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I. - INTRODUCTION, -

It is well known that the harmonic oscillator well model, which
is succesful in predicting the electron scattering form factor of the light
nuclei, fails for Li6,

It is likely that for this nucleus the p-nucleons are bound a good
deal less firmly that in heavier nuclei (C12, 016) in the p-shell. This can
be simulated by allowing the s- and p-nucleons to move in different poten
tial wells as suggested by Elton(l).

This model provided a good fit to the experimental data at low
momentum transfer q. However after having extended the measurements(15)
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to large q's, the model with two different oscillator wells was not able to
explain the experimental results anymore,

The situation may be remedied by taking into the effect of two-
-body correlations arising from repulsive core of the nucleon-nucleon
interaction, This was suggested by Ciofi degli Atti(2), The influence of
the short-range correlations on the elastic form factor has been also
investigated by the present authors(3),

The purpose of this note is twofold:

1) in Chapter II and in Appendix we calculate in the exact way
(by means of the Gartenhaus;—Scllwartz(4) transformation) the nuclear cen
ter-of-mass motion correction to the elastic form factor in the model
with the two different oscillator wells. The model was used not only for
Li6, but also for the cl2 gnd 016 nuclei(d) in order to obtain a coherent
interpretation of the elastic and quasi-free electron scattering data(s). We
have found that there is quite a substantial difference between the exact
result and the usually used c.m. correction(l), taken by analogy with the
model of a common oscillator well for all nucleons,

2) in Chapter III we perform the short-range correlation calcula
tions, We obtain a good fit to the Li6 elastic electron scattering data in
the model with the two different oscillator wells, It turns however that
this model (with appreciably different oscillator strengths) is no more
succesful for C12 and 016, Good fits for these nuclei may be obtained
in a simpler model, with the single oscillator potential well.

II. - NUCLEAR CENTER-OF-MASS MOTION CORRECTION, -

We consider elastic electron scattering from spin zero nuclei
(as €12, 016} and from nuclei with a small quadrupole moment (as Li6),
The cross-section for the elastic scattering of an electron with energy
through an angle is given then by the following formula(¥):

d6” _ 72 et cos? 0/2

(1) dJL

256 . 2 .1 2
‘ (4 + sin” 6/2) F (q)g
4 2;2 sin49/2 My l ch

where Z and M., are the charge number and mass of the target nucleus.

(x) - We use units c=h=1, e2=1/137. Since we consider high-energy elec
trons the rest mass of the electron is neglected.
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The Quantity F,p(q) in Eq. (1) is called the charge elastic form factor
of the nucleus.

Using the nonrelativistic form of the nuclear charge operator(8)
(with terms to the order 1/M2; M being the nuclear mass) we obtain in
the first Born approximation:

2 2, 1 & 3T
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where

In Eq. (2) one sums over all the nucleons in the target nucleus and e, r.
are the charge and position operators for j-th nucleon, \EJ is the nuclear
wave function of the ground state,

In Eq. (3) we have introduced the electric form factors of the
nucleons(9). f(q2 ) represents the correction due to finite nucleon sizes.

If k}) is not translationally invariant a nuclear center-of-mass
motion correction in Eq. (2) has to be applied. The correction can be
eas11%f evaluated in the shell model with the harmonic oscillator potential
well( In this case one obtains

2
(4) C = exp (——-)
c.m, 4A<;k

as the additional factor in the r. h.s. of Eq. (2); &\ being the oscillator pa
rameter,

In the model with the two different oscillator wells (& #e\ usua
lly one uses the same type correctlons(l) s the factors multlplymg con
tributions from the s- and p-shell, respectlvely More precisely, for nu
clei with two protons in the s-shell and Z-2 protons in the p-shell one ob
tains for the form factor:

(5) F=
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One might suggest also another c.m. corrections for this model
putting in Eq. (4) an average value of the A -parameter obtained e.g.
either by averagmg of d\ and o\p

(8) A= 2 (ol B L)

or by averaging r.m.s. radii for the two shells:
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A dp

All such ¢c.m. .corrections seem to be plausible but in fact are
chosen quite arbitrarily without an exact justification.

The exact way of calculating the c.m. motion effect on the form
factor is to perform in the expression (2) for the latter the so-called Gar
tenhaus-Schwartz transformation, Then, in a shell model yielding the nu
clear wave function ({’SM: the charge elastic form factor is given by:
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It may easily be shown that
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where M'k is the determinant of order A-1 which is constructed from
the determinant

iq-r
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by removing in the latter the j-th row and k-th column; %02\7 ioﬁ >be1ng
single particle states of the shell model, )
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One can also write
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where D. is the determinant of order A which is formed from D by re-
placing t‘lne j-th row of D through

&, d €,

We have czilculated (see Appendix) FGS for the Li6, cl2 and O16
nuclei in the model with two different oscillator potential wells, We have
compared the results with the expression F- see Eq, (5).' In Fig. 1 is

presented the ratio R =FGS/F2 in the function of momentum transfer for
the three nuclei,
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Evidently (and perhaps surprisingly) these is a remarkable diffe
rence between Fng and F. The mathematical structure of the ratio R(q)
depends strongly on the parameters d\s, 0\ one has chosen and may beco
me quite complicated. The difference betwgen the two form factors will
be most accentuated at the values of q where either Fgg(q) or F(qg) has
a minimum. In general, one may say that the discrepancy between Fgg
and F becomes larger as the difference between the oscillator parameters

kg AAp increases (ifd\ g=o, one has Fg=F).

The difference between Fg and expressions for the form factor
obtained by using other c.m. motion corrections as those mentioned above
(Egs. (6) and (7)) is even bigger.

All of this indicates that one must be careful when taking into
account the c. m. motion effect in shell model calculations as various and
apparently similar procedures may bring to very different results,

III. - SHORT RANGE NUCLEON-NUCLEON CORRELATIONS, -

In this chapter we study the influence of the short range nucleon-
-nucleon correlations on the elastic form factor in the model with two dif-
ferent oscillator wells,

Since the correlations between nucleons affect only the intrinsic
part of the nuclear wave function we assume the same center-of-mass
correction as in the model without correlations, We write the expression
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FIG. 1 - Comparison of form factors (shell model with two oscil-
lator wells; no short-range correlations) calculated with two dif
ferent nuclear ¢.m. motion corrections. Fgg-c¢.m. correction
calculated exactly (by means of the Gartenhaus-Schwartz transfor
mation), F -c.m. correction calculated as in Ref. (1); R ='(FGS/F)2.
The oscillator parameters are: for LiS: °(s =130.517 MeV, slp=
=98.588 MeV; for C12: olg=170 MeV; o =130 MeV; for O!6: X =
=170 MeV, o(p =120 MeV.



for the ""correlated' elastic form factor as follows:

F

o
(11) F=—"(F . +AF)
Foy  SM

where FSM is the so-called shell model form factor

Yo 7

AF is the correction to Fgpy which accounts for nucleon-nucleon correla
tions.
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We calculate the correlation correction as in Ref, (3). The cor
relations are introduced into the nuclear wave function by means of a unita
ry transforma’cion\V=U SM Of course, one can work still with the shell
model wave function and use the unitary transformed operator of the elec-
tron-nucleus interaction,

As we consider the short-range correlations arising from the
hard core repulsion between nucleons we can take into account the two-par
ticle correlations only., We neglect then the probability of simultaneous
modification of the wave functions of more than two particles as the pro-

bability for three and more nucleons to come close together should be very
small,

In order to account for the two-particle correlations we construct
U as a Jastrow product(lo) of unitary operators of two particles,

(13) U= AL, k)
i7k=1

Let us consider the unitary transformation of an one-body opera-
tor like that in Eq. (12).

Because of unitarity one has

A A A
(14) v+Z omu=2 U ACT G 0 Mg, k)
J=1 =1 k(#j)
as the operators for different particles are naturally supposed to commute,

Assuming now only the two-particle correlations we obtain
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where one has subtracted the contributions from these k's which are not

"correlated" to a given j.

Applying (15) to Eq. (12) one obtains the correlation correction
to the elastic form factor:.
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where the summatlon extends over all occupied smgle particle states of
the shell model.

In (16) we have introduced the correlated two-particle states

(17) | KB, 10y =405, 10|l B

Performing in Eq. (17) the summation over the spin and isospin
quantum numibers one has: ’
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where A ) denotes the difference between correlated and uncorrelated

magmtudes. The single particle spatial quantum numbers we denote a,b,..;

the one-particle orbital state is \a} ‘n l,m 7

In the case of harmonic oscillator wave functions, it is possible
to define a transformation that takes us from motion of two particles about
a common center to a description of the relative and ''center-of-mass"
motion of the two particles, '"Following Moshinsky(ll? 12) this transfor-
mation may be written:

| | A 11 :‘qw .‘ i 2
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where (nlm) are the quantum numbers of relative motion and (NLM) are
the quantum numbers of the ¢c.m. motion,

The relative and the ¢.m. coordinates are defined as follows:

2 2
0( r +°( r
Vo 1 1 2 2
R=Y2 )
A2+ o{i
1 .
In the case of a single oscillator parameter ( 04 O( the transfor

mation bracket in (19) is independent of &, but in general depends on the
oscillator frequenmes of the two particles,

We introduce the two-particle correlations in (18) modifying (in
a unitary way thus preserving normalizations and orthogonalitie's(13))
the radial functions of the relative motion of a nucleon-nucleon pair:

[ nlmjy = v_&l\é_—l% R q(r) Ylm(g, @),
n
an = f dr rz Ril gz(r)
0

where g(r) is the '"correlation" function which modifies the radial oscilla
tor function R 1( r).

Employing the Moshinsky technique(ll) one obtains from (18) the
following two-particle correlation correction to the elastic form factor:

ZNF =6 exp(- j,looo 000;q;8 ) +(Z- 2)es(p( t )[ 3- 4tp+t YA 000, 000; q,p>

+~A<1oo 100;q;p ) - (- 1/2t A 100, 000;q;p >
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(22) : e
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m

1
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——(Z 2)exp(- vS th p) {(3 2v v t ik(ﬁ)oo 000; TS sy;)
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m
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where: 5 9
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In Eq. (22) ,(nlm) \} is an harmonic oscillator state with the oscil
lator parameter OKC. The formula (22) is valid for nuclei with two protons
in the s-shell and Z-2 protons in the p-shell, The oscillator parameters
for the two shells are assumed to be different,

There is an improvement in the formula (22)(‘K) as compared to
that in Ref. (3),namely the Moshinsky transformation for two nucleons
from the different shells (terms with c=sp) has been performed in the exact
way. Moreover some mistakes have been correct. These modifications
in the formula for AF vield, however, only very small changes of the nu-
merical results. '

We have calculated the 1i% elastic charge form factor from (11)
and (22) using the following form of g(s)

(23) gz(s)=1 7e:xp(-4%—f'\2 sz)

Such a correlation function represents the soft-core repulsion between
nucleons at small relative distances. The form (23) of g(s) enables us to
perform all the integrations in (22) analytically. '

The nucleon structure correction as in (3) has been used applying
the experimental results of Ref, (15).

Our results are presented in Fig, 2 where we compare the corre
lated elastic charge form factor (full line) and the uncorrelated one (dashed
line) with the experimental resulis for the Li6 nucleus(186), Including the
short range correlations between nucleons in the model with two different
oscillator wells we were able to obtain a good fit to the data over the large
range oflmomentum transfer q. The fit presents a diffraction minimum at
q=3 fm™",

(x) - Let us call attention to the fact that in our preliminary work on the
short range correlations(14) the formula for A F should read without
a factor 2Z-1. The mistake has already been corrected in Ref. (3).



11,

q *(91) "joy wouay sjurod TeUSWITI
adxyg “-UIy 8L9 "1= < ‘ASIN 886G *86= » ‘APIN LIS .omﬂumVo ‘aJ® sJajoweded ay ], ‘Wy §°g
SMIPBJI 'S "W "I JO UOTINQLIISIP 93JeYD UBISSNRY) ® JOJ J0}OBJ WJIOJ oy} Jo aenbs ayj o}
SpuodsaJaJaod yorym AN_@ €9L "1-)dxa Aq pPaOpPIAIP UsdQq 9ABRY SON[BA 9], SUOTIB[SJJIOD OU auIl
Paysep ‘papnioul sUOTIB[dJI0D 98UBI-3JIOUS-dUI] ([N °J10}0B] WIO] a81eyd mwd -2 'Oidg

(b egx.'t-)dX-':!‘/*’"'(zb) zd

(s°2)




12.

We have also performed the short range correlation calculations
for the C12 and O16 nuclei. It turned out that in this case there is no need
to use the shell model with two different oscillator potential wells. Satisfac
tory fits to the experimental data may be obtained in the simpler model,
with a common oscillator -well for the s- and pP- nucleon&

These fits could be a bit 1mproved by usmg two oscillator parame
ters with a small difference (of a few MeV) between them., However it
seems that it would be rather hard to find a good fit to the data in the whole
range of q if the two parameters differed apprec:1ab1y from each other
(say, by 20, 30 MeV), Although we did not make an exhausting search
over the parameters we expect that in order to fit the data in the model
with two appreciably different oscillator strengths it is essential to put a
very strong (with very small value of /\') correlation between nucleons.
Such a "short-range' correlation would strongly affect the form factor
also at low momentum transfers which is, physically, not very meaningful.

We have presented in Figs. 3. and 4 the correlated (full line) and
uncorrelated (dashed line) charge form factors for C12 and 016 together
with the existing experimental data(17),

The short range correlations have been introduced using the cor-
relation function of the form (23).
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FIG. 3 - C12 charge form factor. Full line-short range correlations
included, dashed line-no correlations. The parameters are o(s= b(p=
=126.38 MeV, /\=2.1475 fm-1, Experimental points from Ref. (17).
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FIG. 4 - O charge form factor. Full line-short range cor-
relations included, dashed line-no correlations. The parame
ters areQ o= dp,=112.27 MeV, A=2.24 tm-1, Experimental
points from Re?. (17).
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APPENDIX, -

We present here the elastic form factors of LiS, C12 and 016
in the model with the two different oscillator wells, corrected for the
c.m, motion by means of the Gartenhaus-Schwartz transformation:

3 <L1 'Z ej e Li >'=
j=1
1
=3 exp(—Zts) { E1~2tp)exp(—ts)exp(-tp)+ 27:1 exp(-2 E)‘J .

(A.1)

. Eg(l—2:’cp)exp(—tp)exp(-TS) —ll(A-l)’C1 exp(- Tz)exp(—'t3)+

—

+(1—ZTP)eXp(--’cS)exp(—Tp)+2wE'1 exp(ts)exp(-z taz)exp(—TS)J +

+2 exp(-—ts)exp(—tp){z exp(-Ty) exp(--tp)+exp(—Tp)exp(—ts)]}

(A.2)
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. [(1 —2tp)exp( —tp)exp(—Ts)-4(A~1 )"L 1 exp( -Tz )exp( -’C3) +
+(1 —2Tp)exp(—ts)exp(—Tp)+(1 -2tp)eXp(-ts)exp(-Tp)+z'C‘ . eXp(—Tp)"

. exp(-:!'ﬁ’z )exp(tp)] + —%—exp( -3ts)exp(—3tp) Eaxp(—tp)exp( —Ts H

+ 2exp(--ts)exp(—Tp)] ){
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