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1. - INTRODUCTION -

Among the greatest difficulties one meets when dealing with re
sonant cavities, are those relative to the size of the resonator with re
spect to the annexed apparatus, When at least one of the geometrical
dimensions of the resonator is of the same order as the free-space re
sonant wavelength, the resonator is referred to as free, When all its
dimensions are much smaller than such a wavelength, the resonator is
said to be loaded,

The abovedistinction doesn't make much sense when conside-
ring ideal resonators, i,e, made up from perfect conductors and dielec
trics,

If however we consider real resonators, that distinction becomes
important because the reduction in the size of the resonator obtainable
by loading it has to be paid with a considerable increase in losses and
with a reduction in the maximum allowable gap voltage in the resonator.

Usually a resonator is loaded by placing into it suitable electro
des that in most cases behave as capacitances. Fig, 1A shows a free cy
lindrical resonator, while Figs.1B,C show two types of loaded reso-
nators that are usually derived from the former,

In this paper we shall show how it is possible to transform a loa
ded resonator so as to lower remarkably its resonant frequency without
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reducing the maximum voltages allowable in the starting configuration,
We shall also show how one may fix the design value of the resonant
. frequency in the lowest mode and in some of the upper modes,

A B C

FIG. 1 - A) Free resonator; B), C) Loaded resonators derived
from A).

The concept on which the foresaid transformation is based is
that of lengthening as much as possible the path of electromagnetic wa
ves in the resonator. This can be achieved by constructing a meander
in the resonator, as Fig, 2 shows, The cylinder or plate shaped elec-

FIG. 2 - Cross sections of corrugated resonators;

B) coaxial t¥pe, C) radial type. The dotted lines show
the paths of waves,
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trodes are the boundaries of some circuit elements which, under not
very restrictive assumptions that will be specified, behave like coaxial
or radial transmission line sections, The series of such line elements
may resonate in a fundamental mode and in an infinite number of upper
modes, The fundamental mode is of the TEM type.

The possibility of representing the resonator with a series of
line elements in the fundamental mode depends on the geometry of such
elements, For example, for a resonator to be representable as made
up from coaxial line elements, the distance between two successive cy
linders must be small with respect to their diameter and length and to
the wave length of the fields that propagate between them.,

The fringing electric field in the transition region between two
successive elements may be accounted for by a shunt capacitance, which
may be evaluated by graphical or analytical relaxation methods or by
analog measurements, for example by the electrolytic tank, We shall
see, however, that these capacitances modify only quantitatively the be
haviour of the structure,

2,- ANALYTICAL STATEMENT OF THE PROBLEM -

In § 1 we have seen under which :assumptions we may represent
the elements that make up the cavity (coaxial cylinders or parallel discs)
with line sections (respectively coaxial or radial) loaded with suitable ca
pacitances at the ends, Under those assumptions we may therefore stu-
dy the behaviour of these resonators by analyzing the circuit drawn in
Fig, 3.

(n) Z (n;n-1) (n-1) o (2) Z(2:1) (1) Z (1;0) (0)
‘ 1 iF 1 . —
Cn == Cna - C2 Ci
e I S— T —!

{n) {n-1) T (2) (1) (o)
FIG, 3 - Equivalent circuit of a corrugated resonator.
The fundamental part of this circuit is a series of line sections,

that may be different from each other, The last element is short-circui
ted at terminals (0 - 0) while the first one is loaded, at terminals (n - n)



4,

by the fringing capacitance of the terminals themselves(x).

The analytical study of the shown network is very complex, but
it may be simplified by supposing the various elements lossless, This
hypothesis is not far from reality, at least for the evaluation of the re
sonant frequencies of the structure, as the line elements that are emplo
yed to make a practical resonator must have a very high quality factor,
A first step in the calculation is to represent the given circuit with a se
ries of two-port cells and this may be done in various ways. For exam
ple, if we substitute each one of the capacitors C,, C,_1 ,  C;, with
the parallel of two capacitors having each one a value respectively of
Cnh/2, Cn~1/2. .. .C1/2, the mth two-port of the ladder, except the ter
minal ones, may be represented as in Fig, 4. The terminal cells are re
presentable with the two-ports shown in Figs. 5a) and b).

m 2wy —T
—t— EL _9_‘_ .

s_"—’ L - -5 2 Z (1:0)

2 T 2
T m my (3 (b)
FIG. 4 - General two-port of FIG. 5 - Terminating two-ports
the cascade that represents the of the cascade.
resonator,

Let us now indicate with the symbol [_Mq, 113_1., the transfer

matrix relative to the general two-port shown in Fig.4 and with the
symbols [Mt]ﬁ and [M;]] respectively the transfer matrices of

the two-ports shown in Figs, 5a) and b), The transfer matrix [MT]

of all the system, that is the matrix that relates terminals (n-n) and (1-1),
is the product of n+2 matrices, as given by the expression

" (M =MD M e MO e M [M]!

(x) - Terminals (n-n) must be open inresonant cavities that are to inte
ract with charged particles, as for example in Klystrons and in
particle accelerators.
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Each one of the matrices we have now considered has two rows
and two columns, Therefore matrix [MT ;1 also will be a square ma

trix of order two.

Calling T1q, Ty, Toyqs Tyo the elements of matrix \—MT]II1 s

the admittance Ylrln that appears between terminals (n-n) of the network
is given by the relation

(2) Ynn-——l-.;

Consequently all (and they are an infinite number) the resonant
frequencies of the given network will be those satisfying the equation:

(3) _T-.?_'Lao
1 )

In the following paragraphs equation (3) will be discussed in detail,

3. - RESONANT FREQUENCIES OF COAXIAL CAVITIES. -

The transfer matrix of a lossless uniform line of length L. and
characteristic impedance Z is given by (4)

coseot.  JZseno

(4) l[M-Lz]_" 5

J Sﬁzfn« €0S o4

where by A and X =272 (LL/\) we denote respectively the wave length
and the phase shift of the fields that propagate along the line, Therefore
matrix | M ]m , as defined in § 2, becomes

gqim-1

1 Of | cosmmt  JZmmer senetmma| 1 0
m
[MQ]m-t * ' =
JwCm 1 Jsenot m m=1 COS ok m.met JwCim.; 1
2 Zm,m-1 ’ 2
(5)
COSd.m’m.g—mQ]Hézmm:l SeNotm, m-1 jme., SeNcm,m.s

Zm,m-l

j["—ig"-"é—-cﬂﬂ)-cos&m, + I'(wZCm Con-y sz m.;[4lseno<m m-1 COSemun.t = owZ‘mmél seNdmm.1 |



We should now work out all the matrix products shown in the
preceding paragraph and we would obtain a matrix which is very com
plicated if the line elements we consider are many.,

Without impairing much the generality of the results we may sup
pose identical all the two-ports that make up the network. In this case

matrix [Mq]rmn 1 becomes independent from the indices and is given
by (6) i

coset-Ksenot JZseno
@ M)
| '%"[ZKCOSOL*("KZ) sena.:l cosot- Ksenot
wC z

where we have set K=

Matrices [Mtli and’[Mt]i are given by (7)

K 0 | 1 0
n 1
(7) M,] = Md,=| wez
M, JwC 1 - jgg_tgd‘J 1
2 Ztgot

nTher(sfore, if the equal cells connected in series are n, matrix-
[MT]I results from the expansion of expression (8)

(8) [MT]: = [Mx]: ([MQ])‘ [Mt]:

in which appears the nth power of matrix [M ] .

The raising of a matrix to the nth power may be done by redu-
cing the matrix to diagonal from(¥), In order to do this we have to find
two matrices, which we denote by ES } and [S]’l, that must satisfy
identically the system of equations (9)

[s}{s*]-[1]
[\=[s7] [Mq] [s]

(1)

(9)

(x) - For more details, see, for example
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where [1] and [)\] we denote, respectively, the unit matrix and a dia-
gonal matrix whose elements are the eigenvalues of matrix [M ] Sol

ving system (9) we find for the unknown matrices the following %xpreg :
sions:

cos«k~K senoc,+\/(cos,¢-Kseri.¢.)3-1 0

-

0 cosoc-Ksenoc-\/(c 0Se~ Ksen«)2-1

1 JZsenw

2 2V(cos s-Ksenot)e=1

JV(cosa-Ksens)2-1 1
Zsen o
(10)
1 -JZsenat

2V(cosx-Ksenx)e-1

:J V(coset~Ksenot)?-1 ° 1
Zsenc 2

It is well known that matrix [S] is defined as the matrix of the eigen-
-vectors of the matrix to be brougth to diagonal from, Obviously there
are as many uncertainties as in the eigen-vectors, that is to say, in our
case, two uncertainties in the choice of the elements of matrix [S] .

In order to simplify calculations we have set equal to unity element S11
as well as the determinant of [S7].

We shall begin by assuming that
cos A -K senk €1




This means that we take into account only those frequency bands
in which the eigenvalues are complex (and have a modulus one) and the
eigen-vectors are real, The frequency bands in which these conditions
are fulfilled coincide with the frequency intervals in which propagation
without attenuation is possible in the structure formed by an infinite seri
es of two-ports like the one we are considering(z). We shall see that
the restriction now made doesn't place any important limits to the resulis
of the theory.

Solving system (9) one obtains;

o [MJ" - (810" [57) = [5] (] [5°]

where [ A Ek] is a new matrix whose elements are the nth powers of
the eigenvalues of [M q]‘

Now, as a consequence of the assumptions made on the eigenvalues
of matrix \'Mq] we may set:

cosec-Kseno + J V1= (coset - Kseno)? = cose ¢ Jseny -etly
(12)

V(coso.-Ksen &)2-1
Zsenet

it
.

R

The expression of ([Mq] )lr1 becomes:

:olu....

senng

11 1] |eine D I ;
Voor| ¢ 0| [z 2zr| |cosn¢

(13) ([Mq])".

R -%—0 el R 1 | [JRsenng cosng

In order to obtain the transfer matrix [MT] ? we have to car
ry out the operations indicated by (8). Setting, for simplicity of notation

_“_’gl tgot = 1

X=— 7=

we obtain:



)| 0 cos ny --F-’z-sen.mp 1 0
n
[MT]j = =
jﬁ% 1| |JRsenny cosne | [JX 1
. X j
¢0s np=-£-sen Ny R senne
jlwC X | ] wC
J[ 5 (cos ny o-sen ng)+Xcos ny +Rsen np|  cos nyp+ L senng
Therefore the admittance between terminals (n-n) is:
wWC (cos ny--X senny) +Xcosny +Rsenny
(15) Y, =j—2 R = JBan

cos ncp-—i)R(— senny

The values of W that make Y __ equal to zero are the resonant
frequencies we are looking for., In Fig. 6 is shown a plot of the suscep
tance B, versus the radian frequency, for a corrugated resonator of
the coaxial type, having the following parameters:

FIG. 6 - Input susceptance of the equivalent circuit of a corrugated
resonator with 7 line elements,
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Length of the elements =9x 1072 m,
characteristic impedance of the elements = 30 ,
shunt capacitance at the junctions =5pF. Number of line elements =17,

[i]

L
Z
C

I

It is to be noted that in a resonator made according to the hy-
pothesis on which (15) is based, the distances between electrodes must
grow with the radius in order to keep the characteristic impedance con
stant, Furthermore the fundamental resonant frequency, 95 MHz, is con
siderably lower than that of a plain loaded cavity having only the two in
nermost electrodes (See Fig, 1B) of the same dimensions, As a matter
of fact the latter frequency may be calculated with well known approxi-
mate methods(3), and results 245 MHz,

Ing 1 we stated that the shunt capacitances at the junction bet-
ween the line elements have only a quantitative effect on the behaviour
of the system. In order to evaluate the effect of these capacitances we
have calculated the resonant frequencies of the various modes versus
the parameter &, CZ that is the ratio of the characteristic impedance
of the lines to the reactance of each capacitance, at the resonant frequen
¢y W _pertaining to the system without capacitances, The plot is shown
in Fig. 7, Let us note that the parameter WO C Z is directly proportional

]

FIG, 7 - Effect of fringing capacitances on the resonant
frequencies of a corrugated resonator, '
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to the characteristic impedance and varies inversely as the length of
the line sections, Therefore the lesser is the distance between elec-
trodes with respect to their length, the lesser will be the effect of the
capacitances,

It is to be remarked that the effect of corrugations remains im
portant evenin the limit case of zero fringing capacitance, Because of
its importance,.theoretical as well as practical, we shall discuss analy
tically also this case, giving different values to the characteristic im
pedances of the line elements, This happens, for example, in practical
cavities of the coaxial type, where the electrodes are equidistant or
their distance decreases towards the outer short-circuited element, sin
ce the distance between electrodes is determined by the voltage on the
electrodes themselves, and the latter decreases towards the short-cir
cuit,

The transfer matrix of a network made up of a series of line ele
ments short-circuited at one end and open at the other one, may be cal
culated in the same way as indicated by (1). In this case matrices | M
are the transfer matrices of line elements and are formally identical
with (4). Let us consider, for example, a corrugated coaxial cavity ma
de up of seven line elements, as shown in Fig, 8, where by Z, and L
we denote respectively the characteristic impedance and the length o?
the nth line element,

Ze.Le AR K Zo,Lo
o—{  — Ff S - L

FIG. 8 - Equivalent circuit of a corrugated resonator, neglec
ting fringing capacitances,

The matrix [MT]T pertaining to the considered circuit is ob
tained as shown by (16):

n | Je2f by jbz ey jeo| |dv jdof |er jeg| {Fr  jRf |1 o
(16) [M'r]i',

jas a4l |Iba b4 lics c4f |ids da| lies eq| |ifs Fal iy

where j is the imaginary unit and, marking with the same subscript
the parameters referring to the same line element, the meaning of the
symbols is as follows:
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ay= a4 =COSolg dzm2ZgSeNoL aa--%-s-senac..s

by=bg=coses b2=zg sen s b3"21§ sencs

CimCqmCOSaL4 C2u24 S€NK 4 c-""z];‘ senasl 4
(17)

di=dg=cosot 3 d2=23send 3 d;--‘21; senot3

e1m@4m=COSA 2 e2s Z2 SeNol 2 e“'E]{ send 2

fi= F4=COSALy fa=2Zy5enol f;--ill—:senocg

By symbol Y we denote the input susceptance of the short-cir
cuited line element, With the symbols adopted in Fig,9 we have:

(18) Yo oo 1l
Zo*tgoa.o

FIG. 9 - Resonant frequencies of a resonator vs, the ratio between the
impedances of successive elements,
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Assuming that the line elements are of equal length and working
out the operations indicated by (16) we find that the admittance Ynn is
equal to zero when the following equation is satisfied:

Zosene, {(Pa Qi+ PsQ3) Ry +(PsQs = P3Q2) Ra} +

(19)

4+ €0Seto {(’Pa Qi+ PsQ3) Rz~ (P4 Qa—-Ps Qz) R4} =0
where:

P3 = azby +aqbs Py=a4bs=asby
(20) Q) =cydy~cod; Qz=cy da+cd4 Qs =c3d; +cqds Q4 =cqdg-c3d

Ri=e) fi~ezfs Rz=ey fa +e,fq Ri=e3fy +e4f3 Ra=eqfs-e3f;

In Fig.9 is plotted the normalized value of the resonant frequen
cies of a corrugated cavity of the coaxial type (made up from 7 line ele
ments) versus the ratio between the characteristic impedances of two suc
cessive elements, The normalization frequency A/o is the one correspon
ding to characteristic impedances all equal to each other, that is to say
Zm+1
g e T2 1.

Zm

We immediately remark that if we could make the value of the
characteristic impedance to rise from the input terminals to the short-
-circuited end, we would lower considerably the resonant frequency of
the fundamental mode,

4, - RESONANT FREQUENCY OF CORRUGATED CAVITIES OF THE RA
DIAL TYPE, -

The calculation of the resonant frequencies of corrugated cavities
of the radial type may be made following the same outline as for coaxial
ones, Referring to the notations shown in Fig, 10, the elements of the tran
sfer matrix of a radial-line element are(4):

r2

5]

ML 04

¢ % vz FIG, 10 - Radial line element

VL Ll Ll ld il A s LLLL
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A = 4}%’—52- [J't (Kr2)No(Kr)-Ni(Krz2) Jo (Kn)]
312=<.|'(_gj_z_ Zo(r2) [No (Kr2) To(Kr)-Jo(Kr2) No(Kn)]
a21= (K502) L [ (KN, () = No(Kra) T (Kr2)]

322=(-K—z—rl) Z (r) [L(Kf‘t)No(Kfz) Ni(Kry) TO(K"Z)]

where by J o and J; we denote respectively the Bessel functions of or
der zero and one, while by No and Nl we denote the Newman functions
of order zero and one respectively,

(21)

The matrix characterized by the above elements correlates vol
tage V, and current I2 (the latter directed as the radius r), that are
assumed as known, to voltage V1 and current I (the latter also directed
as the radius) taken as unknown.,

The structure of the corrugated cavity of radial type is such that
in two successive line elements the currents flow in apposite directions,
that is the current flows alternatively from the inner radius to the outer
one and vice-versa.

The elements b11 b12, 91° b22 that .characterize the transfer
matrix pertaining to the line elements in which the current flows from
the outer radius to the inner one are obtained from those shown in(21)
interchanging radiuses r, and r, and giving elements b12 a.nd'b21 the

; o 1 2
opposite sign of ay,, 891

For example, let us consider a resonant cavity of the radial ty
pe made up from 14 line elements all equal to each other., In Fig, 1l is
shown an axial section of the cavity in question.

The transfer matrix [MT]_II1 has the following expression:

|an a2} |bu b2  1ay aiz] |1 0

az azz| |bar ba2|| laz1 azz| {y 1

where Y is the admittance of the end short-circuited element, Working
out the shown operations one obtains the elements of the overall tran-
sfer matrix and from these the value of the admittance Yab at the input
terminals,



(23)

d-2

15,

dimensions in mm

D2=296
01234 l

FIG. 11 - Cross section of a radial
type corrugated resonator,

Yas

=]

<an+ a2 -E—% Fa e+ <321°622 %%)'?4

: ba v = JBys
(alH-alz —Eﬁ)?’ + éz‘-azg———gf:)fz

where the symbols §’1, ?z, g3, “?’4, have the following expressions

(24)

(<,

%2
%3
. %

/

Ay
A
 as
As

\

AS-Az As (2A1+Aq)

Az (Ai- Az As+Ar As+Ad)
As (AP~ Az As+Ar As+A3)
Ai-AzAs(2Ad+Ar)

(an by - a2 sz) - (an ‘b1z + a1z bzz) (aszn + azzbz1>
(an biz+arz b22) (an bu - @12 bay + az2b22 - 221 br2)
(a21bn+azz2b21) (an bi - @12 b21 + a2z bzz - 221 b12)

(32'2 b22“- azs -bTZ) - (an b12 + a2 bzg) (az, b+ azz bz 1)
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In Fig. 12 is shown a plot of the susceptance B,;, versus w. As already
stated, the resonant frequencies are those for which the input admit-
tance is equal to zero. From the above plot it appears that the ratios
among the resonant frequencies are odd integers, that is all the cavity
has a behaviour like that of a uniform line short-circuited at one end.
This behaviour is explainable if we note that all the line elements are
equal to each other.

FIG 12 - Input susceptance of a radial type corrugated resonator,

Let us furthermore remark that the fundamental resonant fre-
quency, 35 MHz, is much lower than that of a resonator having the same
dimensions, but only the first capacitive ‘disc. In fact the resonant fre-
quenc(g')of such a resonator, evaluated with well known approximate me-
thods'?/, is 170 MHz,

In these calculations we have neglected the fringing capacitances
at the junctions between adjacent elements as the effect of these capaci-
tances is similar to that for coaxial cavities,
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5. - EXPERIMENTAL CHECKS, -

In order to check the theoretical results, we have measured the
resonant frequencies of some corrugated cavities, made on purpose so
as to evidence the particular behaviours foreseen by the calculations,
Here follows a list of some of these measurements:

a) Coaxial cavity made up from seven line elements of constant
characteristic impedance equal to 250, each one 145 mm long; the outer
diameter of the cavity is 307 mm,. In Fig. 13 is shown a photograph of
the resonator,

The following resonaint-frequencies have been measured:
65,22 MHz; 175,15 MHz; 289,70 MHz; 401,20 MHz

The frequencies calculated neglecting the fringing capacitances
are:

73 MHz; 219 MHz; 365 MHZ, v vve0vseewe

The measured frequencies are lower than the calculated ones
because of fringing capacitances,

b) Coaxial corrugated cavity made up from 3 line elements of con
stant impedance 25, each 400 mm long; the outer diameter of the ca
vity is 65 mm, In Fig,12 is shown a photo of the resonator,

The fundamental frequency measured is 58, 5 MHz, while the cal
culated one, neglecting fringing capacitances, is 62,5 MHz. In this case
the greater length of the elements lessens the effect of the fringing capa
citances with respect to the preceding case,

c) Coaxial corrugated cavity made up from 13 elements whose cha
racteristic impedances decrease towards the outer short-circuit envelope,
The ratio between two successive impedances is Zy,.1/Z,, = 1.4, The
length of each element is 80 mm, The outer envelope of the cavity has
a diameter of 340 mm, In Fig,15 is shown a photo of the two interpene-
trating parts of the resonator,

The measured frequencies are:
110 MHz; 217 MHz; 340 MHz

The fundamental resonant frequency of a uniform coaxial line ha
ving a length equal to the sum of the lengths of the various elements is
70 MHz, Taking into account the correction factor that may be found in
the diagram of Fig, 9 for aratio Zp;,/2 =1,4, the modified frequen
cy results 70x1,5=105 MHz,



18.

d) Radial corrugated cavity made up from 14 elements. Fig,16
is a photo of the cavity, The distance between two successive discs is
2 mm, The outer radius of the discs is 148 mm, the inner one is 17 mm,

The measured frequencies are:
28.3 MHz; 86,06 MHz; 142,15 MHz; 196.15 MHz
while the calculated ones are :

35 MHz; 104 MHz; 172 MHz; 234 MHz,.

The difference of 20% between each couple of values is due to
the fact that in the measured cavity the thickness of the discs is of the
same order as the distance between them and therefore the effect of the
fringing capacitances is quite relevant,

6. - CONCLUSIONS, -

The experimental checks we have reported in the preceding sec
tion show that the theory developed in sect.3-4 is applicable without too
restrictive assumptions on the shape and dimendions of the electrodes
that make up the corrugations, As we have seen, the treatment of the
most general case, that is the one in which the line sections that make
up the cavity have different characteristic impedances, is rather cumber
some, However from the numerical results of the treatment of various
particular cases it is possible to argue that in most cases the fundamen-
tal resonant wavelength of a coaxial or radial corrugated resonator is
very nearly equal to four times the overall length of the elements that
form the resonator, if the characteristie impedances of the various ele
ments are not too different from each-other, When such impedances
grow or decrease uniformly from the input terminal to the short-circuit,
the plot of Fig., 9 shows the magnitude of the correction to be made on
the resonant wave-length calculated as above,

We may therefore conclude by saying that the analytical treatment
we have made gives a very simple criterion for the evaluation of the re-
sonant frequencies of corrugated resonators,

In all the treatment till now we have always referred to ideal re-
sonators, bounded by perfect conductors, However the results are valid
also for real resonators provided that the quality factor is high enough,

Corrugated resonators may be employed in all the fields in which
common resonators are, and have the advantage of a much smaller size
at the same resonant frequency and under the same voltage, Against this
technical and economical advantage is to be set the disadvantage of a
greater power consumption, under the same performance, due to the
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FIG. 15 - Coaxial type resonator with warying impedance
of the line elements. The two parts are interpenetrating.

FIG. 16 - Radial type resonator. A part of the outer
envelope has been removed to show the discs that
form the corrugations.



19,

lower input resistance of the corrugated resonator with respect to a
common one, The low value of the input resistance of the corrugated
resonator is due to the extent of its inner surface and may have more
or less importance according to the use of the resonator.

At present super-conducting cavities are being studied, whose
inner walls are coated with a thin layer of special alloys, for example
Niobium-Zirconium, that at very low temperature show the phenomenon
of super-conductivity even under high magnetic fields. Such resonators
may attain, at liquid Helium temperature, quality factors of the order
of 108 and very high input impedances., An application of such cavities
in particle accelerators is now under consideration. Corrugated resona
tors seem to be particularly suited for such an application as their small
size facilitates their cooling while, in super-conducting conditions, their
shunt impedance is always very high.
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