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ABSTRACT, -

We are interested in the electrodynamic processes on light
nuclei and we try to relate them to the nuclear photoabsorption and
to the gamma emission processes, In particular, the WeizsHcker-
-Williams approximation is analyzed. The general inelastic sum
rule, correct through order 1/M2 (M - nucleom mass), with the
corrections due to subtraction of the ¢, m. motion, is derived,
High energy electron scattering and electron pair photoproduction
are discussed as examples,

(x) - On leave of absence from Instytut Fizyki Jadrowej, Cracow,
Poland,



2.

1, Electrodynamic processes on nuclear targets are usually de-
scribed in the first Born approximation in e2 = 1/137, In the frame
work of this approximation (which is expected to be valid for light
nuclei) such processes as e, g, electron scattering, electron pair
production and bremsstrahlung from a nucleus are represented by
diagrams with one photon line connected to a nuclear vertex- (see
Fig. 1). It seems that it should be possible to relate these proces-
ses to the photoabsorption or gamma emission processes, indicated
in Fig, 2. Each of them is a photon - induced reaction on the same
nuclear target where the photon can either be real (k:2 =0) as .in
photoabsorption and gamma decay or virtual (q2 = 2. ?12 = 0)
as for the processes indicated in Fig, 1. H

For an arbitrary photon - induced process the cross-section
is determined by the contraction of two second-rank tensors M
w v’ where M, describes the electromagnetic and W ., the
nuclear part of lElhe process, It is well known'"/ that the nuclear part
of the interaction is summarized in terms of only two scalar form
factors Wy alw, '42) as follows :

q, dy 1 Piq«
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where zP (E, P) denotes the initial four momentum of the target
(Pﬁ=MT) M and qp.(w’ a) is the four momentum of the photon

1 =
(Pu -P, qu).
As any process connected to the nucleus through a single pho-
ton line depends on the same two form factors Wy and W, it gives a
basis for relations among various electrodynamic processes, In

particular one can try to express them through the photoabsorption
cross-sections or the gamma emission transition rates,

2, The photoabsorption cross-section and the transition rate for
gamma emission can be expressed through the nuclear tensor W

as follows : HY
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FIG. 1 - Electrodynamic processes on a nucleus leading to
arbitrary final nuclear states,
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FIG. 2 - Photoexcitation and gamma decay of a nucleus,



d p, (k) 9
Y = ®
(3) 5 4ek2_£ Equ g=W=k’
pol i

—
where & (&, & ) is the unit polarization four vector. Three inde-
penc}eilt vectors of polarization, satisfying the transversality condi-
tion{2

2 - >
(4) q&, =W E&'q,

can be chosen in the following way(3) (Efalong the x-axis) :

(1) = (0, 0,1, 0
£p‘ ( 3 3 H )

(5) zf’ = (0, 0, 0, 1)
(3) - 1
S It —— (w: q: 0.’ 0)
: V- 2
Using (1) and (5) we get :
3 )
x(1) _ () i} x(1) _ () _
(6) 121 E0E, W, 12;15“ Ep W, =-2W,

The photoabsorption cross-section(x) thus measures at the straight
line g = W =k the nuclear form factor Wl(w, q) only,

3. To obtain the cross-section for an arbitrary electromagnetic
process, as indicated in Fig, 3, we form the product of W ., with
the electromagnetic tensor Mpv observing that the terms in (1)
proportional to q, °r 4 vanish by current conservation;

(1) M}‘W qM = Mpuqv =0

(x) - We confine ourselves in the further considerations to the real
photon approximation connected with the nuclear photoabsorption
process. The approximation associated with gamma emission can
be treated in the same way,



We get the following formula for the cross-section(¥) :
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where p._ is the projectile momentum in the laboratory frame, The
product symbol refers to all particles in the final state with four mo-

F particles
I

M
TRV
/(p]?)p.
(pp)p - projectile four momentum
(py) - four momentum of outgoing particles
Pe,

qp’( W, —Ci) = P;L- Pp. - four momentum of the virtual photon
FIG, 3

menta (pg) = (&g, 'Ef) which are produced in the electromagnetic
part of the ;ﬁ'ocess. We have assumed that wave functions of parti-
cles in the electrodynamic part are normalized to twice their energies
while the nuclear states are normalized to unity,

(%) - In the case of the heteroenergetic projectile beam with a spec -
trum S‘(Ep) this formula has to be changed slightly, The only change
needed is to divide the L.H.S. of (8) and hence the integrand function
in (18) and (19) by dé.p, and to modify the definition of M(W) multi-
plying it by S(éip),



4, The nuclear tensor W v can be expressed through the three
dimensional Fourier transform of the electromagnetic nuclear current
as follows :

1 = X S >
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where Q(x__), -:I’(xo() are the charge and current operators of the
nucleus at the point x_ (t, X), and 1i>,1£> are initial and final
nuclear states, respectively. We neglect the nuclear recoil energy
and thus W, = Ep - E; is the excitation energy of the nucleus.

(x)

It can be shown, using (1) and the nuclear current conserva-
tion :
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that
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where all the quantities are to be taken in the laboratory frame,

From (2), (6) and (11) we get :

(x) - The largest correction which comes from the nuclear recoil
energy is the kinematical factor (see (17) - QQ1. 4

(- 30
This factor does not affect the ratios Ry and Ry we calculate in
the last section,
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and Yy (q,w) are some functions of three momentum transfer and
energy ’loss '

One can hope that it would be possible to find such functions
(q, w) which would minimize ©O (q, W ) and thus obtain by putting
1n (12) 0, =0, =0, avaluable (at 1east in certain region of the
q, W plane) approx1ma‘t10n to the nuclear form factors,

We will discuss in the following only the approximation with

= 1, This istheso-called WeizsHcker-Williams agprommatlon
w]hlch is expected to be a good one above all for small q q .
3. We want to compare the W-W approximation with the formulas

(11) in terms of the inelastic sum rule which one obtains when sum-
ming (8) over the whole nuclear spectrum. To do the calculations we
accept the following nuclear model, We assume the charge and cur-
rent operator of the nucleus to be the sum of the operators for the
individual nucleons. Consistently we use the single-particle model
(including Pauli correlations) for the description of the nuclear states,
We choose the shell model potential to be the oscillator potential well,
with the oscillator spacing w, = 2 /M (M - nucleon mass), Follo-
wing Mc Voy and Van Hove we use the nonrelativistic form of the nu-
clear charge and current operators(4) including terms to the order
1/Mm2 .
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—~ 67, are the position, momentum and spin operators for the J"'th 2
nucleon, The nucleon form factor is assumed to be f(qz) =1-5 = .
Ref. (5) gives the value of a = 4, 82, “ M

Consistently with (15) we will keep in our calculations only terms
through' order 1/M2,

Let us write :
w2

w
@

(16) M(w) = M(0) (1 + M, Q + M2

where Q is the elastic three momentum transfer, When one performs
the inelastic sum rule the momentum transfer q varies in general with
the energy loss >, as follows :
2
2

W
(17) @ =R 1+Q g +Q, petl

For nuclei with filled s-shell and Z-2 protons and neutrons in
p-shell we get from (8), (11), (15), (16) and (17) - for more details
see (6) and appendix - the inelastic sum rule :
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Formula (18) was given in (6) except for the last two terms which
are corrections due to the Gartenhaus-Schwartz' '’/ transformation, With
the aid of this transformation we remove contributions from some spuri
ous excitations of the centre of mass degrees of freedom, These spuri-
ous contributions to the sum rule are in general small, A times smal-
ler than the other terms (to make things more graphlc we retain A in
(18) although A =22Z), but for small three momentum transfer they be-
come very important (as it was stressed in ref, (8)). The calculations
devoted to subtraction of the ¢, m. motion are presented in more de-
tail in the Appendix.

The Weizslcker-Williams approximation yields a very simple
results, Keeping terms through order 1/M2 only, we get from (8),
(12), (2) and (15) the approximated inelastic sum rule :

(1611'3)F-1 ' . d“Fﬁ” )
(19) 2(F+1) / dw = -
| W-W

M(0)  inel T d€.() Q)
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6. We end with a few numerical examples, We calculate the ratio R1
of the inelastic sum rule in the WeizsHcker-Williams approximation
(see eq. (19)) to the inelastic sum rule as given by (18), We are also
interested in the ratio R, of the inelastic sum rule (18) to the elastic
yield given by (A4). We chose carbon as nuclear target, In this case
Z=6 and the oscillator potential parameter 5) is o = 121 MeV,

a) High energy electron scattering at constant beam energy £
and scattering angle 0,

In this case the inelastic sum rule is performed experimentally
by varying the final electron energy. The required formulas are :

M
F=1; —Mﬂ*— = - 2tan’ g—
oo 'LLAB
2
(20) M(0) = °2°S 49/2 : M, = M, =0
4% “sin™ 0/2
Q =2&sin0/2 ; Q1==-2sino'/2 ; Qy =1

For (9) € = 106 MeV and 0 = 30° we have got Ry =6,5% and
Ry =1,4%. The first result shows that the W-W approximation is qui
te improper in this case while the second one suggests the inelastic
contribution to be negligible (in disagreement with some experimen-
tal results'® ).

b) High energy electron pair photoproduction,

As usually one uses the heteroenergetic bremsstrahlung photon
beam, the inelastic sume rule is performed automatically, We consi-
der the symmetric pair case when the electron and positron are pro-
duced at the same angle 0 with regard to the photon momentum, all
the momenta are in the same plane, and both electrons have the same
energy £ . To a good approximation the bremsstrahlung photon spec-
trum is S(k) = £(£, kmax)/k, where ky,,, is the end point energy of
the spectrum,

The formulas for this case are :

M
F=2; (= = - 2 ctan® 0
Mo, °l LAB
(21)
2
M(0) =-1—’-'é —-_74—9°—S6—91—2— (€, k)5 My =-2(1+4sin? g-);
& *sin® 0/2
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M. =5 + 16 sin 2 + 40 sin’

0
2 2 2

(21)

Q=42 sin2

N[O

3 Q1=2; Q, =1

Calculations for carbon, at @ = 9936' and £ = 1973 MeV (the
kinematical conditions in a) and b) give the same value of Q = 55, 2
MeV in both cases) give the results(X): Ry = 66.0%, R, = 8, 7%. Also
in this case the W-W approximation seems to be questionable. This
approximation understimates considerably the inelastic sum rule,
This may be the reason why the inelastic contribution quoted in (10)
is smaller than ours,
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(x) - Ref. (6) in which the Gartenhaus-Schwartz corrections were not
taken into account gives Ry =14, 7%, The difference between that and
the present value shows how important are the effects of the c. m.
motion at small momentum transfers, In addition, we should like to
point out that in (6) there was a mistake in the formula for M&E

M AR’
The result 14, 7% however was based on the correct oo 'LAB

formulas,
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APPENDIX, -

The shell model wave functions are functions of the 3A spatial
coordinates of the nucleons. In fact there are only 3(A-1) independent
internal coordinates because three of the nucleon coordinates merely
give the position of the centre of mass, So, if the shell model functions
are used, one gets contributions from some spurious states which cor
respond to excitation of the center of mass, As these states do not
represent internal excitation they must be eliminated from the shell
model calculations, To subtract the c. m, motion we employ the Gar
tenhaus-Schwartz transformation{”) which in our case reduces to the
following transformation of the operators involved in calculations :

- - = > -> 1 »
I, — I‘. - R ; o e .- R P 9
i P; ST
(A1) where
- ]_ A - - _ -
R = A z r, and P = Z p.
j:l J j=1 J

are the ¢, m, vector of position and the c. m, momentum, respecti-
vely.

We are interested in the G-S correction to the inelastic sum rule
(see ecs, (18)). In order to calculate them we use the closure approxima

tion(11
inel 9 9
(A2) l2'_ gw) 1 <glolid | © = LgH<ilotol i) - gloy [ <ilolid |
£

where { g) is a suitable average of an energy loss dependent function
g(Ww). From (A2) and (15) we can see that for the operators involved
in outr calculations the first term in the R, H. S. of (A2) is affected by
the transformation (Al) of nucleon momenta only, while the second one
is affected only by the G-S transformation of nucleon coordinates,

It is easy to evaluate the G-S correction to the second term in
(A2) in the shell model with oscillator potential, In this case(l2) the
shell model wave function can be related easily to the c. m, wave fun
~ction § CM and to the actual wave function of internal coordinates,

Using the tact(13) that

N VP IE- T SN
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we find the elastic yield to be (see (6) for more details) :

(16 11’3)F-1 d a*Fe )
el T ag (Haa ()
j=1

2 2
194
= = T/A T{El 2aT —(2}.11. +2|J. -1)T ——
M2

(A4) 3 2M2

. [3z3-zz(z-2)'r + 2(Z—2)~T2]+Il - 11147%)0] '
00

2

* (8-Z)(z-2)T fiz—
4M

From (A2) and (A4) we get immediately the first Gartenhaus-Schwartz
term in eq, (18).

The second correction in (18) comes from the transformation of
nucleon momenta in the nuclear ciirrent interaction terms, Using (15)
we get the G-S correction :

$ 2 [7@7,@),-

1£>
—-_1\;2 Zi' )2\<f| Z ®j Pjz © ') >l
(> j=1
(A5) .
A0 LS ]S e e
M Fi) j=1

T 13 o] |

2 2
MA 1£>  ifk

A
. 1qx,]
1) 2 em Bz | 0y -2
itk
i d
where we chose q along the x-axis,

The only final nuclear states which contribute in (A5) are one
particle-one hole states | £ -!ok £ ) and two particle - two hole
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states { ) =lo§ ﬂp"(hﬂh) where lo<p>, ‘ﬁp> andl"(h\/: \/3}\>

are single particle states, respectively above and below the Fermi
level of the nucleus.

In the shell model with the oscillator potential we get, for nu-
clei with filled s-shell and Z-2 protons and neutrons in p-shell, the

following results :

2 n-1
iqxj - 4t )
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Pl poy>
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) ) _G—d € (n--l)i(lndﬂo)(l+; ﬁ) “12¢€ té\no(8'z)(‘z‘2)+
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where t = q2/2:o(2 and all the final states one sums over have the
same excitation energy nwg.

Performing for (A6) - (A9) the summation over n (from zero to
infinity) we obtain on the basis of eq. (A5) the second Gartenhaus-
Schwartz term in (18).
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