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Radiative Corrections to =~ —x° -+ e~ + v Decay.
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Laborator: Naéionali ‘del O.N.E.N .',‘ “Frascali - Roma

(ricevuto il 16 Giugno 1961)

Summary. — We have calculated the radlatlve corrections to the w0 -
e Y decay '

— Introduction.

FEYNMAN and GELL-MANN (}) introduced the hypothesis of conserved cur-
ent to explain the absence of renormalization effects in the V part of the
B-decay. In their scheme the weak vector current is identified with the (+)
component of the 1s0top10 $pin. current J‘+’ One of the suggested tests of
he theory is an accurate measurement of the deeay rate for the leptonic decay'h

(20T |-) = 7 @+ 70) B,

Y) R. FP'. FeyNMANN and M. GELL-MANN: Phys. Rev., 109, 193 (1958).
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542 G. DA PRATO and G. PUTZOLU

where k%= (n——n°)? is the momentum transfer to the lepton pair. In the
actual process (1) this momentum transfer is very small, so that one can
safely put F_=1. In this work we propose to evaluate the radiative correc-
tions (to order e2) to process (1). This would be important for a comparison
of an accurate experimental result and the prediction of the Feynmann and
Gell-Mann theory.

Since it is difficult to introduce the pion form factor in a gauge -invariant
way for vertices with virtual pion lines, we will use a local Lagrangian and
a Feynman cut-off in the calculation of radiative corrections. The results
will ‘not depend ecritically on this cut-off, since the divergence will be found
to be only logarithmiec.

2. — Formulation.
In the following we shall use the notations and the conventions of the

textbook of Bocorrusov and SHIRKOV (2). Let p;, Ps, s, Py be the momenta
and m,, My, Mg, Mmy,=0 the masses of the ©—, e-, % v. We put also:

(4) | cosh = (PsP2)
My My

-

All the calculations Will“‘b'ev perfo,rm'ed in the center-Of-maSs system.
The Lagrangian responsible for the process is

(8) P = (o — 0 0, H(Ey 1 +- wy* ) + h c. .

Following the principle of the minimal electromagnetic interaction, the
Lagrangian that takes into account the electromagnetic interactions s well ,
is obtained from the complete Lagrangian without them
(6) Lo= Lit+ Lot z:::l + Lo+ L
by the substitution
7y - o 0up@) — (9 —wAk(w)) (@), .
where A(x ) and <p(w) are respectwely the ﬁeld operators of the photon and of

the generic charged pa,r__thle that appears in _the‘process ).

() N. N. BogoLiuBov and D. V. SHIRKOV Introduction to the Theory of Quanmed
Fields (New York, London, 1959).
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RADIATIVE CORRECTIONS TO w~—>m’--e-4v DECAY 543
In this way we obtain for the complete interaction Lagrangian L:
(8) =L+ ¢ede; + te;[0"n* m—n* 00 A, — e m* AL AR +
. : + [g(ey*[1 + iysh)ied, m*a® 4-h. o] .

The last term is a new direct interaction between the five particles T,
7, e, v and y. ‘

3. — Feynman diagrams.

Using the Lagrangian (8) we have seven diagrams corresponding to the
process (1) up to the order g%e* (Fig. 1). :

AN S 4 % . N e ) 4
N 4 N ’ N e N
N N N PO AN .
5 /\ o /\%\ /\
Fo ' T T F3
4 T R . L Lot o | . ‘
\, , ~
\\\ Q” \\\ 1,,
Fl. ’ F5 - .
Fig. 1.

* Besides them we have also to consider three diagrams (Fig. 2) rel'a(";ive' to
the same process with bremsstrahlung:

) - —>nlbe V4.
\\\ ,I' - | \\\ - l‘lkr ‘ B 7;:\\ 'l”
Fig. 2.

202,

They : give to the transition probability a contribution of the order g
. depending on the experimental situation (see Section 5). -
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544 - - G. DA .PRATO and-G. PUTZOLU

4. — Transition _probabilitieé (virtual photons).

We put |

(10) (6=, % 7|8 —1|a~) = 3(py—Ppa—Ps—P)F.
and we have |

[
(11) F:thh1
1

where F,’s refer to the various diagrams of Fig. 1. Calling dP, the corre-
sponding differential transition probablhty, summed over the final sping, we
have

: 1
(12) APy = — S| F|28(py — p2 — s — Pa)dp1dp.dps,

spin
where to the order g%? we have

. ' - 8 . "
(13) |F|2=|F,|*+ 22 3, F,F,
. 1 .

p— -

4'1. — Calculation of F,.

. i :
14 F, = — ) —1— S1[1 4 iyslof
(14) | 2(%)2\/%0%0( 7 (D1 + Dsll y®1vg)
g° 2 2 2
2 == 4) - 4 4 .
(15) sp%.'lFOI 2(27'6)4’_1910’[‘.)?0])301)40-{Sj(plpz)(pl.p ) 4ms(p%p4) + [ms | ml‘].(pzp» )}

4'2. — Caleulation of (Fy-+Fs-+ F).
g/ei | 1
275)6 \/4]710?30

+ (4mz— 3102 + 2110)(762 — 2(17170)) + (20, — k)(m,, i+ pz — B) Py + Ds —Jﬂ)]
k=2 [k* — 2(291 )17 k2 — 2(pak) ] 1[1 + iyl

(16) E+ﬂ+m=—

U‘Lfdk(@f?;— ’75)(702,* 2(pok)) + |

This integral shows ultraviolet and infrared divergences; consequently it
has been evaluated introducing a Feynman cut-off ( (A2] (k2 — /12))) and a
fictitious photon mass 4,: The same will be made, where necessary, for the
other diagrams. : ' ' '
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RADIATIVE CORRECTIONS TO ©w -7’} e~ 4y DECAY 545

By standard methods one obtains

ge? 1
(27)° v/4 4D14Ps0

5(17) B+ P4 Iy = — '02{21127 [p2+m2][pl+p3]—_

— -‘12 [5m2p1 + ms:pa + pzp:a -+ ﬁ2ﬁ1 — 22,9\1@2] — 2[4(p,p, — m2ﬁ2)]f2 —
— 2ﬁ1f2[(§1 + ﬁa + 2m,) + 1 [4§1 + 3my] — 22_\_4}_,(1 + 7:7,5)”1- )

where
e,
I, = 5 1
~ 472 s s
I, = _2‘ z 9"’}/’?75 y
. ' . h
(18) '

1l
Ia - 7 z ghh?gh ?

A

-__: z ghh klc ﬁl)yk?};k . ‘.

i, 75 and ji* have been deﬁned and evahiated by BEﬁRENDs, FINKELSTEIN
and SIRLIN (3) (formulae (7a) and following).
Substituting the expressions for the j’s, we obtain

ge? 1 i?
(2m)° \/4piop3o 2

(19) By + Fy+ Fg= — V3 (Am,+ 231??1)(1 +iyS)s, -
“where - o | | o | R ,
A — — 4T,(pups) — 2Tl — (pip)] —
(20) v A , — 2122[4 Pﬂ’z — m; ——2m1] + 31— 21, ,
| B__‘— 41, (PiPa) — 2121[3(171102 )+ mz] — 122[37"' + 4( plp2 )] + oI, —1I,, .
‘121, Izz, I4.1 and 142 are deﬁned by the posmons

Iz— 21p1+122p27
(21)

I4 = Iy Py -+ I42 Ps -

Finally the eontrlbutmn of (F1+F +F6) to the trans1t10n probabﬂlty is
. 2

(22) gzﬂ_[ Py Byt ) 5] = (g iz BB

- 1

+ 2( Yma(pypa) — (Admy -+ ml)(p2p4)] pmpzopaopm ’

() R. H. BEHRENDS, R. J. FINkELSTEIN and A. SIRLIN: Pﬁys. Rev., 101, 866 (1956).
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546 -~ G. DA PRATO and G. PUTZOLU
and the fractional correction 6%*% ig

z 2'%[(F1 -+ F&—_'f— Fe)F;k]
(23) Jas.6 — = B

S AL

spin

1 * 8B(p1D:) (D104 + 2(A4 — B)MZ(pﬂ%) — (4mj + 4Bmi)(p2p4)
C2am 8(P1D:) (P1P2) — 4mE(pipa) + (M3 — 4m3)(PePa) .

4°3. — Caleulation of F,, Fy and F,. — These diagrams describe self-energy
effects; after mass and wave function renormalization the diagram F, does
not give any contribution, while the’ diagrams F, and F, give the follovnng
fractional correetlons to the transition probability:

5<2>~——( In —+1 =t >
7 .

1

5‘3>————< lni%—lnﬂ——kl)
7 m ‘

5. — Transition probabilities (real photons).

As is well known, when treating approximations to the order g2?, one must
congider the corrections due to real photons of energy inferior to a maximum
value ¢ depending upon the experimental resolution, as well as the corrections
due to virtual photons. In our case we have assumed ¢ m,. We put

(25) ) (6 y 700 1’77|(‘S I In ) S(P ‘ﬁz—?a—p‘;—k)a

Where % is the momentum of the emltted photon, and G—- F,—I—FS—I—F (see
Fig. 2).

Calling dP, the correspondmg dlfferentlal transmon probablhty, summed
over the final spins and polarizations, and integrated over k Wlth |k|
one obtains

(26) ap, :5_22 dle]26 — Py — Ps— k) dp,dp,dp, -
N : gpin pol’, . S . .
Ik!<s

Because ¢ m,, we. can néglect the diagram -F,, which 'gives corrections
proportional to ¢ and ¢2; for the correction relative to (F,+F) one obtains
by standard methods

) “ .
(27) _ AP, = }5_(7'8) Gy z |F0125(vp1 — P P ps) dp, dp;dp,

gpin - .
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RADIATIVE CORRECTIONS TO 7w~ =>7l-+}e—-+y DECAY 547

where ¢'%®, that is consequently the fractional correction due to the brems-
 strahlung, is given by

2e

2(1—&m@m—ﬂm@0—i+

(28) 099 =_ZloIn
N

where

6. — Total correction and approximations.

The total percentual correction is given by
; (29) v : ' § = 050 | §@ L §® 4§78 ,

where the 4’s are given from (23), (24) and (28). As it must be, & does not
contain 4,,. ' » '

In the very good approximation m, << m;, 6%%® and "® may be written
as follows: '

o=t

m; b, my 13|
my, 2 A 8)

1 54.5.6 — g [@ ctgh 6 (6 -9 ln _}L’f _ 5) —In

m,

(30) o %2¢ o .
lamv :_E21n-f(1—00tgh0)%—Bctghﬂ—l]}.
’ Then 3

9 7 .
.+1n_8+1n§(1—260tgh6) .
m1 - m2 .

7. — Integral transition probability.

We call P, and P the integral transition- probabilities td the order g* and
.. g%* and dp = (P — P,)/P, the corresponding fractional correction.
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548 ©, @. DA PRATO and G. PUTZOLU

By definition:
) .
I Po"—:% z|F0125(p1—pz—p3—p4)dpzdp3dpa’
spin

(32) ] - ‘ :
1
1 P oo | 3Bl *(1+ 8)3(py— pa— P - pa)dp,Ap, dp

Performing th‘e' integrations congidering also the pion’s recoil, and neglecting
only terms like mj in comparison with mj, one obtains

33) Py L (42— m2ysm omy 4L o mt Aa_lmm
) "7 wtmy B AT 3 2
13 \ - \
— —8“m2A —l‘mlmz + miA2(A — 2m,) (A2 — my)|,
ol 24 167, 24 6229 Cm
_ _Z{mZ= 0449 | O e
(34) 0 n[( m2> 30 " m, T 1800- + N
_3111—4—21 il 1ﬂ«1 24\
I 60 my/|’
where , _
' - A — m: — m3
2m,
Finally one obfains numerically
@5) | Py=0Bs2s, |
! - . . ¥z
(36) 8, = 0.027 + 0.005 In — 4+ 0.007 In— .
: - My S My

8.  Discussion.

The value (35) has been obtained usihg the following numerical values:

| ~ ]ml - = (139.59 4 0.05) MeV ()
(87) my = (135.00 £ 0.05) MeV (4)
l G en = (1.204 L 0.001):107" (). ’

() W. H. Barxas and A. H. Rostrrerp: UCRL8030. - .
(3) M. Gerr-Man~.ahd M. LEvy: Nuovo Cimento, 16, 705 (1960).
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RADIATIVE CORRECTIONS TO n —7n'4-e -y DECAY o 549

- From the errors on m,, m,; and ¢ follows an error of 1.6 %, on P,, essentially
ff‘:determinated by the incertitude on the masses; hence this error is about one
“half of the correction (36).

; In (36) the cut- off for short wavelengths is not cancelled; however, the
ilesult depends only logarithmicaily on this cut-off.

Assuming for example &= (1/20)m, and 1=10m, we find

(38) | Sp = 0.032 .
- Finally for the lifetime 7 we get
(39) 7 = 1.808(1 + 0.032)(1 &= 0.016) s = (1.866 4- 0.030) s

LS 3

7 We thank Professor R. GATTo and Doctor N. CABIBBO for their continuous
~assistance and advice. We are also grateful to Dr. S. BERMAN for some useful
remarks.

RIASSUNTO

Abbiamo calcolato le correzioni relative al decadimento =—— m0t+e-+y.

36 — Il Nuowo Cimento.

3117




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


