytic ap-
proach(10, 12,13, 14)

Other relations between the parameters of the various mem-
bers of the family, like the ''mass formulas', have been then evalua-
teql12, 15, 16)

In this paper we consider the series of reactions:

S+N =-» J+N
(I.1) N+N-»N+N
S+S =~ J+J

where N is a nucleon and J(S) is a spin J(S) and mass mJ(mS) particle
with m;#mg# nucleon mass,

Then we evaluate the "'minimal" behavior of the Regge pole re
sidue functions satisfying the assuptions a)...d). In this way it is possi
ble to define a quantum number M and to classify the Regge poles in fa-
milies with well defined quantum numbers, This classification is equiva-
lent to the group theoretical one; moreover the t=0 behavior of the facto-
rized Regge pole residue functions, satisfying all the kinematical constra
ints, is the same as that derived in Refs. (8) and (9) by the group theore-
tical works.

In Section II we write down, in terms of the helicity amplitudes,
the kinematical constraints at t=0 for the reactions of the type (I,1), The
details of the calculation are given in Appendix A and B.

In Sect, III we write down the factorization requirements near
t=0 for the Regge pole residue functions free from any kinematical singu
larity.

The "minimal" solutions of the factorization requirements
and the constraint equations are given in Section IV, where our results
are compared with those obtained by Capella, Contagouris and Tran
Thauh Van 17 , and Cosenza, Sciarrino e Toller 8,9

Finally in Section V we show how the introduction of the quan-
tum number M permits to classify the Regge poles in families with well
defined quantum numbers,

In Appendix C we determine the singularity structure neart=0
of the residues of the daughter trajectories in the various helicity ampli
tudes. (18)

A short account of this work has been published elsewhere .
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II, - CONSPIRACY RELATIONS, -

We shall use the customary notation fgd;ab to denote a helicity
amplitude(lg) for the t-channel reaction . a+b=—+ c+d, - Helicity amplitudes
free from kinematical singularities in & and t must be used in the deri
vation of the constraints, The first step is to define amplitudes free from
kinematical singularities in s(20),

o, AN -pl o -[hep

t _t _t t
(II. 1) fed.ap (\ﬁ'sen2 ) ({Zcos 5 ) fed:ab

where A= a-b, s =c-d and 6, is the scattering angle in the center of mass
frame of the t-channel,

The works by Hara(zl) and Wang(zz) show how one can then re
move the t kinematical singularities from the parity conserving helicity
ampli’cudes(zo) fiE  free from s kinematical singularities, The Wang

, ) cd;ab
result can be written:

~t+ +
(I1. 2) ft-— = K-

~s
t+
cd;ab - ch;a‘b

(t) fcd:ab

+
where KEd;ab(t) is a known factor containing the kinematical singulari-
ties at t=0.

However the analyticity requirements and the crossing symme-
try will provide additional kinematical zeroes at t=0 in certain linear
combinations of the parity conserving helicity amplitudes. We give now
the kinematical constraints at t=0 for the various cases in our discus-
sion:

1) EU case (i, e, S+N-=» J+N), The constraints turn out to be:

~ (4 LA
(11, 3) if( )§ ) -f( )tl 1 =0(t)
cd;~2———5- cd;;—z*

(1L 4) i ()t . CEO Lo



5.

(x)

for any c ', The details of the derivation of these constraints are given
in App. A, The number of the independent constraints (II.3) is given by
J(25+1), while the number of these (II, 4) is given by (25+u)/2 with

n
o

if G6.6.=1
(I1.5) u J 8

"

1 if = .

i 6J GS 1
where 6= "7J(-1)J and M is the intrinsic parity of the particle J. We
supposed above that J2>S.

2) UU case (i, e. S+tS—*J+J), The constraints are

o A
f("‘)t +f(~)’t

(IL. 6) AT N T
if “ "/’-'l <“+/L‘ , and
(I1. 7) g G gy

cd;ab B ‘cd;ab

ifl)‘ —/.u‘ > ‘ \ +/bl, where m =minimum (|\| , \)&\ ). The derivation of
these constraints is presented in App. B.

3) EE case (i.e, N+N—»N+N), In fact in the simplified treatment
given here we consider only the nucleon-nucleon scattering in the equal
mass configuration. In this case the constraint is well known(23),

~
(=)t N+t ~ (-t
II, f - - =
e I R N TR U S T TRt B I T T
2 2°2 2 2 2’92 29 2 2’27 2

The derivation can be found in Ref. (24). |

If only Regge poles contribute to the scattering amplitudes, these

(%) - The factor 1/2, which was present in the constraints (II.4) in Ref.(18),
has been eliminated because of the ‘rzﬂ"factor in the definition (II, 1)
of the helicity amplitudes free from.s kinematical singularities, The
constraints EU have been derived independently by J.D. Stack(23),
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relations can be satisfied in either of two ways:

1) Each of the two amplitudes involved in an equation has an ad
ditional factor of t in the residue: in this case the relation is trivially
satisfied (evasion).

2) The amplitudes hf involved in the kinematical constraints go
to a constant when t—» 0; this implies a relation between the intercepts
o (0) and the residues P (0) of the various trajectories which contribu-
te to the f(conspiracy). In the following we will see that the mechanism
chosen by the Regge pole families to satisfy the constraints will enable
us to derive a classification of the Regge pole families,

ITII, - THE REGGE RESIDUE FACTORIZATION NEAR t=0, -

The partial work expansion for the parity conserving helicity
. ) . . R 20).
amplitudes, free from S kinematical singularities is given by :

- ()t J+ _J(%) J- _J®
(1L, 1) fdiab” 2 o) ey, o) ey, o

J
where the exi functions are defined in Ref. (20).

-+
The contribution of a Regge trajectory o(— to the previous am-
plitudes is given by:

- + oLty
Pt 2 aT(t) F)i ) os 0,) +

o (t) E
cd;ab + cd;ab ML
t
(1L, 2) sen ol (t)

+ J—

2ol ()1 pF -k +
+ () E tcos 8,)
sen of i(t) écd,ab M t

where the functions E-; can be found in Ref. (20). Here and in the follo
wing we omit the signature factor which is not essential in our conside-
rations.

Because of the conservation of the angular momentum, parity,
G-parity and isotopic spin in strong interaction physics we can label
the single Regge poles by the quantum numbers T (signature), P (parity),
6 =PY (normality) and 3 =G(-1)T where T is the isospin of the Regge
trajectory and G its G-parity. However the analyticity requires(11 , for
every parent Regge pole exchanged in unequal mass reactions the exchan
ge of an infinite family of Regge trajectories with residues conveniently
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singular near t=0 (daughter trajectories), If we label with n the quantum
numbers of the nth daughter trajectory, there exists the following rela-
tion between them and those of the parent:

= =1 - D = =
(111, 3) G =6 P =(-1) I v =(-1) % £.75
TABLEI where the quantum numbers wi-

thout subscript refer to the parent

‘ - trajectory, Therefore a Regge po

1 | ¢=+ | P=3 n even le can be labelled by a further
quantum number n, which charac

2 o=+ | P=- §| nodd terizes the behavior of its residue
function near t=0 in the unequal

3 &+ | P=- §| neven mass scattering. Using the above
considerations it is then possible

4 C=+ | P= n odd to achieve the classification of Reg
ge trajectories shown in Table I,

5 G=- | P= _Z n even The class 3.and. 4 do not couple
to the nucleon-antinucleon system

6 G=- | P=- nedd | because of the conservation of an
gular momentum, parity and G-pa

7 | O=- | P=-5| neven rity. In the following we will de-
termine the further zeroes of the

8 |Gg=-| P=§ n odd residue functions which are neces

sary to satisfy the factorization re
quirements and the constraints and
we will get a more complete classification of the Regge trajectories in
families with a well defined new quantum number M,

Now we impose the factorization conditions for the residue func
tions of the Regge poles,

The objects which factorize are the residues of the individual
poles in Fg%[-ab; therefore in our case the residue is:

(II1. 4) ch;ab(t) - ch;ab(t) ('Pc:dPab) gcd;ab(t) b/cd;ab(t)

+.
where (PCdPabe"’ N is the threshold factor, N =Maximum {({A[ , I/&kl),

gcd;ab(t) is a factor which takes into account of the further singularities
present in the residues of the daughter trajectories near t=0 and b’é’d;ab(t)

is the reduced residue free from any kinematical singularity at t=0: it
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can contain at t=0 only eventual zeroes, Hence if reaction 1 is a+b
—»c+d, reaction 2 is ctd—+c+d and reaction 3 is atb-»atb the facto
rization theorem can be stated as(25)

+
RAEZ-N 12
+ + 1
L L t =
]: chd;ab(t) chd;ab(t) (Pcd;Pab) glcd;ab( )J
+ 2( ol t. Nz)
(IIL. 5) - Ké—cd ;ed (t) chd;cd(Pc:d) g20d;cd(t) x
cL 2(x =~ N,) ]
x K3ab abt )Z 3absab Cab’ Z3ab;abt)
In Tables II and III we give the behavior of the factor K ap(t) and

ged; ab(t) for the reactions (I,1), while the behavior near t O of both si
des of equation (III, 5) is given in Table IVa for the reaction S+S—» J+J.

If an equal-mass vertex is present in the reaction considered,
then the conservation laws imply the identical vanishing of the residue
if the following conditions are not satisfied:

S+1
6§70 (-1) "=
(I11. 6) j n
S=1 if 6 =+1

where the quantum numbers in equation (III. 6) refer to the Regge pole
exchanged and S is the total spin in the NN system. For the residues in
‘volving equal-mass vertices, which to not vanish, we give the factoriza
tion requirements in Tables IV b and IVe,

IV. - MINIMAL SOLUTIONS OF THE CONSPIRACY PROBLEM, -

In this section, under the assumption that only moving poles
are present in the complex J plane, we give the behavior of the Regge
pole residues near t=0 allowed by the kinematical constraints and the
factorization theorem.,

In general, from a given solution to all the factorization require
ments, one can obtain solutions by increasing the number of t powers of
some of the Regge pole residues in the original solution. If a given solution



TABLE Ila
’A Jitude NN - JS - Behaviour near t=0
mplitude 1AL ‘}Ll K, (t)
"i—,t+ _.%,
can+_ L 1|70 t
*2 2
C'A"‘l‘l’ 0 #VO t
. L
i 11 1 0 ¢ 2
PTAY. — _ oo
C'A%; 2 2
s 11 o | o tf%
Ny AL, 3
C'A'; 2:2
T
11 1 | #0 1
TA LG
"f‘t"l-
| 11 o | 0 1
TAe s
C'A'; 59 ,
Bl 11 L 0 1
TAT L :
ClAl; 2° 2
—t4
ft 11 0 0 1
N AT . e
C'A%; 2 2
TABLE IT'b
Amplitude ¥ Ty | | N[ | Behaviour near t=0
~ , K, (t).
—t even 1
f X
? odd’ t
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TABLE Ilc
. Behaviour near t=0
Amplitude JS = JS K, (1)
Ay
i t
PN i ) »
N=Max( [A +'/~( A ~/u| )

TABLE III

Amplitude Singularity of the residue of the n-th daughter
(yE 7Y 1
ch;ab 0
(Lyn/? if (-1)"=1
Yodsar) '
d;ab -

e GE-Dlz (-1)?=-1
Yogan) (G2 if (-1)"=1
Minimum ({A[, U*‘ )#0 (;1-)(n"1)/2 if (-1 =-1
Minimum ( |\ , VLI )#0 (%)(n+1)/2 if (~-1)n =_1

TABLE IVa

Factorization conditions in JS ~» JS

(K/Ud}\

+ 2 | -l

B + +
_(5/%;/*)(5/,\;)\)
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Factorizaiion conditions 1 '\_ l
in NN—+NN N
+ 2 + +
(v ) =0 ) ) even
TABLEIVe | VAN Ypsp' ¥k
+ 2 + +
Cy o) t=C(xy—_ )y ) odd
'X/A. s >\ 5‘/& ,/u X_}\ K >\
TABLE IVc
Factorization conditions in NN~ JS
)

2 pl-@/2) k(-1 .+ +
1)"}‘/[ J‘(X ¥ 11 1
cd;ed TR

( +
a ch:f‘-g 2
- 2 M -(1/2)[1+(-1)rj - -
( ;o = ) ( )
" Tt Yeaea U333
- 2 .1/2[1-(-1)"] - _
( )t = ( )( )
| Feagog owea 133143
-1/2] 1+(-1)2 - -
ally 11 ¢ [ i “(y" ¥1q 1y
Y] cdied " 5335
of 10 12 _ _
cd;cd ‘2——"5‘,—2"--2—

| et

2 |ul HL/2)[1-C08] R
L NSRS
22722

‘ +
‘ XCd;%% cd;ed ;
! n
ot )zt1+(1/2)[1-k-1)l y ¥ )
e |0 1 ¥ 11 1
edig-3 cdied " 5-5i%72
+ 2 1/2[1-(-1)" L +
NCAT Yo Vi1
T cdied  "59i22
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cannot be obtained from another in this way, we will call it minimal.

It is important to note that in general the minimality of a solution is stric
tly related to the set of reactions in which it is minimal, In fact if we
consider two sets of reactions {A} and { B} a minimal solution in the
reactions {B} may be not minimal in the set of reactions {A} .

This means that even if some of the solutions given below are not
minimal where looked at from the point of view of a particular reaction,
they are minimal in the set of reactions (I.1).

As we said in Section III, on the basis of general analyticity pro
perties the residues 'X can contain only additional zeroes at t=0. There-
fore if the factorization requires that XN t%, a is constrained to be a
positive integer number greater than or equal to O,

‘Taking into account this restriction it is easy to find the mini-
mal solutions of the factorization requirements listed in Tables IVa,b,c.
For the reactions with unequal masses, of the type S+S—% J+J or S+5'-»
~—~» J+J!', one finds:

(IV.1) b/j cdwt“/""M'

.
2

for any class of Regge poles listed in Table I(X).

We can include into the set of reactions (I.1) also processes of
the type of S+S'-s J+J' because for them the factorization requirements
are identical to those listed in Table IVa. The result (VI.1) is coincident
with that obtained by Le Bellac using only UU scattering reactions(26),

When an equal mass vertex is involved, the selection rules due
to parity -and G-parity invariance must be taken into account, This im-
plies the identical vanishing of the residue if the conditions (III.16) are
not satisfied.

In the equal mass reaction N+N~ N+N, for the residues which
do not vanish we have:

¢ M Cif (-1))‘+n=€

(IV.2) yab;ab t\M"l\ if (_1) x+l’1=_6

(%) - The behaviour given above is different from that reported in Ref, (18)
because there the singularity structure at t=0 of the residues of
the daughter trajectories was included in X .
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For the families with 6=+ and ¥ =- §, whose parent and even
daughter trajectories do not couple to the NN system, we have for the
odd daughters:

{MF1 it N =0

(+)
(iv.3) I absan™]
t[l\/[—-ll +1 i D=1

Using the factorization conditions given in Table IVc it is then
easy to obtain the behavior of the EU residues (Table V), The minimal
solutions IV, 1, IV.3, IV,4 and Table V of the factorization equations
are consistent with the constraints given in Section II; such solutions are
therefore the minimal solutions of the conspiracy problem,

M is a number that we introduced at this point in order to label
the minimal solutions, It can assume all the integer values between zero
and infinity., Every family of Regge poles is characterized by a value

of M,
An interesting feature of our results is that, for all the values

of the masses, a family with a given M contributes asympotically only
to the forward s-channel helicity amplitudes with helicity flip equal to
+ M., This property gives to M a clear physical meaning and permits to
identify M with the Toller quantum number introduced in the group theo-
retical approach.

The previous results for the minimal solutions of the conspira
cy problem are coincident with those found by Cosenza, Sciarrino and
Toller in the general group theoretical approach,

However, besides the solutions given above, which are consi-
stent with the group, theoretical one, we find two more solutions for the
families with ¢ =+1, T= —5 :

7~ #)(NN=»NN) [t if A =0
ab;ab ™ | constant if A #0
a) ' , . W .
y (SIS {tz it M40
(V. 4) cdied t it M=0
(+) (NN == NN) constant if A =0
b) ab;ab ~ {t it N#0
L) (IS==arsny (¢ ML it M40
cd;ed oLt if Mm=0
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TABLE V=

Behavior of the EU residues near t=0

+

tl/zihfq M|+ M1 el

 Fead "
° - L2411 -M{.w,l+|M_(1/z)[1+(-1)n_‘](+(1/2)['_:1+(-1)n]}
beud
. - t1/2%1v1+|1v1-(1/2)):1-(-1)1“:([-(1/2)[1-(«1)’“:(§
Y eq L1
cdig 3
4 - tl/2{M+'Mf(l/2)[]L+(—1)njl+(l/2)[1+(—1)n:(j
. X_ - t1/2%]w —M‘-‘)Ll+~|M-(l/2)[l-—(—1)r_l]l+(1/2)[1-(—1)ﬂ}
°432
RO G (!
‘22
+ - - '
ey t1/2§1v1+{1v; 1] 1J
*a 2
LT M
h b/cd 11 t
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We did not find any way to eliminate these solutions: their mea
ning and their relations to the group theoretical results are unclear,

The problem of the minimal solutions of the conspiracy problem
in the set of reactions (I.1) has been also treated by Capella, Contagouris
and Tran Thanh Van(17) using the analytic approach.

They obtained

| o ; M+n+ X
av.s) ?)/Sbab"’ tl/a[l-G/(—l) _]

for the EE mass configuration, while for the UU mass scattering their
results are coincident with those given by (IV, 1), The apparent disagree
ment between the expression (IV.2), (IV.3) and (IV,4) is due to the fact
that their result is only valid for M=0,1 because they did not impose the
minimality in all the channels (I.1) at the same time. In so doingtheyob
tained the solutions for M=0,1, but lost other solutions which are mini
mal in the set of reactions (I.1)., Finally the behavior of the EE residues
for the family with G=+ and =-% cannot be obtained from (IV. 4) be-
cause the previous authors did not consider these families,

V.- CLASSIFICATION OF REGGE POLE FAMILIES, -

The introduction of the new quantum number M permits to clas
sify the Regge poles in families according to the values of M, &, _g .

Class I: M=0,6 =+1, ©=§

A parent trajectory requires the existence of a family of trajec
tories with "angular momentum'':

A (0)=o(0)-n
where A (0) is the intercept of the parent trajectory. For n-even we have:
’tn = Pn = 5 = T
and for n odd
Only the trajectories with n even can couple to the NN system. This

is the class I of Freedman and Wang(4), Poles of this class never conspi
re, as can be seen from the behavior of the residues listed above.
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Class Ia: M=0, =+1, ¢ =- g

Poles with n even have:

and with n odd
'tn = Pn =§=- ¢
The parent and the even daughters of this class do not couple to the

NN system: this explains why this class is not contained in the Freedman
and Wang classification,

Also this poles never conspire,

Class II: M=0, =-1, =-

The poles of this class satisfy the constraints (II,4) and (II.8)
by a daughter like conspiracy; that explains why such constraints are
called "class II'' constraints, All the others are satisfied by evasion.
For n even we have:

and for n odd:

¥ =P =g=-

n n
n
. : . (-)t
d
The parent trajectory contributes to the amplitude fcd;1/2-1_/2 and con

N o Y e A A
spires with the first daughter that contributes to the amplitude fcdgl j2,1/2°
The same mechanism of conspiracy applies between the amplitudes
T(-)t ~(-)t
fac12s1/2-172 29 f1y2,1/2;172, 172
ring.

in the nucleon-nucleon scatte

Class Ila; M=0, 6 =-1: t=§

Poles with n even have
T =-P = = 7T
n n .§

and with n odd
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The parent trajectory of this class, which is decoupled from the NN sy-
stem at t=0, satisfies all the constraints by evasion. Also this class
is therefore absent in the Freedman and Wang classification. Conspira-
cy between daughters is allowed in the EU configuration.

Class III: M=1, = ¢

In this class we find the well known parity doubling phenome-
non, The parity doublet structure not only allows to satisfy by conspira
cy the constraints (II.3, IL.6, I1,7, II.8) but it is also imposed by the gene
ral analyticity requirements considered in detail in App. C and in Ref,
(27). Therefore in some particular conditions the class III conspiracy is
a necessity, not just a possibility, deriving from the analyticity and cros
sing symmetry requirements,

One has the following quantum numbers:
n even YEP =5=7
n n

! N o= = . = - /z
n odd (,,n Pl’l 5
Only trajectories with n even can couple to NN system,
n even T =-P =8§="7¢
G=-1 .
n odd q{:_p:-j:-"é
n n

Class Illa: M=1, ¥ =-¢
The poles of this class have the following quantum numbers:
neven L =P =-§ ="7C
: n n

6 =+
nodd =P =§=-%
n n

Only trajectories with n odd can couple to the NN system.

n even *C=-P=-§="C1
n n
@":-
N o= = €=
n odd T Pn 3

The parent trajectories satisfy the constraints by evasion. Conspiracy
between daughter trajectories of opposite value of @ is however allowed,

Poles with M > are decoupled, at t=0, from the NN system,
in agreement with the group theoretical approach,
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Such classification is coincident with that found in the general
group theoretical approach by Cosenza, Sciarrino and Toller and results
a generalization of the Freedman and Wang classification. In fact the
class Ia, Ila, Illa are absent in their classification because the parent
Regge trajectories of these class are decoupled at t=0 in NN scattering.

It is a great pleasure to thank Prof. L. Bertocchi and Dr. A,
Sciarrino for very useful discussions, and Prof, M. Toller for helpful cor
respondence,
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APPENDIX A, -

The method used for the derivation of the kinematical con-
straints in the channel S+N-#»J+N is due to Cohen-Tannoudji, Morel and
Navelet(28),

Let us consider the reaction
(A.1) S(a)+N(b) - J(c)+N(d)

where the expressions between brackets refer to the helicity of the cor-
responding particle., The t-channel of the reaction (A,1) is

(A, 2) N(D'")+N(b') =+ J(c')+S (A')

The helicity amplitudes of the processes (A, 1) and (A, 2) are related,
through the crossing matrix, by

oA M ap
cd ab-—(Y‘—lsen—-* " (Pcos-—-) Z"' . di'a( %a) d:ﬁo(xb)
(A.3) A'b'le'D

|-l Al
Jc(xc)dlli)/'zd d V_‘sen——) ( 2cos—-2-- - f ¢'A':D'b!

where cos g, cos ), cos(0g/2), sen(04/2), cos(6;/2) and sen(d /2 are
regular functions near t=0, while cos )(b and cosf, are smgular(zz

Drawing out the singular behavior at t=0, the rotation matrices
related to the two nucleons can be written near t=0 in the form:

1/2 B(D) bl
(A.4) d (cos ) o
Xb(a) VI
where
M(mZ m2) 1/2
(A, 5) B(D) =

2[5-(m mg 1y M)z_][s (mg +M)2:(

and M is the nucleon mass,

For sake of simplicity it is convenient to define, for any c¢' and
A', the following system of equations:
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A= wl
A RYCDEVINR YL - [N
God =b'ZDI bip (Ap) 4 / )cd)(('z'sen—z——)
(A.6) | [
N -
rcos—*—) # f t'A';D'.b'

Since the rank of the system (A. 8) is one it is sufficient to consider only
the equation which is obtained for b=d=1/2, so that we have near t=0:

1 1 o~ - ~ -+
(A7) c'A'__BD | Ft(-) _q gt
_:L_L ("'t) chv.-.l_l chv..l__l_
22 T2 2 2 2
for c'#A' and
TAT NLEY. ~ (-
(A.8) ¢ mp |7t A
11 =-—— 11 1 1
—— (-t) C'A'; == C'Al; = - =
22 22 2 2

for c'=A"',

In the previous expressions we extracted from the parity con-
serving helicity amplitudes the same t-1/2 singularity near t=0, (Table
IIa). If now we put the relations (A.7) and (A, 8) into (A. 3) we see that
we must have:

> & (x)d (% >[ W e T 20 -
C'A_' lAl’——z—--—z—- A"E _.2.. I‘A\‘
c'#A! c'=A"

5 = 4(-)
(X )[ -1t =0 (t)
e oran L1 ,A..i_.l]

22 SH9T

(A.9)

in order to not have a kinematical pole at t=0, which is forbidden because
the left hand side of the equation (A. 3) contains quantities free fromki-
nematical singularities in t,

Because of the presence of the d,\ functions the determinant

of the system (A.9) is equal to a finite value; therefore the only allowed
solution is:
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. £ = 0(t)
(A.10) f o 117 o 11 (t)
‘99 2
for any c'#A' and
"~ ~ -
(A.11) A = 0(t)
ot £ 1 orer: 2L
CCh9 "9 7

for any c'.

APPENDIX B, -

The kinematical constraints between the t-channel, helicity
amplitudes of the reactions:

(B.1) S(a)+S'(b) —# J(c)+J'(d)
can be obtained following the method of Cohen-Tannondji et al. (28)

However we will follow here a more direct approach suggested by Frau
tschi and Jones(29),

The relation between the amplitudes flc .\ and f )‘ is:

(B.2) ) A-N _ |
Tt »éGst(“) Tt Tt
_}’I;XI 2 /L ,\l l

where )\’=D'—b';/u,'=c'—A’, N=Max( |)\1 l,o. |) and 6‘(5 ) is the
natural parity of the particle J(S). The t-kinematical s1ngu1ar1t1es of

the amplitudes f/tk’;k' and f;Lﬂ':,)\' are:
1o 1
-4 N'z.lx-ﬂ'{ -t+ ~_2N
(B.3) f}L';X' k f)u;)"

The kinematical constraints follow there immediatly from the require-
ment that the two sides of the identities: (B.2) have the same behavior
near t=0,



22,

APPENDIX C. -

The daughter trajectories have been introduced by Freedman
and Wang(ll) in order to eliminate any kind of singularity at t=0 in
the full amplitude. They treated in detail the spin-less case and evalua
ted in this case the singularity of the residue of the n-th daughter at
t=0 in the unequal-unequal mass scattering:

(. 1) ( X)UU ~ A
t

and in equal-unequal mass configuration:

e AT R SV
(C.2) EV
¥y oo~ |
& EDE e P

Those are the most singular behaviors required for the residue of the
daughter trajectories in order to have an amplitude analytic at t=0; of
course if the residue of the parent Regge pole vanishes at t=0 the re-
sidue of the daughter trajectories will be less singular than in (C.1)
and (C. 2).

We will extend the Freedman-Wang approach to the spin case,
where the singularity structure of the daughter residues will show some
differences with respect to the spin-less case,

We will see furthermore that in some case the introduction of
under Regge pole family with opposite value of ¢ is necessary because
the daughter trajectories alone are not sufficient to restore the analy
ticity of the full amplitude,

We start from the equation (III.2), which can be written:

o~ + + +
()t _ 271 + + LT N +oF
cd;ab’ + gcd;ab(t) b/cd;ab(Pcd Pab) E A (--cos(—)t)+
sen oA
(C.3) . K“T _ ]
+ . :
+._2_.__0\_.__t.1'._ - ('t) Cd,ab

—=2=2 (P P ) N E_& (-co0s0.)
Ki cd ab b/cd;ab /\/UL t

— g
T &cd:ab
sen o %7 cd;ab



if we use the expression (III,4) for the residues and we eliminate the
t kinematical singularities, For sake of clearness it is convenient to
consider separately the UU and EU mass configurations.

In the UU case (C.3) becomes

~ + + —

(+)t + -+ X—-N_+odl +
-~ - +

flcd;abN gcd;abb/ cd;ab(Pchab) EX/{- ( coth) gcd;ab X
(C.4)
¥ 4 F -
A -N-1_- +
x Pchab (Pchab) E’\/* (.~cos9t) ch;ab

where we inglobed the factor (2¢\+1)/(senTd ) in the residue b/cd‘ab

R oy = T
and we used ch;ab(t) ch;ab(t)'

We note that the factors (P ) E (-cosB,) and
: A
V’O(:F-N-'l _&:p cd b A t

(Pchab’ Ex/u (-cos0,) have the same singularity structure

at t=0 of PoL :t_N(-cosOt) (Pchab

The only difference therefore with the spin-less case arises from the
presence of two terms in (C.4) and from the fact that the second term
contains a factor that behaves like 1/t near t=0, This singular beha-
vior of P,qPap complicates in the spin case the analysis of the singu
larity structure of the the residues of the daughter trajectories.

+ +
t oy agt

p of -N_+ol
a

+_
)DK' N involved in the spin-less case,

Obviously in the amplitudes with Minimum ({\{, U;.l) = Q. the
singularity structure of the daughter poles is the same than in the
spin-less case because of the identical vanishing of the Eg, function.
For the other amplitudes because of the presence of the factor P.qPap
in the second term of equation (C. 2) the introduction of daughter trajec
tories is necessary to eliminate some singularities, but is not in ge-
neral sufficient to have an amplitude analytic at t=0,

In order to restore the analyticity of the full amplitude we need
the contribution of another Regge pole family with opposite value of &
with respect to the family primarily introduced in the amplitude, One
canthen study the singularity structure of the daughter trajectories
of these two families and it is easy to check that such structure is not
different from that found by Freedman and Wang in the spin less case.
Finally we can conclude that in the spin case for the UU mass configu
ration the singularity structure of the residues of the daughter trajec-
tories is the same of that given in (C.1). Furthermore such analysis
permitted us to get that the analyticity requires the existence of the
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(27)

parity doubling phenomenon .

Obviously the possibility of the parity doublet can be avoided

. o ) .
if b/cd;ab ~ t at least when t - 0 for the pole primarily exchanged,

but we are interested at this stage in the most singular behavior of
the residues of the daughter trajectories and we expect that such fur-
ther zeroes will come out from the factorization conditions.

Let us then consider the EU mass configuration, The expres-
sion (C.3) in this case becomes

~

t+ +
()t . + + xE oy ot
Ny - ‘ _ +
fcd;ab gcd;achd;ab(Pcd Pab) EA/,. ( cosgt)
(C.5) ~ = B )

K (t) + oL + —

cd;ab + No1_-% -
+ |2 ) |

gt P a%ab gcdzab(%dpab) E}‘/bL ( cosgt)ycd;ab

cd;ab

Also in this mass configuration the only difference with the spin-less

case arises from the presence of two terms in (C.5) and from the ex-
pression

+
ch;ab(t) )

Ki chab ’
cd;ab

which in some amplitudes behaves like 1/t for t-» 0. Because of the
identical vanishing of the E~ for A and p not both different from zero,
the analysis can therefore be restricted to the amplitudes with % #0
and A =1; for the other amplitudes the singularities near t=0 of the
residues of the daughter trajectories is evidently the same than in the
spin-less case.

If A=1 and J#0 the expression (C.5) becomes:

~ + g\'l"

(+)t + + A N_+

£y ~e8 1 Yoo 1 1 BgBap) El,w (-cos@,)+
cd;E-“~ cd;*z———z— cd;*é'—E

(C.86)
o -N-1_-o" -

+ P -

€ a L. 1 Featan) TR

272 cdy3
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~ - -

(')t - - A -N +&

- +
g 181 1y 1 1 Feafa) T By (reosd)
Chig g CEhyy YedkmpTy
(C.7)
‘ + + -+

£(t) R T-N-1 - o
+ 2 p p - ‘

t (Pcd ab) El/l., ( cosgt) K 1 1

°4372

Where f(t) is a function regular at t=0, which inglobes the non singular
part of (P,qP,p). Because of the factor 1/t inthe second term of
(C.7), also in this mass configuration the parity doubling phenomenon
is in general necessary to restore the analyticity of the amplitude at
t=0: the singularities can be canceled only if in the first term of the
right hand side of equation (C,7) contribute the odd daughters of a
Regge pole family with 6 =-1, whose residues have the singularity
structure

- n+l

(C.8) X ~ () with (-1)" =~1

which is different from the expression (C.2) valid in the spin-less
case(¥),

In conclusion the analyticity properties require the singulari-
ty structure (C.8) for the residues of the odd daughters belonging to
a family with 0 =-1, while for all the other amplitudes and Regge pole
families the singularities, are given by (C. 2).

(¥) - We are grateful to Prof, L. Bertocchi and Dr, A, Sciarrino for
enlightening discussions about this point,
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