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INTRODUCTION, -

In the attempt to observe two photon annihilation of electron-
-positron pairs with "ADA'"(1) a number of events were detected in which
the two photon coincidences between two lead glass Cerenkov counters could
be interpreted as due to the process of double bremsstrahlung

+ - + -
(1) e +e =->»e +e +2}5

If the energy of the incident electrons and positrons in suffi-
ciently high, process (1) would dominate over two quanta annihilation by
a factor of the order c{z (E/m)2 because under the conditions of the expe
riments the four-momentum transfer between the colliding particles of
process (1) is smaller than the corresponding quantity for two quanta anni-
hilation. This property of the process (1) allowed one to put it on the list
of possible monitoring processes, defined as collision processes between
electrons and positrons in which the momentum transfer could be consi-
dered sufficiently small, so that its description by quantum electrodyna-
mics with unit form-factors and unmodified propagators could be conside
red accurate. Besides it seemed that process (1) presented some particu
lar advantages with regard to other monitoring processes(z).



The cross section for process (1) has been calculated previou
sly by M. Bander(4) and by V.N, Bayer and V, M., Galitsky(3), but their
results did not agree, We set out to understand the reason for this discre
pancy. In view of the lengthiness and complication of the kinematic part
of the calculation this investigation was performed along two independent
lines by the authors, The results will be compared with those published
by other authors, so as to obtain a complete picture of process (1), Our
results agree with those obtained by Bayer and Galitsky.

RESULTS. -

The Feynman diagrams contributing to (1) in lowest order are
obtained by adding in all possible ways two external photon lines to the
two graphs of the elastic scattering and of the annihilation,

In the high energy and small angles approximation only the
leading graphs in Fig, la have been considered, the contribution of the gra
phs of Fig, 1b being considered negligible, This is certainly correct for
an experiment which looks mainly at the photons in the forward-backward
direction, but is not so obvious to hold for the total cross section. The rea
son that makes the annihilation graphs negligible can be inferred from an
inspection of the expression of the photon propagator. Indeed the oder of
magnitude of the photon propagator in the annihilation graphs is E(E - (U 2)
in ¢, m, s., while the propagator of the scattering graphs goes to m2 (m is
the electron mass). The resulting cross section is:

G - (2 )° /d3p3 d3p4/d3k1 d3kz
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Where py(p2) and p,(p,) are the four-momenta of the incoming and outgoing
electron (positron), kl, k2 those of the two photons and the matrix element
M is
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After elimination of the & -function the cross section (2) becomes:

3 3
(2m)2 /d k1/d kz/ _
G = 4]1/2 dﬂ1 dEf

[(p Py )2 -m

(5)
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where l?;n (Ein) and f’?(Ef) are the total momentum (energy) of the system
in the initial and final states, The calculation of the integral (5) has been
performed in the center of mass frame where E; =Ey=E and pl = -f)”z.

In order to obtain information about the high energy behaviour of the pro-
cess, the special case in which one photon follows exactly the direction of
the incident positron has been treated in detail. The cross section for this
forward-backward emission is(2):

2.2 '
_ A ro Xm dX2 4 2
ds‘F.B. = 3 X, %, -§(1—x1)(1—x2) +(1---x1)x2 +
(6)
2 2
+ (1--x2)x1 + Xy xg } 'y4 dn.l d.().2 .

Where x; 9= 1 o9/E and d ,2 are the elements of solid angle of the
two photons. The result (6) is va11d only for dJll 9 << -/ r?2 and this
is too strong a limitation on a detection device,

The total section, which gives the energy distribution of the
radiation, has been calculated from (5) independently by the two authors,
who found respectively:

86(2 I‘cz) dx 1 dXz

™ X]. X2

+ (1 ~x1)xg] + Xi x; } (M.G.)
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(7.a)



de = gdi_rg ! dxz {(1 -x)(1 - xz)[ +-';’(3) +
7:b
(7.b) N ‘[Xfu - x2)+x;(1 - xl)] E+ %7(3” %‘7(3)@3% (P.D.V.)
< 1
where Y@ = 2, =5

The result (7.a) is given with an error about the order of 5%,
and both agree in the limit of low frequencies with the Bloch-Nordisieck

3 (2).
cross section dG‘B.N, :
8_“*21‘?) dx; dx, (x).
(8) CeN T TE T X% [ 87(3)]

The cross sections (6) and (7) have been evaluated in this paper for the
case Eg > m where Eg could be for example the energy of the final elec
tron; the results presented here therefore are wrong only where E - & 1,2
is about the order of m. In each other part of the spectrum the previous
results are valid o(1/7 ) where = E/m The result (7) agrees with the
values of the cross section given by Bayer and Galitsky, which is identical
to (7. D),

It has been noted by Sidorov that the cross section (7) can be put
in the approximate form:

~ 80"2 ?) Xm dXz

(9) de- = I X, %, F(Xl) F(Xz) '

where F(x) is:
(10) Fx) = o (1-x) + < .

This result is very-important from the experimental point of view: it says
that the energy spectrum of one photon is completely independent from the
energy spectrum of the other photon. This separability of the cross section.
has been experimentally confirmed with VEP-1 in Novosibirsk(5),

(x) - The numerical coefficient 2, which appears in a previous paper(z), is
not correct and must be substituted with 5/4, The same results have
been found by Bayer and Galitsky(6),



The expressions of the forward-backward cross section (6)
and of the total cross section (7) allow us to calculate the mean angle &
of the two photon emission by the process (1):

14
8
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(11) =

4 2 2 2
3 (lnxl)(l-xz) + xl(l-xz) + x (l-xl) + XX

2

(7%> Y/8 is a slowly varying function of x; and X9, whose values lie
‘between 1.0 and 1.8,

In order to obtain information about the angular behaviour of
the emitted photons, we evaluated the cross section de- (t, Xq, x2) where
t= ® = 7R/1. R is the radius of both the Cerenkov counters and 1 is
the distance between a Cerenkov counter and the crossing point of the elec
tron-positron beams. This resulting cross section is:

2.2

dG‘(t,xlxz) = " {Gl(t)(l-xl)(lnxz)+

™ X]. 9

(12)

2 2 2 2
+ Gz(t) [xl(l -xz) +x2(1 —xl)] + G3(1:) X1 %, }
The function Gy, Gz, G3 are indicated in Table I, This result agrees with
an analogous calculation performed by V.N, Bayer et al, (7).

The cross section for emitted photons of energy « 1 2/E > &
is obtained integrating (12) over x7 and X9 and results: ’

8\':421'2 .
- —_9°%a. 1 2
(13)

2
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A plot of S( £ ,t) is drawn in Fig,2 for t => . An analogous calculation
performed by M, Bander(4) has given the following result:

8et?r2 1 2 1
S (E,t)= T{Ml(t) lgg -1+ 5] + M, (t) [l.g“g'-1+ £]+
(14)

+ iM3(t)}.



TABLE I
t G‘r1 Gz G3 Ml M2 M3
1 0.081 0.065 | 0.05 0.16 0.065 0.050
' 2 0.41 0,31 0.24 0.74 0. 31 0.24

3 0.74 0.55 0.41 1.27 0. 55 0.41
4 1.02 0.74 0. 54 1.70 0.74 0. 54
5 1,23 0.88 0.64 2.00 0.88 0.64
6 1,39 0.99 0.71 2.25 0.99 0.71
7 1,52 1,07 0.76 2.41 1.07 0.76
8 1,62 1.14 0.80 |

9 1,70 1.19 0.84

10 1,77 1.23 0.86

11 1,82 1,27 | 0.89

12 1,87 1,30 - 0,90

13 1.91 1.32 0.92

14 1.94 1,34 0.93

The functions Ml(t), Mz(t), M3(t) are indicated in Table I. We believe
that (14) is valid only in the limit &2 << 1, because the cross section (14)
does not go to zero when £ goes to 1. In this approximation the formulas
(13) and (14) present the same analytical form with regard to the dependen
ce ont and & . Besides the Table I shows an exact coincidence between
the functions Gyl(t), G3(t) and Mz(t), Mg(t). The functions Fl(t) and Ml(t),
which give the main contribution to the cross section at the low frequen-
cies, present instead an almost constant discrepancy, whose order is of
about 50%.

Therefore our results agree completely with those performed
by V.M. Bayer and by M. Bander apart from the discrepancy with M. Bander's
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calculations, concerning the functions Fl(t) and Ml(t).

A remarkable feature of the cross section (7) is the absence
of a logarithmical term of'the form log 27 , which is so caracteristic
of the single bremsstrahlung total cross section(8), This logarithmical term
does not appear in the cross section of process (1) because the modulus squa
re of the current matrix element is, because of the trasversality of the
emitted photons, proportional to the fourth power of the momentum transfer
and the probability of a momentum transfer z is proportional to dz/z3, S0
that the differential cross section of the process (1) approaches zero when
there is no momentum transfer. The single bremsstrahlung differential
“cross section behaves as dz/z for low momentum transfer and this creates
‘the logarithmical term, The lack of a logarithmical term puts double brems
strahlung at a disadvantage :.opposite the background of the single bremss-
trahlung processes created either in collisions with the molecules of the
residual gasor in genuine elecironpositron collisions(9),
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APPENDIX, -

In this appendix we exibite some details of the calculation of
d6 and d & g , of which before we have gieven only the results. The
total cross section (5) can be written in the following form:

2(><2r(2)m6 ‘
& = Ww dw  d w_odWw_ dJSu d.f.
E2(21'C)4 1 1 1 2 2 2
(A.1 - 1 2 -
) | 7 | d|p,|
x 3 3
4 dE E = R
E,E,(py-pq-kq) f in f
3741 3 1 - -
P =P
in f

where:

(A. 2) X = Z. TP{D Al (pl)D Al (p3)} Tr{C’k/‘+(p4)Ev/\+(p2)}
pol ;

Since we consider only the terms which in the limit of high energies do
tlr},e maximum contribution to the cross section (2), we obtain the following

value for the expression (A, 2) by making use of well-known trace theo-
rems(10),

9
(A.3) X= Z, A
i=1
where :
A =L 5 P1%1 Pge19 P4% P23 2
1 4 ky ~ pak K, = P,k |
2m* pol PjX; PgXy’ "PyRy Pk
: [<[p1p4 Npypg) + (plpz)(p3p4)]
p pge pges Pye
A, = 1 P1°1 3°1,2 Pa2 P22

am? pop P1Ky  PgKy ' Pgky | Pyk,

Pyeq
. [ —2—-( (P1P4 NP3ky) +(PgDy )P ko) )+

P 82

4
+ EZ;—‘ (P ko )(PyPg) + (P Py NPsks)- )]
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15 P1°1 P3®1 P4 P2

A, = pa -
2m? po1 P1k1 Psky "' pgky Dok,
p

3

. P3€; | PoEg
" p3ky [pzkz((p1p4)(k1kz>+(p1k2)(p4k1> ) +

v A2 k k,) + ]
p4k2((p1 9 (Paky) + (pPy)k k) | -

P1€1 | P2€s
p1k1 5;;2' ((p4k1 )(p3k2)+(k1k2 )(p3p4)) +

py€

2
+ 'I')Zl"{—z' ((k1k2 )(p2p3) + (pzk]_ )(pSkz)ﬂ}

)

pie Pae k ko)
A= Ll_S 11_312{_’2mz(P12)(P32

(A.4) 4 2 m# pol plkl p3k1 (p4k2)(p2k2)
} (P1ky)(Pop3) + (P 1P2)(P3k2)_ (p1P4)(P3k2)+(P1kz)(p3p4)}
Pyky Poky .
A =L P1€1  P3ey {Ple1 [(klkz)(pzl%)+(P2k1)(93k2) .
5 am? o1 Piki  Pgky Pk Pyky

N (p4k1 )(p3k2) + (k1k2 )(p3p4 )}
Poky '

, P31 [(Plkz)(pzkl)+(P11’z)(k1kz)+(Plp4)(k1k2)+(P1k2)(p4k1)
P3 kg Pykoy Pokg

+ 92| P Kika)pska)  Pgey (pylka)(kyky) i
P1ky (pgky)pakp) * Pgky (pyka)(pyky) | |



13.

A 1 { (k1Ko )XpoP3) + (poki)Psky)  (pgkq)(pskse)Hkiks)(pP3Dy)
2 m4

(P1ky Npyky) (p1k1 Npgky)

(P19 )(poky (PP )k k) N (P1P4 Nkika) +(p1ka)Pgky) .
(p3k1)(p4k2) (P3k1)(P2k2)

of (kikg)(pska) (P1ko )k kg)
+ 2 + +
(P11 )NPoka)(pgkg) — (P3ky)Pgko)(Poky)

(kykodpgky) — (Pyly)lkykyp) ]
(P]_kl )(p3k1 )(p4k2) (p]_kl )(pgkl)(pzkz)

2m? (kky) 1
¥ 01k )(0yk0 ) (Pak, Dgky)

A, A, A

72 By g are obtained from A2, A, A_ by the following substitutions:

4 5

> - -
(A.5) k<> k, P1<> -Py Pg¢>-P, €15 ¢y -
Before of performing the integrations in (A,1) over d , d .Q_l, dfL

2
the following substitutions must be done:

-3 B
@0 2 Bw . + W, W ~h ke
g o B m2EW, R2EW, W, mkk
3~ - = >

-
2E=W) =Wy - fogk, +/A5k,

where according to the previous approximations /3 and ﬂS result:

2

2
(A.7) fea- = Ayg=1- —s
2B 2(E- W)

Since the energy of the incident particles is very high, the maximum con-
tribution to the integral (A.1) is obtained when one photon follows the inci-
dent electron, the other the incident positron and the scattering angles of

the electron and positron are very small,

Therefore it is possible to develop the integrand in a series
around the points 0 = 91 =0, 09 =7 so that in the integral (A.1) are consi
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dered only the contributions around the pick of the differential cross sec
tion. Owing to this development the angles 0, 0, 65 can be considered

as vectors (Fig. 3b) of the plane orthogonal to the colliding beams and the
cross section (A.1) results:

dx d
o ro/ 1 / X2 /d§ {2(1"}‘1)1(;.;)"'

(A. 8)
+ x? F(B?,,’E)} /dj‘? {2(1~x2)1(§’,'£)+ xg F(gr’,"%)}

where :

% = 79, ¥ = 78, 7= gl(1-x1)8 + %]
(A. 9) I(i’,;) - X + (x=2z) . 2X (X =2z)

(1?2 1@ 0212 -0 [1+@-%
- P Z2
F(x, z) =
1+x) [1+@-2%
2 fF

FIG. 3

If we eliminate the integrations over dxl, dxz, dx and dy, the forward-

;backward cross section d €“F B, can be obtained provided that we put

=y =0 and integrate over x, By maklng use of polar coordinates it is
easy to perform the integration over the two photon azimuths '/1 9 and
then on x and y from 0 to 2. The resulting cross section is:
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2&21% dx1 dx dz {4 . m
= ~X Z, U
de” T 3 140
(A.10) )
+ x‘.: G(z,u)} {4(1 ~x5) J(2,u) + x,, G(z,u)}
where:
J(z,u) = 2+Z2 (z +Vz +4)
2z sz+4 4{ [Z'*‘v ][A(z u)_1+u(4+Z2) +4A(Z u)}
- § + l + (2 + Zz)u ~1
172" 1A(z,u)
(A.11) Gz, u) = g (z+Uz +4)

2+4 4{ [z+ Z M][A(z u)=1+u(4+z )] +4A(z, u)}

A(z,u) = |1~ 2220 +u?2? (22 +4) )

u = —];—'77 = ——-—-——]-'-—-—-——

1+ t“ 1+ 7202

Because of the convergence of the integral (A.10) the upper limit of inte-
gration has been set equal to infinity and the calculation has been accou-
plished analytically only if u=0, Otherwive the integration over z has
been performed numerically,

Instead of develop the integrand of (A,1) in a series around
the forward-backward direction, we perform the angular integration in
the other following way. Let us introduce a slight different definition of
the various angles, as in Fig, 4,

By making use of the (A.6) we find the following expression
for the photon propagator:

(,‘b/ "/‘63 - k,')l" =

) 4(6 -Teal-+ p seub)?
(2E-w,-t3)+ /B3 und (U Cra Oy W2 6165 ) # /o3 U B L, 50 6, o # Wpdtu by s (P21}

(A.12)
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where:
2 2
6 =2(E- Wl) (E - N2)+ [(pl-kl)-m] [ZE— Wl- Nz’)
g = {Z(Ea wl)(E-AJz)(Pl -wlcos 8;) =
- [(plkl)-mZ] [(A)lcos 9, -.wzcos 92]} /‘)3
Q = {2(E-w1)(E -W5) J\Jlsene1 cosfp +

+[(p1k1) - mz]_ [(,Ulse‘n 8, cos )+, sen @, codfp -1)13/53

)
4 b

FIG. 4

By substituting (A.12) into (A.1), in order to perform the integration over
‘the anomaly 6 of the outgoing electron, we must calculate some integrals
of this kind:



17,

T sen® d@ P(cos 8, sens)
(A. 13) 5 . - -
A (6’-5cosO+§sen9) (4 ~u cos8 ~ vsenB) (K'~u’cosb ~v'send)

Where P(cos 9, sen) is a polynomial in cos®, and h; k can take any value
among 0, 1, 2, The terms (oL -h cos0-vsen@), (oX'-u' cos6-v'sen0)
result from the expressions of (p4 kz) and (p3 k1)° With the transformation
z=1g(0/2) we obtain some integrals of the form:

Ocs

ol
(A.14) I, 4k ==/ 5 5 . di h K &
PRy (e 2)) (7~ 2) (2 23) (2 = 2y) (2 ~ 25) (2 = 7)

where o{ is an integer and

. 2 2
~:Pf1‘]€2"5 ~S vt ifk2e u2 -2

21,2 SEP) 3,4 L+ u

VR - 2 . 2
“5,6 X~

The integration can be performed in the complex plane of variable z : the
path is shown in Fig. 5.

Twa ‘

by

v

\ ) / FIG. 5
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We obtain:

6
1 d
(A. 15) Iink = " sosmd A [1:21 Res(zj_):la

For 91 = 92 =0 the function resulting from (A, 15), after inte-
gration over 0, is independent from . This result therefore gives the for
ward-backward cross section.

For the general case, we have to perform the integration over
the azimuthal angle ¢, This can be accomplished in a rather difficult man-
ner, because the large number of terms which come from the integration
over 8, make the calculation very cumbersome., The result is expressed
by the following formula:

8ol2r2 da; di, d(cos8,) d(cose,) 1
d& = 7T W w 2 2 4 ‘
1 2 (1-/bcose,) (1= Acos8,) 47
W W Wy W
'{9-(1» T - (1= b 2?2 —2 1+
4 E E E E 2’()’2(1 -/ cose )
(A. 16) 2
Wy Wy 2[ 1 ] Wy 5 Wy 9
(e —==)—=")" |2~ )
E E 2 Tz(l «/?)cos@l) E E

3 1
=+l - )(1 - )] +B .
[4 272(1-ﬂcosgl) 29‘2(1»/5(:0392)

The term B is not integrated over {f, because of its very complicated ana
lytic expression. However it does not contribute to the total cross section;
which is obtained performing the integration on 6, and @, in the first part
of the right hand side of (A, 16). The dependence of B on 0, and 0, is of
the form R(cos 04, cos 92) lg(cos 84, cos 92), (R(cos 01, cos 02) and2 lg(cos 01,
cos 92) are a rational and a logarithmical function of cos 6, and cos05) and
do contribute to the angular distributions.
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