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1) - INTRODUCTION -

In view of the importance of radiative corrections for the inter-
pretation of the results of the colliding beam experiments, E, Etim
and B, Touschek(1) proposed a division of labour between theorists and
experimentalists, This division of labour was intended to enable two
experimentalists to compare the resulis of their experiments directly
and to allow the theorist to concentrate in the essential ultraviolet a~
spects of the process without entering into the details of the experi-
ments, '

This proposal was further elaborated by E, Etim, G. Pancheri
and B, Touschek(2) and it was shown that the method should give highly
accurate results for a certain class of experiments (in which the stati-
stical error was matched to the momentum resolution) and for processes
for the cross section calculated in lowest order perturbation theory
does not rapidly vary with the energy of the colliding particles, M. Gre
co and G. Rossil3) have shown that the proposed procedure can be deri
ved from perturbation theory(4 + 7) by means of a canonical transfor—
mation applied to the final state of the reaction, a



The case of strongly energy dependent processes has been dis-
cussed in a very rough approximation in ref, (1), but it was not inclu-
ded in ref, (2) since the basic assumption of separability of the infra-
red process from the high energy part of the interaction cannot be ex-
pected to hold in this case, From an experimental point of view the
radiative corrections are of particular importance just in this case of
resonant processes. This is due to the fact that the exploration of a re
sonance calls for a maximum resolution of the energy of the produced
particles: this makes the radiative corrections quite big. U. Amaldi,
A, de Gasperis and P, Stein(8) nave discussed the behaviour of the
Y -resonance assuming an'energy resolution of 0.5 MeV and applying
perturbation theory in a form suggested by P. Kessler(g). In these
conditions the perturbative radiative correction is about ~45%, the
treatment suggested in refs, (1) and (2) would lead one to estimate that
this correction should be -29%, It is seen that the difference is quite
considerable and that there is a case for suspecting the applicability
of straightforward perturbation theory,

The breakdown of the separability of the low and high energy a-
spects of the process has the following reason: the condition for sepa-
rability is that the high energy part of the process takes place in a ti-
me interval, which is very short compared to the inverse of the ener-
gy loss in the form of radiation. In a resonant process this will general
ly only be the case as long as the energy loss due to the radiation field
is contained well within the width of the resonance. If one wants infor-
mations on the radiative corrections to the form of the resonance cur-
ve (and in particular to the form of the "shoulders' of this curve) one
has to take explicit account of the finite life time of the intermedi ate
resonant state,

In sect. II we give a semiclassical treatment of this phenomeron
and define the Bond factor which characterized it, We propose a.gene-
ralization of this first approximation result to cover higher powers, The
purpose of this generalization is to free the treatment of resonant sta-
tes from the limitations of perturbation theory.

Sect, III confirms the results of sect. II in lowest order pertur-
bation theory,

In sect. IV the explicit form of the infrared correction factor is
given,

II) - NON-PERTURBATIVE TREATMENT OF THE BREMSSTRAHLUNG
EMITTED IN THE FORMATION OF RESONANT STATES -

For non resonant processes the current attributed to the transi-
tion from the initial state |i) to the final state |f) can be assumed to be



of the form

(1) i (x) = jp(x) 0 (t) + j (x) 0 (-t)

Je

where jp and j; are respectively the currents represented by the char-
ged particles of the final and initial states., It is assumed in (1) that the
transition from the initial to the final state takes place in an infinitesi
mal time interval at t = 0,

jo(x) can be understood as the meanvalue of the quantized cur-
rent in a scattering state |s) defined by lim Is) = | ).
o0

If the transition fi) —> [f) is resonant it can no longer be as-
sumed that the process takes place in a negligibly short time (compared
to the reciprocal of the frequency of the emitted radiation). One can ta-
ke account of the finiteness of the time interval between the creation of
the final state at time t = 0 and the creation of the resonant state at ti-
me -t; < 0 by putting instead of (1)

(2) Jo(®) = jpx)0(t) + j;(x)-

where ?1:(—5 is given by

Qo

(3) 5:(3_5 = <§ - i(ZE—M))b[ dt _j;(x) 8 (-t-t )e

r .
-3 to + 1(2E—M)t0v

We have chosen the center of mass system and assumed that the incoming
particles (an electron and a positron) have an energy E, that the mass
of the resonant state is M and its width is [7 . Putting

i (x) = /jc(k) HE¥) g4y

one gets
ie. vV, ie. v,
(4) et =- 20—t 4> L1
e - — T o
f(kv,)-w i (Kv.) -w
f i
with
';‘— -i(2E - M)
(5) S = P
5 - i(2E- w-M)



Here we have only written the space part of j,(k); ef, vf are the char-
ges and velocities of the final state partlcle e; and v1 refer to the ini-
tial state and eq, (4) holds for W =|kyl= | &1, It is seen that for
(2E-M) >> T'/2 and (2E-M) > W one has S = 1, Eq. (4) therefore redu
ces to the Fourier-transform of (1),

The Bond factor /4 introduced in ref, (1) is defined by dn(w) =
= /A (dw/w) where dn(w) is the average number of photons produced in
the transition }i) —~% |f). Using the method explained in the appendix
of ref, (2) we find

(6) /b= /3f+|slz/l’i

Because of charge conjugation invariance there is no interference term,

The knowledge of /3 allows one to determine the first approxima
tion to the cross section of the resonant process accompanied by the emis
sion of a single photon, Denoting this cross section by dze-(w) one has

(7) a6 (w) =A% dw ;e oM

where d €, is the cross section for the resonant process without the e-
mission of quanta, that is calculated in lowest non vanishing order, If
the non relativistic Breit Wigner formula is used for d 6, one finds

2
- r 2. -1
A6 (M)ec (— + (2E - M)°)

Within the range of validity of the Breit Wigner formula one can there-
fore write for (7)

(8) a% (w) =%{,~“’—<ﬁf

d M) + A, M+ 0

€ (M) + A.de ( ))

One can easily see that this expression holds also in the relativistic ca
se where

Mr - i((2E)% - M?)

(5') S =

MF - i((2E)2(1- %—)-Mz)

and

46 (M) ec (MP + (2B)° - M%)



It is seen from eq. (8) that the cross section for bremsstrahlung, con-
sidered as a function of the machine energy E and for a fixed frequency
W of the emitted radiation, will show two peaks: one an undisplaced re:
sonance peak at 2E = M corresponding to the emission of photons by the
particles of the final state and a displaced peak at 2E=M+W correspon-
ding to the emission of radiation by the initial state of electrons and po
sitrons,

The asymmetry between the initial and final state is due to the
fact that the emission of radiation from the initial state diminishes the
q2 of the reaction, while the emission of radiation from the final state
does not,

For most reactions to be measured with Adone, the undisplaced
peak should be smaller that the displaced peak, since, unless the final
particles are also electrons and positrons, we shall have ﬂf << A i:

for the p-resonance one has /A, =0.063 and A_=0.011,

The first approximation of eq. (8) cannot however be considered
sufficient in view of the very high accuracy in the determination of the
energy planned for the experiments on resonant annihilation - this was
illustrated numerically in the introduction, A generalization of this re-
sult, to cover higher powers of the coupling constant, must satisfy the
following two requirements:

a) wherever the cross section can be considered to be not rapi-
dly varying it should be described by the formula which has been justi-
fied in ref, (2) and (3), namely

2 dw  w /A
Nd6 (w) = A i (']'3—) dG‘E
A= (%)
where of course /A =/4;+ A",

b) it should allow for a definition of a d6 i which is independent
of the experimental resolution,

These requirements can be fulfilled by the following expression:

(9) Ndze' (w) = —%ﬂ (%)A (ﬁfder(M) +ﬁid's-E(M+w))

In the above equation, dGE(M) is defined by postulating no emission of
photons by the initial state, i, e. by putting A i = 0. Since the radiation

(%) - The condition of small variability of the cross section is satisfied
for w«« M as well as for (2E-M) > and w<¢ (2E-M), It is
not satisfied on the shoulders of the resonance curve,



6.

lossés from the final state do not affect the g2 of the reaction, this ca-
se would coincide with the one which has been treated in ref, (2) and the
refore we can write

(10) deE(M) = dGO(M)(1+>\)

where d & (M) is the differential cross section calculated at the lowest
perturbative order and N\ represents the finite contribution of the ultra-
violet radiative corrections.

Eq. (9) takes then the following form:

(11) Na’e (w) = S5 (4" (4415128 a e ()

where S is given by eq. (5) or (5'). It is immediately seen that the expres
sion (11) satisfies both requirements (a) and (b) with dws‘E(M) given by eq,
(10). It has to be noticed that in the case of /3¢ = 0 this expression coin-

cides with the case which has been treated in ref (1)

III - COMPARISON WITH PERTURBATION THEORY -

We confirm the result (11) to first order in /3 by actually compu- -
ting the radiative corrections at the first perturbative order to a speci-
fic process and by comparing the relative expressions,

We have taken as an example the process
+ - o] + -
e +e -~ p —> 1T +
which is described, with its radiative corrections, through the Feyn-

man diagrams of fig, 1.

Assuming that the energy of the real emitted photon is much smal
ler than the energy of the emitting particle, the differential cross sec-
tion in the center of mass system of the colliding particles can be wiit-
ten as '

de. = (1 +9% )deo(M)

1

where dGO(M) is the cross section at the lowest perturbative order and

.2 2B, 2R E
S = = [4(1-1n(m ) - 1n (;l:)) In S +
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In the above expression E is the energy of each colliding beam, AE
the resolution in energy, M, m, Moy and U the mass of the p~-meson,
of the electron, of the w and of the k-meson respectively, I is the
width of the resonance,

To the first order in A the integration of equation (11) up to an
energy resolution AE, gives

. A (4E2(1-A—EE—)-M2)2+M2P2
dg ~de (M)(1-(A +/4 )In - In ( ‘ )-
exp o e Pt AE T T2 (4B 22 2
2 .2
4E -M M
- —————arctg ( . )+ )
e MP 4E2_M2_((4E2-M2)2+M2r‘2)
4AEAE

where the Bond factor /5 k can be written as

4k . 2Fk , 1
Ak_‘l’f(ln(mk)—2)

with E, and my to represent the energy and the mass of the emitting par
ticles, One therefore sees that to first order in /3 the non-perturbative
treatment gives the same result than the perturbative one, provided o-
ne puts

2
d 13, 2E 2E , , 1. 2E

= e (—— _—) + ——— — —) o — T —
A = (3 In () +4ln ( )+31n(pk) 5 3 )

™



IV - DETERMINATION OF THE INFRARED CORRECTION FACTOR -

By the use of eq. (11), we get for the experimental cross-sec-
tion of resonant intermediate state processes the expression

d’eexp = C{p)(1+X)d <>‘O(M)

with
A
NG =/ S o, +1s1%8)

Let us assume for p(w), the resolution function discussed in ref. (2),
the form

e~(wz/2AE2)

p(w) =
Using eq. (5'), we get
AVZAR A L p By
Clo) = N (=) (M(1+35)-—— 1)
with
2
/58\F2EAE /‘ [2\f"EAEx _(4E%-M%)x] x A1 ax
° (4E(1——-\[:—AEX)M)+MP

I"\
In order to evaluate I,, it is convenient to distinguish the three follo-
wing possibilities:

1) P>»™Eor q2 »> M2 resonance.

This is the case already seen in ref, (2). We have

~
IR—-O

and

Clp) =N —) Q+3)

-1(\5AE & A
E 2

2) (<< AE and ¢2 within the resonance region,

This case was treated in ref, (1) and it is valid in (f-meson decay
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and also in W -meson decay, We have

o~ (1 +§)

and we are therefore left only with the correction due to the photon e-
mission from the final state, i, e.

1 VzZAE B Ag A
clo)=n T REEYT ZL p1e

3) " & AE and q2 within the respnance region,

In this case, which is met when measuring the p-meson decay, no sim-
plification is allowed (but the obvious ones due to AE << E) and no clo-
sed form is easily attainable for the integral IR‘ However, due to the ra |
pid convergence.of the integrand, there should be no difficulty in compu-
ting the correction on a machine,

REFERENCES -

(1) - E. Etim and B, Touschek, LNF-66/10 (1966).

(2) - E. Etim, G. Pancheri and B, Touschek, Nuovo Cimento 51B, 276
(1967),

(3) - M. Greco and G. Rossi, Nuovo Cimento 50A, 168 (1967).

(4) - J. Schwinger, Phys. Rev. 76, 790 (1949),

(5) - D,R. Yennie and H, Suura, Phys. Rev. 105, 1378 (1957); D, R,
Yennie, S,C. Frautschi and H, Suura, Ann, Phys. 13, 379 (1961).

(6) - K. E, Erikson, Nuovo Cimento 19, 1010 (1961),

(7) - E.L. Lomon, Nuclear Phys, }_, 101 (1956); E, L., Lomon, Phys,
Rev, 113 726 (1959).

(8) - U. Amaldl A, de Gasperis and P, Stein, Istituto Superiore di Sa
nita, ISS 65/48 (1965),

(9) - P, Kessler, Nuovo Cimento 17, 809 (1960).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


