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A, Ma;](ecki(x) and P, Picchi: ELASTIC ELECTRON SCATTERING

FROM LIGHT NUCLEI AND NUCLEON-NUCLEON CORRELATIONS,

I. - INTRODUCTION, -
| | (1,2) - .

The recent measurements of the elastic electron scat
tering form factor for He4 show definite deviations from the Gaussian
model at large momentum transfers q > 2, 5F-1, The data are cha-
facterized by a well pronounced minimum at g2 = 10F-2 which is in
drastic disagreement with a Gaussian-shaped alpha-particle. Some
attempts have been made to explain the experimental results by intro
ducing the short range nucleon-nucleon correlations in the standard
Gaussian wave function(3., 4, 5),

(6) In ref.(S) the correlations weretreated withthe Jastrow me
thod" ' (see also Appendix) and only the contributions from the one cor
related-pair part of the nuclear wave-function have been kept, The
theoretical curve(3) fitted wellthe small momentum transfer region,

(3) - On leave of absence from Instytut Fizyki Jaidrowej, Krakow,
Poland.



predicted the minimum in the right place, but was too small by a fac
tor 2, 5 on the right-hand side of the minimum (at very large momen
tum transfers). The single-correlated-pair approximation has been
questioned in(3) where it was shown that using the same correlations
as in(3) and performing the exact calculations (with six correlated
pairs) one gets quite a different result (much worse fit) from that of(3).
In disagreement with this analysis ref, (7) again suggests the validity
of the approximation. The authors of{5) have also made a best fit to
data, Their fit, however, gives the position of the minimum at a smal
ler q than observed. Moreover, this fit has been obtained with anoscil
lator potential parameter widely different from that usually assumed.

We shall present a method which avoids the mentioned diffi
culties, as the summation of the troublesome series in the Jastrow
method is now automatically performed. This allow us to perform re
liable calculations for nuclei heavier than I;Ie4. The method is presen
ted in Chapter II where the short range correlations corrections to
the elastic form factor are calculated for nuclei with nucleons in the
first s-and p-shells.

In Chapter III numerical results for the HeéL nucleus are
given; other nuclei will be discussed elsevvhere(s). We obtained a
good fit to the experimental data by the following modification of the
Gaussian wave function that describes the relative motion of two nu-
cleons in He4: we introduced a repulsive core between nucleons at
short relative distances and assumed that the internucleon forces at
large distances are more attractive than implied by the Gaussian mo
del.

Finally, in Appendix we present an analysis which confirms
the results of ref, (5). Introducing similar nucleon-nucleon correla-
tions as in{3) and(5) one gets an analytical expression for the form-
-factor which is consistent with(5), but not with(3),

II. - GENERAL FORMALISM, -

Let us consider the scattering of an electron with incident
energy &€ through an angle 8 to a final state with energy &' while the
nucleus makes a transition from the ground state [i% to the state {fD,
The cross-section for this process (we assume that one observes only

the final electron) is given, in the first Born approximation, by the fol
fowing(9) formula(¥);

(x) - We use a metric such that a4 = (ay, &) and aubu = aghg - Z. 7.

The magnitude of the three vector is a = &3\. We also use units
c=f =1, e2= 1/137. Since we consider high-energy electrons the
rest mass of the electron is neglected,



2 4 2 ~ 4
de e cos 0 S Q. x
- p |= 2 ] 4 o (N_E-FE.){ 4Q-Q.
d&'da' 4&2sin40/2 2 115115 f i) g% Vrifi
(1)
28 e gl 1 —)‘ - - -b]
+ 42 A s - = .

where W= § . &1, q,u_' wz - qz, q being the three _momentum tran-

fer to the nucleus. Qg = {F§Q( )LD , Jfl {f {7 (@ V1> are the

matrix elements between the ground and excited states of the charge
and curretit operators of the target nucleus, respectively. In Eq. (1)
all the quantities are to be taked in the laboratory frame.

Let us consider elastic scattering from spin zero nuclei,
In this case the formula (1) simplifies considerably, It can be
shown(10) that in elastic scattering the contiribution coming from the
mteractlon with the transverse components of the nuclear current
J (q) (or, in other words, the contribution from the transverse multi
poles) vanishes for the spin zero nuclei, From (1) we get:
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where M is the mass of the target nucleus. Equation (2) defines the
quantity Fch(q%,. ) which is called the charge elastic form factor of
the nucleus.

In order to evaluate F.p we have to make some assumption
about the nuclear charge operator. Following McVoy and Van Hove(11) _
we use the nonrelativistic form of Q(qg) including terms to the order
1/M2 (M-nucleon mass):

= s>

é_ L ig. T

- . . .

= + — + !

(3) Qlq)= & [Fij (Fi:i 2KjF2j) e J}
where one sums over all the nucleons in the target nucleus and T K
are the position operator and the anomalous magnetic moment (in'nu-

clear mchnetons) for the j-th nucleon, respectively. Fl(q,«, ) and
Fz(q/“, ) are the Dirac and Pauli electromagnetic form factors of the
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nucleon, normalized to Flp(O) = Fg9,(0) =1 for the proton and Fln(O) =
= 0, Fy,(0) = 1 for the neutron. Using (2) and (3) one gets:

2
q
2 1 [ 2 2. o .
= = 1+ + , A+ — +
Fch (q/") Z (Flp Fln)(1 (1/“"/81\/I ) 41\/}'2 (KpFo(p KnFZn)°
% ig. T
(4) .<1‘j=1 e J‘1>=
1 qﬂz' < % i 3 T >
= =(G. +G,_. {1+ ) i‘ e.e *  Tili
Z "Fp Em 8 MZ =1 j
. . . (12)
where we have introduced the electric form-factors of the nucleon
2 2 qﬁz 2

In Eq. (4) the same number of protons and neutrons Z = % was assu-
med,

We intend to use the shell-model for the description of the
ground state of the nucleus. The shell-model wave-functions are fun
ctions of the 3A spatial coordinates of the nucleons, In fact thereare
only 3(A - 1) independent internal coordinates because three of the nu
cleon coordinates merely give the position of the centre of mass of
the nucleus. Thus, in the usual shell-model treatment one neglects
the effect of the c. m. motion. The correction due to this effect could
be evaluated in the shell-moddel with the harmonic oscillator poten-
tial well. In this case(13) the shell-model wave function ‘pSM can be
related easily to the ¢, m. wave function ? cMm and to the actual wave
function of internal coordinates., Using the fact(14) that
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where o4 is the oscillator potential parameter (the oscillator spacing
equals: sz/M). Equation (7) defines the shell-model elastic form-
-factor of the target - Fgn.

We shall use henceforth the harmonic oscillator potential,
This potential (as besides any shell-model potential well) has a cer-
tain drawback., It does not account for possible dynamical nucleon-
-nucleon correlations, Let us consider short-range correlations as
an example, It is known that the nucleon-nucleon interaction contains
a hard-core, that is, the interaction becomes strongly repulsive at
short distances in the relative coordinate of two nucleons. The short
range correlations induced by such a hard-core are, however, ne-
glect in the usual shell-model treatment.

In our calculations we will modify the relative two nucleon
wave function, We shall use the method which was recently applied
for calculations of short-range correlations corrections to the inela-
stic electron scattering sum rule(15), For sake of completeness let
us briefly describe this method. We introduce the correlations into
the completely antisymmetrixed shell model wave function WSM em
ploying a unitary operator U:

®) 19> - vl ygy, v - v

The unitary of U guarantees us the correct normalization of the mo-
dified function, Let us consider the matrix element <LVSM\ GH'SM> ,
where 8 is a two-particle operator i, e,

A
8= 2 0(k.
itk

Taking into account only the two-nucleon correlations we can write the
correlated matrix element as follows(15);

A
:N ~N - -1 . =
@ Lylolwd> = Ly, fu J%_k 0, U| Wy, Y
: ~ ~e e ~~
= Z [(eé (1J‘B(2)]0(1,2)\e&<1):8(2)> -<'5£<1>B(2)|o<1,2)\B(1.)b<(2>>]
AN
where °§[b are complete sets of quantum numbers of single-particle

states and the summation extends over all occupied states. In (9) we
have introduced the correlated two-particle wave functions:

(10) ]«%> =U‘°L/s)

The indices o(,/$ contain the spatial; spin and isospin quantum num-



bers. The single particle spatial quantum numbers we denote a, b;
the one-particle orbital state is {a% = |n al,my>» . The summa-
tion over the spin and isospin quantum numberb can be easily per-
formed as our simple oscillator model does not introduce any spin-
-or isospin dependent couplings.

We are interested in the shell-model form factor of the
target-Fgpr. We can write it as follows:

a iqZ; i
Z (ejeq -]+eke‘q k\ Y
-%k

(11)

Fsm™ 2z - 1) <q/SM ‘ sm)

where we chose q along the z-axis. As Fgn depends only on the ab
solute value of q we can choose its direction as we please, Perfor-

ming the summations over the spin and isospin quantum numbers we
get from (11):

FSM=———————Z(2;_1) [4 T ae) | %12 | a) b)Y -

ab
(12)
L Laa@) | 914 %2 | aya@)d ]
o -
Let us now consider the two-particle state(x‘)
‘ab> = ‘na.lama> \nblbmbv =
(13)

Z_<1 m1m |11 SR n 1 1 Ay

In the case of harmonic oscillator wave functions, it is
possible to define a transformation that takes us from motion of two
particles about a common center to a description of the relative and
center-of-mass of the two particles. Following Moshinsky(l'” this
transformation may be written:

(14) nl.n,L, K4y = > Slnl NL, K \nl 1,n212,l(}lnll, NL, 4,

nlNL

(%) - We use Edmonds(16) conventions for the Clebsh-Gordan coef-
ficients and spherical harmonics.
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where (nl) are the quantum numbers of relative motion and (N, L)) are
the quantum numbers of the c. m. motion. The relative and the c. m
coordinates are defined as follows(17)

-
::_—l:(?‘?) 2 R

L
v212 \!"

- -
r

(15) r +r )

As

(1) |1 NL, Ap] = E—M im LM | 1L Awy|nim > | NLMD>

we have from (13), (14) and (16)

1 labd= 2> 2 {1 m 1 |1 1A,§<1mLM|1L/\~Q

K,umM nlNL
%nlNLAlnl,nl }|n1m>lNLM>

We introduce the nucleon-nucleon correlations in (17) modi
fying the radial functions of the relative motion

(18)  |nim > - R 0,4), R = &L g (r)
Nny
(19) Npp = f dr r2 Rn12 gz (r)
0

where the function g(r) which modifies the standard radial oscillator
function R, 1(r) has the following properties:

7
(20) B

r. is here the radius of the hard core, and rp is the so-called healing
distance. We must now check whether the transformation (18), (19) i

a unitary one, i, e. whether the correlated wave functions \r'l-l\x'n > sa-
tisfy the same orthonormally conditions as \nlm) This we shall do
for the case of light nuclei with nucleons in the first s-and and p-shells
of the shell model (4 £ A =< 16). In this case we have ng =np =0, and
la, 1 =0, 1 (here we have used Moshinsky's u,(17) notation for the radial
quantum number)., These states lead to the following { nlm > states of
the relative two-nucleon motion: [000>, {01m?, ) 02m, | 100).



After introducing the modifications defined by (18), (19) we get four
normalized gtates ’\!' nlm » which are orthogonal to each other ex-
cept for <000 | 600 > # 0. This situation can be remedied as fol-
lows. Instead of (18), (19) we apply for the | 100> state a slightly

different modification:
—°L2r2
(18a) R ()= V& 7 HAB2 8 (1§ o mudt s

o oo

0 @ 2 2 2
4 NlO = 6'7'7.’—1/2°'U3 f d]c‘r'2 e—& r (1 +\S--2/3°(2r2) gz(r) =
o
N 2
_ 01 .5
(19a) < = - 3/2N +2 N02
00
N
X'-‘ﬁ()—l— - 1
- 00

After this modification we recover orthormality of all the states invol
ved in calculations, hence the unitarity of the transformation. Let us
note that & should be very small compared to unity,

Let us now turn to the shell-model form factor Fgn. Using
(12) and (17) we get after some tedious though straightforward alge-
bra (for more details of calculations of this type see ref. (15)) the fol-
lowing short range correlations correction:

e—t 1. 20 2]
T e _ _er N + _ .
A T Z(27-1) ].72 8- (Z-2)t+(Z-2)t" |

(21) » & ooo l Jla?/ V2 1 000> +1/2(z-2) A <(-1oo|eiqz/v3\1oo)-
i g (Z-2) tA <100 | olaz/NZ \ ooo>} )

where t = q2/8ck2 and A (+s.-.) denotes the difference between cor
related and uncorrelated magnitudes, The formula (21) is valid for
nuclei with two protons in the s-shell and Z -2 protons in the p-shell,
In proving (21) we employ the following simplification. We neglect
the difference A (....) for all the terms whose integrands behave
like rX(k>, 4) for small r. This amounts to keeping the short-range
correlations in the relative s-states only. In such a way we extract
the leading terms of the short range correlation corrections. This



procedure simplifies the computations enormously.

Concluding this chapter we give the final expression for the
charge elastic form factor of the target Fop the quantity which can be
directly measured in the elastic scattering experiment, From (4) and
(7) we get:

2
q 2 wrie 2 2 2
(22) F_=(G__+G ) 9%/8ZK lL _2-2 g, -q7/4s ]
) ch ( Ep En)(1+8M2)e (1 67, &2)? +AFSH

The electric nucleon form factors are known quite accura-
tely over the wide range of our momentum transfers, e. g. Ref, (18)
gives:

2,50 1,60
f‘)

(23) G +G,. = 5 - + 0,10
€Ep En . Q. CUN
T 15,7 T 26,7

where momentum transfer is expressed in F-1, The formulae (22),
(23) together with (18), (19) and (21) allow us, after a proper choice
of the modifying function g(r), to perform numerical calculations.

III. - ELASTIC ELECTRON SCATTERING FROM He4. -

The He? nucleus represents the very simple case where
only one single-particle orbital state (ng = 1; = 0) is occupied. This
leads, as can be seen from (17), to the only one state of the relative
motion | 000 re] of two nucleons, and to the only one state of their
c. m. motion | 000) -pr. From (12), (15) and (17) we get for the
He4 target:

RLT ﬁl 000, {000 el\eiqz/ \rz-\ooorep

r

(24) F_.  =<000

Modifying the relative state ,000>re1 according to (18) and
(19) we have the correlated shell-model form factor:

00
~1/22g2 2
~ 2 e_qz/aokz o/ ds s e sin(1/2 gs) g“(s)

(25) F =
SM ¢q 50 _ 2.2
o/ ds sze 1/2° g gz (s)

ol
where s = \ ?1 - g \ is the real distance between two nucleons,
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The results of our analysis for He? are presented in Fig, 1
where the four theoretical expressions for the charge elastic form-
~-factor are compared with the recent experimental data(l,2),

The curve 1 represents the uncorrelated charge form fac-
tor corresponding to the standard, shell-model form-factor

2 2
_ - q /4
(28) FSM e

The experimental data are consistent with the Gaussian form-factor
(26) at small momentum transfers. The curve 1 has been calculated
with the oscillator parameter ™ = 148, 3 MeV. This value gives
the r-m-s radius of the charge distributions as determined in a re-
cent low-q2 experiment(lg). For momentum transfers q2 > 6F -2 the
experimental results show definite deviations from (26); first of all,
the Gaussian form factor does not account for a minimum is obser-
ved at g2 = 10F -2,

The curve 2 in Fig. 1 represents the charge form factor
corrected, according to (25), for the short range ncuelon-nucleon
correlations. We have modified the Gaussian wave function of the re
lative two-nucleon motion only at small distances, introducing a
hard core, but we did not change-it at large distances between nu-
cleons. This means that the modifying function g(s) has the following
properiies:

0 0 £sg % ra
(27) g(s) = ) h(s) ro< s ry
Noo s >rp

where r is the radius of the hard core and rp is the so-called hea-
ling distance,

From (25) and (27) we get the correlated form factor of the
shell model:

SM 17T )

2 2 3 2 2
- ho h
(28) };1\' =z @ q/40‘ [1-——4_""‘0‘(""6q /80( (h ___g__3_
2% ¢q 4

with

h =

frh ds s (_}-1/'2*3(2s2 sin (1/2 q s)
1

o
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'l ) OAZ 2
1h2 = ds s e 1/2 s sin(1/2 q s) h2 (s)
r‘h _ 2 2
]h3= / dss?'el/z(’(S
0
I‘h B 2 2
]h4=/ dsszel/ze(S hz (s)
Te

The function h(s) which "heals' the relative wave function at medium
internucleon distances has been chosen to be

(29) h(s) = %% (s-r )% &7 I%2 (s _r )

The curve 2 has been calculated with the following para-
meters: X = 148, 3 MeV, r, = 0.56F, 7 = 1.0; the healing distance
corresponding to these parameters equals ry = 2,37 F. The curve
fits well the experimental data down to the minimum at q2 = 10 F-2;
also the position of this minimum is very well accounted for the va
lue of ro we have used is very close®) to that suggested in ref, (4) and
not too different from the usually accepted(zo) radius (0, 5F') of the
hard-core, Comparison of the curves 1 and 2 shows that the effectof
the repulsive core in He? is particularly important; elastic electron
scattering on the He4 at large momentum transfers turns out to be ve

ry sensitive to the short range nucleon-nucleon correlations.

For very large momentum transfers, q2 > lOF‘z, the cur
ve 2 is no longer consistent with the experimental data., It gives the
values of ﬂFChI much smaller than the experimental ones. This sug
gests that one should modify the Gaussian relative wave function not
only at small internucleon distances, but also at large distances.
This suggestion is confirmed by an analysis done in ref, (2) which
yielded the conclusion that the surface of the He? charge distribution
is less diffuse than that indicated by the Gaussian model., In order to
account for this effect we have used the following g(s) function:

0 Osssrc

(30) g(s) = 2
o2 (S-rc)z e  IKX (s—rc)2 r.¢s %o

(x) - Strictly speaking the experimental data down to the minimum
could be fairly well explained with various sets of rc and 7.
From our analysis follows that 0.5 £ r, £ 0. 6F, The value
ro =0, 56F has been chosen as it gives the best fits in the case
of curves 3 and 4.
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The modification of the relative two-nucleon motion, according to (30)
means that the internucleon forces at large distances between nucleons
are more attractive than those implied by the harmonic-oscillator mo-
del; at short distances the interaction contains a repulsive core, as be
fore., Consequently, the modification (30) will make the surface of the
nucleus less diffuse. This is evident from Fig. 2 where we have presen
ted the squared wave functions of the relative two-nucleon motion. The
relative wave function modified according to (30) is represented by the
curve 3. For a comparison we have also shown in Fig. 2 the Gaussian
wave function (curve 1) and the relative wave function, modified accor
ding to (27) and (29) - curve 2.

The charge form-factor resulting from (30) and (25) is re-
presented in Fig., 1 by the curve 3, We have used ¥=0.74 and the sa-
me values of A and rq, as for the curve 2, From Fig, 1 one can see
that the modification (30) of the relative motion at large distances be-
tween nucleons corrects the curve 2 in the right direction: it lifts much
higher the shoulder of the curve on the right hand side of the minimum.
The curve 3 is consistent with the experimental data up to q2 = 15F "2,
Unfortunately the curve falls too rapidly with increasing momentum
transfer. This feature of the theoretical seem to be the consequence
of the Born approximation which gives zeros instead of shallow mini-
ma. One can say that the curve 3 "feels' too strongly the presence of
the second minimum at very large q.

We have also tried to fit the experimental data using the g(s)
functions somewhat different from (30). We found that combining va-
rious powers of s before the exponential and in the exponent one can
obtain fits very similar to curve 3. On the other hand, making very
crude assumptions about the relative wave-function, as a rectangular
or parabolic form, we could not fit the data at all,

One could obtain a better fit than that of curve 3 by a simul
taneous modification of both the relative and the center-of-mass mo-
tion of two nucleons. The latter modification could be performed, for
instance, by changing the oscillator parameter in the c. m. wave fun-
ction, Putting

(31) <>%N2[=(1+r)=»<2

with >0 one makes the surface of the nucleus still less diffuse than
was obtained by the modification of the relative motion only., Using

I = 0.1 and the remaining parameters the same as for curve 3, we
obtain curve 4 which reproduces the data very well, We do not want,
however, to stress the importance of this fit, since the last modifica
tion introduces an additional parameter.
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APPENDIX. -

In this appendix we make a comparison between the Ja-
strow(6) method, used in(3) and(5), and ours. n(3) and() the nu-
cleon correlations were introduced by applying a Jastrow type wa
ve function for He4:

2.2 2 2 2
- » -+ a
1/204 (11+r-2+1r~3 r4)

-gh e e -y
r r r

~ (I‘
Wsm' 1’ T2 Tgr Ty

(A1) 4
1/2
T 0y

j¢ek

)=Ne

N

where N is a normalization factor, The product

4

T a- hy)

i<k

could be expanded in powers of hjk giving thus a series of contribu-
tions of different numbers of correlated pairs (no correlated pairs,
one correlated pair, two correlated pairs etc. ). Inf3) terms with mo
re than one correlated pair were neglected while in(5) the exact cal-
culations, including even six correlated pairs, have been performed.
In both analyses a gaussian form of hjk

_ 2 - _ - 2
(A2) h, =e A2 (X - Ty
ik
which simulate to some extent.a hard core repulsion between nucleon,
was assumed,

We would like to stress that although
T -n @
jek [ -5 op0)

in the Jastrow method is constructed from two-nucleon functions and
apparently includes only pair correlations, effects involving = 3 par
ticles are also present: for example, the 3-particle group (j, k,1) is
connected by the factor h(rjk) h(rjl) h(ry). On the contrary, in our
calculations only the two-nucleon correlations are taken into account-
-see Eq. (9). For this reason only a qualitative comparison between
the two methods is allowed,

Let us introduce the two- nucleon correlations employing
the g(s) function as suggested by (A2):
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__1/2(0(2 SZ) 1/2

(A3) gls) = (1-e 0 <5 < ©

From (25) and (A3) we obtain immediately the correlated
elastic form factor of the shell-model

2

2 10 52 9

(A4) = :e'q2/8°4?' e U8R 144)3% 8 +A)A2
| SM 1o (14432

Applying (A4) we have calculated the charge elastic form-
-factor of He4 for the two sets of parameters:

(3) (5)

1. A = 157.9 MeV A
2. KA = 179.4 MeV A

6. 80 - see and
(5)

1.45 - see"

Hi

In these calculations the electromagnetic structure of nucleons has
been taken into account by using the nucleon form-factor as predic-
ted by the exponential charge distribution of the proton - see ref, 85).
We assumed the r. m. s. radius of the proton to be a = 0, 813 F(21

Our results are presented in Fig. 3 (solid curves denoted
MP) where we compare them with the curves from ref, (3) (CL) and
from ref, (5) (SV). It is evident from Fig. 3 that our result is incon
sistent with the prediction of ref. (3). Our curves do not agree with
the results of(5) either; however, in this case, the difference is
much smaller,

The difference between the curves SV and ours could be
interpreted as follows. In the calculations(?) based on the Jastrow
method, besides the two-nucleon correlation terms one includes al
s0 terms due to clusters with more than two correlated partloles
all the types of correlations become mixed in this method. The dif-
ference between the result of(5) and ours (calculated with only two-
-body correlations) may suggest that the effect of higher correlations
in He? is rather important., We do not stress, however, the importan
ce of this conclusion since the two methods are not clearly related to
each other. The problem of three-body interactions is very complica
ted and deserves an extended and thorough investigation,

On the other hand, one may suppose that the curves SV
could be fitted by the expression (A4) with proper parameters & and
A . The parameter X is related to the radius of the hard-core re-
pulsion: the smaller value of A the stronger repulsion between nu-
cleons. This suggests that, in order to fit the curves SV with our
formula (A4), the values of A should be taken smaller than those
in(5), as our calculations do not include the higher correlations. This
indeed comes true as is shown in Fig. 3. The dashed curves were cal
culated with the aid of (A4) and the values of X\ as indicated; the va-
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lues of oA are the same as for the other curves in Fig. 3, respectively.

We have also tried, using A(4), to fit the curve CL in Fig, 3.
It turhed out, however, to be quite impossible. This curve is by no
means consistent with the fgrmula (A4). This result confirms the con
clusion following from ref. (5): in the case of the He# nucleus the one-
-correlated-pair approximation is wrong. Is the same true for hea-
vier nuclei? A forth-coming comparison(8) of the formula (21) with
calculations(22) based on the approximated Jastrow method should
answer this question,
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