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Summary. — Single pion production in nuecleon-nucleor ecollisions is
calculated in the one-pion exchange approximation. All the possible !
diagrams of this kind are caleulated in the « pole» approximation dis-
cussed in the text: also the interferences between them are taken into
account. The lab. energy spectra of the final nucleons are calculated
and compared with the experimental data at 2.85 GeV. This comparison
shows a remarkably good agreement for small values .of the squared.
4-momentum of the virtual pion. -For higher values the qualitative
behaviour is still reproduced, but the theoretical absolute Values ate larger
than the experimental ones.

1. — Introduction.

We want to study the processes of single pion production in proton—
proton collisions, namely the 1eact10n§

1 - p-Lp—p-Lnfrt
(2) | P+p—>p+p-tn

by using the model which describes the processes as ‘occurring through the
exchange of a single pion (Fig. 1).

This approach has been suggested by the fact that, in the last years, eXperl-
mental evidenee has been produced that in high energy inelastie processes small
momentum. transfers of the recoiling target particle are strongly favoured (2).

(*). J. G. RusuBrookE and D. Ranosicic: Phys. Rev. Lett., 5, 567 (1900) A. P. Bart-
soN, B. B. Curwick, J. . Hrr and L. RIDDII‘ORD Proc Roy. Soc (London), 251,
218 (1959). 1 : ‘

tet



124 G. DA PRATO

This situation can be qualitatively exﬁlained through a mechanism of
interaction due to the exchange of a gingle pion (2), and for some particular
reactions detailed calculations have been perfor-
med (%). The situation, however, is not yet com-
pletely clear, because in the quoted papers (*)
drastic simplifications have been made, e.g. by
neglecting some of the possible one-pion exchange
(OPE) diagrams and the various mutual interfe-
rence terms. New detailed experimental data on
Pig. 1. — OPE diagram for single pion production in proton-proton collision
the description of process 11@ve recently been obtained at 2.85 GeV of the
(1) or (2). Full lines repre- incident proton in the lab. system (%).
sent nucleons, dashed lines: . Tn the laboratory energy spectra of the final nu-

represent pions. cleong one finds again strong peaks corresponding

_ to very small momentum transfers. This indicates
again that the one-particle exchange plays an important role in the particular
processes (1) and (2). We think it useful to calculate the spectra predicted
by this model in the whole physical region by taking into account all the
possible OPE effects. By comparing the ‘prediotion of the model with the
experiment, we expect to find a sensibly good agreemen‘o in the region of small
. momentum transfers, where the further approximations made in order to
obtain quantitative numerical results (°) can be well justified. These approx-
imations consist in neglecting the influence of the «pion form factors» of
the upper vertex in Fig. 1 and of the propagator of the virtual pion; and
in considering as /*independent (°) the partial wave -amplitudes for the
« off shell » pion-nucleon scattering. (The seattering angle -which enters in
the description of the lower ‘vertex (°) is not taken on shell, but its depen-
dence on A?® is taken into' account.) For the region of higher momentum

(2) See for instance: F. SarzmanN and G. SarzvManN: Phys. Rev., 120, 599 (1960).

(3) E. FerrARI: Nuovo Cimento, 15, 652 (1960) and Phys. Rev., 120, 988 (1960);
S. D. DreLL: Phys.-Rev. Lelt., 5, 278, 342 (1960); F. Sarzman and G. Sarzman: Phys.
Rev. Lett., 5, 377 (1960); J. Iizuka and A. Kuein: Phys. Rev. 123, 669 (1961);
. SgLLERI: Phys. Rev. Leti., 6, 64 (1961). In the last two papers an error of normalt
zation is contained. In both cases the theoretical predictions would be correct if mul-
tiplied by two. : ' '

(4) G. A. Smitr, H. Courant, E. C. TowrLer., H. Kravysmr, J. Saxpwriss and
H. Tarr: Yale University, preprint. The experimental lab. energy spectra used in
this paper are a private communication of the above authors. We thank Dr. G. A. SMitn
and Prof. H. Tart for having sent us these data.

() E. FErrARI and F. Serrerit Peripheral smodel for inelastic processes (to be
published as internal CERN report). - :

() Here we denote by A2 the square of the 4-momentum of the intermediate par-
ticle. We use the metric p® = |p|?— pf: ' ‘
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transfers we know a priori that these approximations are not good, but the
comparison of the theory with the experiment can always give us a sugge-
stion for approaching the problem of the OPE contribution when the inter-
mediate particle is very virtual. We expect in this region to obtain an
overestimate of the OPE contribution, which in all probability iy mainly due
to the neglected effects of the « pionic form factor » in the upper vertex of
Fig. 1. Also the calculation of the interference effects generally involves at
leagt one of the interfering terms considerably off shell. In this paper, how-
ever, it will be seen that these effects are not so important, and, in some
cages; they turn out to be negligible. :

Section 2 will be dedicated to notations and kinématics, Section 8 to the
study of the lower vertex, Section 4 to the calculation of the differential
cross-sections and finally Section 5 to the discussion of the obtained results.

2. — Notations, kinematies, Feynman graphs.

We denote by p,, ky, ps, ks, ¢. the energy-momentum 4-vectors of the
incoming proton, target proton, outgoing prbton, outgoing neutron (proton)
for the first (second) reaction and outgoing pion respectively. We call u
the pion mass and M the nucleon mass. Furthermore, we define the kine-
matical imvariants

B Wr=—mt k), P=— (et @)t W= — (ot )
A2 = (ky—F;)?,  r2= (ky— p1)?, $* = (p.— k1)?, 1? = (p—p1)° -

Among them the following relations hold
(4) A2yt —= g2 24 2= W2— 3 M2

W, 1, u, are respectively: the total c.m. energy, the energy of %, and ¢, in
. their c.m. system and the energy of p, and g, in theu c.m. system. A2, 2, 52, 12
 are nucleon momentum transfers.

‘ Five of the invariants (3) are sufficient to obtain a complete description
.+ of the kinematics.

We will use also the fOllowing'quaJhtities:

a) In the c.m. system of p, and ¢, y' is the 3-momentum of p, and g,
Pl 710, pzo, k;o, q;o are the energies of py, ky, p,, ks, g, Tespectively, &' is the
angle between p, and 2% p’ the angle between p, and k;, o’ the angle be-
'f’;tvtween py and kg, ¢ is the p, azimuthal angle in a frame of reference with
.";ﬂ;the z axis directed along p,.
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b) In the c.m. system of pg and L, the same quantities will be denoted
g " o', " respectively. Finally T, (p,) and T,(k,)

by %" p;,(n 75,1,07 ]’Zw Koy Qa0 €'
will be the lab. kinetic energies of particles p, and %, respectively and K the

3-momentum of p, and k, in the c.m. system. We have
AZ . 82
P EY: T1(ps) = oM

) Tofl) = 53

The expression of the other kinematical quantities as functions of the inva-
riants are given in (). '
The T matrix is defined by
WK 54 C ks v Y — [
Sfi:§fi+/l ‘—(Z:;_Z 2+‘Qz B T ) Tyi,
V/2(2m) ‘(’plohmpzokonzo)‘

(6)

Doy K10y Paoy Kooy Qoo aT€ the energies in an arbitrary frame of reference The

differential cross-section do is given by ‘ '
M* &3, A%, Ao,

7 d.a:———— leé‘* + ks + py— k) ————.

@ 2(2 )EI(VV»%zgmI ’ (2. : Qz ‘ ) szok:zo%o

The bar over the summation symbol indicates the average over initial spins

Formula (7) is equivalent to:

M+
(8) do‘zmz]T“lz—dCOSS d(p du2dA2
“and also equivalent to
4
o ST X d cos &' d(p” dlzds?.

@ = S S

We shall use (8) for the k, particle spéetrum\and (9) for the p, particle spectrum
The allowed physical region is determined from the following relations

(10) 0<p'<2n

kll) . 0<e'<m

\(1'2) (M + per<w<{M>+ (W22M*)[2K(4* M2 A7)} — AW}
—AMeWe < A

HWe— pu— 2 My — A M2 — (K| W)[(W*— p*— 2Mp)*—
(R [WLOV = = 2 M) — MW}

~(13)
, < {Wre—pr—2Mpy—4M°

3323
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& r the case (8), and by the relation
f‘: : .Whieh we obtain by exchanging ¢'-> ¢,
(N &', ur—1%, A*—s? for the case (9).
~ The four possibile Feynman graphs
are given in Fig. 2.
Let T% and 7'} be the 7' matrix
elements relative to upper and lower
vertices of the ¢-th graph. We have (%)

AHAY | TH<Tsy

AZ—I“[MZ 82__|_lu2

LTIy I T
TZ—[—/LZ tz—f—,uz

(14) Ty = (

3

for reaction (1) and

IHLTD | T (T
(]5) Tfl:[ AZ+/L2 t_{_luz T
_<T§><Ts>_<T’;><T;>} |
‘ 7.2_|_1u2 . S2+M2 ?

IMig. 2. — The possible OPE Feynman
graphs for the process (1) or (2). In the
- for reaction (2). The minus signs are upper vertices are written the relative
. due to the Pauli principle. . . momentum transiers.

— Pion-nucleon scattering amplitude.

Let p, and p, be the energy-momentum 4-vectors of the nucleons, and
and ¢, those of the pions. We consider first the physical process; then”
= —u® The T matrix elements are of the following form (®)

(I = u(ps)(— A + 1By - g) u(p,)

uw+ M u—M
A =4n 7 —r — Je T ’
(fl Pao + M f P2o— l”)

1 1
B:4 7 !
& <f1 Dso + AW__{_fz pzo_'M> ’

(7) Brackets stand for indices fi.
)G F. Camw, M. L. GoLpBERGER, I, E. Low and Y. NawBu: Phys. Rev., 108,
337 (1957). -



128 G. DA PRATO

with

fi= Z fup P;H('qos ¢)— Y f_P,_ (cose)
(18) . ]

fo=2 (fo_frp) P:(COS e,

% 18 the total c.m. energy, p;o is the nucleon energy and &' the scattering
angle in the c.m. gystem P, are derivatives of Legendre polinomials. When ¢,
goes off shell (¢f = 4?) formula (17) 18 modified in the following way (')

Az, 4% = 4o {fl(uz,m, v J:‘;;)éf, 5
. 10 £ 20 71

v M
— fulu?, A%, 1) ——,~——f,~ﬂ :
: V (pro— M) (py— M)
(19) \
B(u?, A%) = 4z [;‘ (2 A2 1) e -
' V (phe + M) (Do - M)

1 .
S NN 1 P _ﬂ} .
V(P10 — M) (py— M)

This definition leaves unchanged the bidimensional representation of the
T matrix elements (3) where the only A2-dependence is contained in f, and
f» (). In the expression (18) the whole i2-dependence iy contained in cos &,
which can be easily « extrapolated » off shell by means of its definition

2?1029.;0.—‘ 2M* — 1
2{pil|psl

(20) : - cose = ,

while the amplitudes f,.a re considered as A%*independent. This procedure

can be trusted only at low A2: but it is at present the simplest one and gives

the extension of CmEw and Low’s formula (°) to the whole physical region.
Quantities (19) will be used in the calculation of graph 1. In graphs 2, 3, 4.

we have as arguments of A and B w¥? I%?, [%* respectively. '
The reactions occurring in the lower vertex are:

(21) T = D
(22) ' ©m4p <> whhn

o~

(*) See also (3) for a discussion of thi&suﬁject.

() G. F. Cuew and F. K. Low: Phys. Kev., 113, 1640 (1959).

(%) In the following, we shall write A(u?, A?) instead of (u?, A2, 12) and so on: the
obvious maomentum transfer-dependence is dropped for simplicity.

3828
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7 f01 reaction (1) and '

: (23) T+p —= w0+p

; £01‘ reaction (2).

o Reaction (21)is in a pure % isotopic state and the only important wave
- ig the p* wave. For this reason for the caleculations of (T*> relative to (21)

~ we have considered only f,, different from 0; we uge for it the one-reso-
]}, _nance level formula (1)

1 I
T2y (ul—u)—@(ﬂ/z)

. 2(xa)®
F1—1+(Xa)2717

frr(u)

| with @ = 5.91, y;=0.0625, 4, =1.314 in units of proton mass (*2). Reac-
- tion (22) contains a mixture of § and % 150t0p10 spin states. With increasing

f;;j;fenergy pi, d%,f waves become in turn dominant. In this case we have
| cons1dered different from 0 only -

3

. for  w<1.51

fr for 1.51<u<1.69

fio for  w>1.69

f.— and j‘3_ have been calculated by empirical one-resonance level formulas

(valid only in the above-mentioned intervals) from the latest experimental
data (12). We obtain

1 I,
2.288%" (U — u) — 152’
[ I, = 68.23u°— 315.30u2 | 485.21u — 24847

fo(u) =

Uy = 1.619,

fotu) = 27 (w5 —u)— L2
Iy=—1. 96u3+ 48.33u— 96.27u -+ 63.27
sy = 1.800 .

(") M. GELL-MaNN and K. WaTsoN: Ann. Rev. Nucl. Sci., 4, 219 (1954).

- (**) We will express in the following all numerical results in units of proton mass.
:‘less otherwise stated.

(®) P. Farr-Vamrant and G. VALLADAS: Centre d’FEtudes Nucléaires de Saclay,
rapport & la conférence de Rochester (1960).

P P
QY e
&5,

9 - Il Nuovo Cimento.
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Reaction (23) contains also a mixture of isotopic spin states. p? waves are
dominant in interval (25), d¥ and f* waves in intervals (26) and (27), but
“in the latter cases the pt wave is not negligible with respect to d* and %
waves, because it enters multiplied by a factor of 4 (when squared). For
this reason the calculations relative to reaction (2) are somewhat more com-
plicated than those relative to reaction (1). In the next section we will first
consider reaction (1) and on this basis we will obtain a good approximation
for the calculations of reaction (2).

4, — Spin summations.

By substituting in (14) the {T7) calculated with the usual Feynman rules
and the <Tl> obtained from (16) and (20), and finally by averaging over
1n1t1a1 and summing over final spins we obtain for the first reaction

- (32) ]TP~ M12A%s%ﬁﬂW%Hr%ﬂ+&Fﬂ%WJﬁA%+
+%ﬂmﬂmﬁﬂﬂ+ﬁu2 12, A2, s2) + §F,(12, u?, 52, A4*)
%F(W lZ A2, 8?) 4 117’3(u2 12, r2, t2)
with -
(33) Fyu2, 12, A2, 5% =
| | | ogue(m)r A
T (&t
_o@apg
M MP+MMW+M
ThHE cos o+ foft -+ fuff cos &'+ foff cos p1(w + M) 4 [(p10 + M) (kio + )P
“[fofs cos o +fiff,+ foft cos &'+ fifs cos BT (u — My,

Re[f,f} + fift cos e’ + fofs cos &'+ ],

(34) F (u2 12, 42, 8*) =

e{[ pm - M) (e — M')J%'

g2 .. 1
| A (A2 A p2)(5* 4 ) L
— N[MBA* + MAB* + 2BB*]y/(|pi| cos ¢+ Piogao) + P[BA* — AB*] +
+ Q[2BA*(y' | pi|cos &'+ Progue) + MAA* | p*BB*} .

(85)  Fa(ur, 12, A2 87) = — Re{L[AA*— u*BB*]—

Here the ‘fi are functions of »? and Z2; f; are functions of u? and 4% in (33),.
of w* and 7% in (34), of I* and s* in (35).. We have

(36) L= uply(|p;||K,|eos of + pioke) — uz'kyy | Py cos &'— i | Ky |eos B
* (up]l,o "‘ MZ) + Mz(Mz__ upio - kiop;o)

3830
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(B0 N =Pl ki, — M%) A g | Ky cos Bt — i) 4 M(ut— proql,) +

- R Pintl)
- (38)  P=M{y|p,|cos s [W2—3H R 21(Gop — 1920— 0]+
2 08 By D) 1B 08 o (Kl ) M — G — B i)+
‘ﬁyM@mm—Mo+Eﬂﬂw—ﬁmw+qu”+mﬂw}

(39) Q= M{|K]||p|cos o'— y'|pi]cos &'+ Kyy(u — prg) + Dol —Kig)}

' g is the renormalized pion-nucleon coupling constant

¢ 16
(40) g° = T’
(1) ‘ 2= 0.08 .

;;;The f, terms come from square moduli of the single graphs, ‘the I, terms
from interferences between graphs which differ for the exchange of the
nitial nucleons, and the F, terms from interferences between graphs which
:iﬂ:’er for the exchange of the final nucleons. The interference terms between
raphs which differ for the exchange of both initial and final nucleons Vamsh
he factors ¥ and & are due to isotopic spin.

By putting (32) into (8) and (9) we get the spectra of outgoing nucleons.
(8) the integrals of the first, the second and the fourth term can
-easily reduced to single integrals because the integrands are ¢'-indepen-
ent (°). We can get a similar reduction also in case (9).

~ The main contributions to the cross-section are due to the F, terms.
t 2.85 GeV, the F, terms give a contribution about five times as small as
he F, terms the F, terms give a negligible contribution. We note also that
he F, terms are the smaller the larger is the number of waves occurring.
‘Consider reaction (2). In this ease we neglect the interference terms Fy,
ecause they are the same as in the previous ease,' apart from isotopic spin
aetors. For the other terms we use ' formula (33) (without the F, terms)
vith the following additional modifications:

‘@) the numerical coefficient in front of all the F, and F, terms is i%;

~b) for F, terms we have assumed the following expressions in intervals
5 (26) and (27) for f; and f, .

fi.= 6f.. cos &’
- fi = 6f1+ COS &'— fy
[n——wﬁ+w%wm'
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and
fi = 6f.4 cos &'— 3f,_ cos &
(43) |
. fo=—2fir + fs_ 3(B cos?e’— 1)
respectively. '

5. — Coneluding remarks.

Numerical results at 2.85 GeV for reactions (1) and (2) are shown and
compared with experimental data in Figs. 3, 4 and 5. The agreement is very
g00od when the squared four-momentum of the virtual pion is small (of the

order of few times the

4o 1g-2.mb ~gquared 7-meson IMAags).
dr MeV

AT Not ‘only the presence
H , ' L and the exact position of

the low and high energy
peaks are correctly predic-
ted, but algo their abso-
lute normalization -is re-
. produced within the ex-
perimental errors. This,
to our opinion, definitely
suggests that the one-
pion exchange contribu-
0 400 800 1200 1600 2000 2400 2800° tion plays an fmporiant

o T, (MeV) role in the description of
processes (1) and (2).

Fig. 3. — Theoretical and experimental spectrum of out- v
going neutrons in the lab. system for the p+p—>pintnt Let us analyse the gene-
reaction at 2.85 GeV of kinetic energy in the lab. ral behaviour of Figs. 3
system of the incoming protons. and 4 referring to reac-

: -~ tion (1).

Ag we said already in the text, all the interferences between the diagrams.
in Fig. 2 turn out to be small. Therefore, we can discuss, in a first approx-
imation, the four diagrams separately. The largest contribution is always
given from the graphs 1 and 2 of Fig. 2, where the wnt comes out with
the proton and allows the formation of the pure T'=J=14 resonance. The
squared matrix element of graph 1 contains the factor A2(A%-+ u*)~* which
would give alone a steep maximum at A%~ u® The further A2-dependence
of the cross-section, given from the phase space limitations on the integration
over the other dynamical variables, shifts this maximum to A2~ 2u* Due
to the proportionality of A2 to the lab. neutron energy, this gives the low

3832
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'i,“t‘e‘ﬁergy peak in Fig. 3. The high energy peak, which exists again for low
_values of the squared four-momentum of the virtual pion (r? this time), is
""f,c‘ontributed from graph 2. Its existence can be understood as follows. Graph 1
- gives a strong backward :

B of the neutrons in A do 52 mb
peak dTL 10 MeV

“the c.m. angular distri-
 bution. Graph 2 gives a
-symmetric c.m. forward
: péak. The fact that these
y diagmms give a symme-
-« trie contribution is simply
- an effect of the Pauli prin- , , l , , ,

ciple, stating that all the — © 400 800 120}2(%;3)00 2000 2400 - 2800
- final particles in a reac-

T ; . o Tig. 4. — Theoretical and experimental spectrum of out-
tion In which the initial going protons in the lab. system for the reaction

~ones are identical, must p4p->plntnt at 2.85 GeV of kinetic energy in the

" have a c.m. angular distri- lab. system of the incoming protons.
Tf,_,bllthIl symmetric around .
;,,“900. The forward neutrons in the c.m. will then give vise to the high energy
é’fpeak in the lab. system, while the backward ones give rise to the low energy
peak Thls effect is enhaneed by the presence of the 33 resonance in the
lower vertices. For the
proton spectrum the ar-
gument is similar, though
a little more complicated.
The protons from graphs
1 and 2 are coming oub
together with a =*. Ten-
dency of formation of the
33 isobar will be shown.
It should be clear that
s . . ,_, since the c.m. angular
S0y 2000 2400 28007 gigtribution of the «iso-

1g 5. — Theoretical and experimental spectrum of ou- bar» s the same as that
going protons in the lab. system for the reaction of the neutron and since
+p->pt+p+n® at 2.85 GeV of kinetic energy in the the proton is much heav-
lab. system of the incoming protons. ier than the pion (the

kinetic relative energy be-
1 small), its angular distribution will again be peaked forward and back-
~ward, though less markedly than for the neutron. Therefore, again, we
should expect high and low energy peaks in the proton lab. spectra, of course
"};]bro‘ader than in the neutron case. Practically for the high energy peak the

400 800 1200
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broadening is so large that the peak disappears, but in any case we have
a concentration of events at high energy.

Similar congiderations hold also for reaction (2): in this case, further
complications arise from the fact that all the 4 diagrams have the same weight
and that in all of them d and f waves are present. The qualitative features
discussed above can be, however, eagily extended also to this case..

)

We thank Professor L. VAN Hove for kind hospitality in the theoretical
group at CERN, where an important part of this work has been carried
out. We thank also the CERN Ferranti computer staff for invaluable help
in the numerical caleculations. We thank Drs. E. FERRARI and F. SELLERI
for very useful suggestions and for continuous advice. We are indebted also
t0 Professors M. Cint and R. Garro for their interest in this work.

RTASSUNTO

-

La produzione singola di pioni nell'urto nucleone-nucleone & calcolata nell’appros-
‘simazione di un solo pione scambiato. Sono stati calcolati tutti i possibili diagrammi
di questo tipo nella « pole approximation » discussa nel testo; si & tenuto conto anche
dei termini di interferenza fra essi. Sono stati calcolati gli {pettri nell’energia nel labo-
ratorio dei nucleoni finali e sono stati confrontati con i dati sperimentali a 2.85 GeV.
Questo confronto mostra un notevole buon accordo per piccoli valori del quadrato
del quadri-impulso del pione virtuale. Per valori pit alti il comportamento qualitativo
‘& ancora riprodotto, ma i valori teorici sono pin grandi di quelli gperimentali.
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